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PREFACE. 


The American Mathematical Society held its Fifth Collo¬ 
quium in connection with its Thirteenth Summer Meetings 
under the auspices of Yale University, during the week Sep¬ 
tember 3-8, 1906. At this Colloquium the following courses 
of lectures were given : 

Professor Eliakim H. Moore, of the University of Chicago: 
three lectures on The Theory of Bilinear Functional Operate rs.^^ 

Professor Ernest J. Wilezynski, of the University of Cali¬ 
fornia : three lectures on Projective Differential Geometry.^’ 

Professor Max Mason, of Yale University : three lectures 
on Selected Topics in the Theory of Boundary Value Prob¬ 
lems of Differential Equations. 

The present volume contains these lectures as prepared by 
their respective authors for publication. 

The aim and scope of the Colloquia of the American Mathe¬ 
matical Society are well set forth in the following extract taken 
from an official circular issued prior to the first Colloquium : * 
The objects now attained by the Summer Meeting are two¬ 
fold : an opportunity is offered for presenting before discrimi¬ 
nating and interested auditors the results of research in special 
fields, and personal acquaintance and mutual helpfulness are 
promoted among the members in attendance. These two are 
the prime objects of such a gathering. It is believed however 
that a third no less desirable result lies within reach. From 
the concise, unrelated papers presented at any meeting only few 
derive substantial benefit. The mind of the hearer is too un¬ 
prepared, the impression is of too short duration to produce 
accurate nowledge of either the content or the method. . . . 
Positive and exact knowledge, scientific knowledge, is rarely 
increased in these short and stimulating sessions. 

*Cf. Bull. Amer. Math. Soc., ser. 2, vol, 3 (1896), p. 49. 
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On the other hand, the courses of lectures in our best uni- 
vei'sities^ even with topics changing at intervals of a few weeks^ 
do give exact knowledge and furnish a substantial basis for 
reading and investigation. . . . 

To extend the time of a lecture to two hours, and to mul¬ 
tiply this time by three or by six, would be practicable within 
the limits of one week. An expert lecturer could present, in 
six two-hour lectures, a moderately extensive chapter in some 
one branch of mathematics. With some new matter, much 
that is old could be mingled, including for example digests of 
recent or too much neglected publications. There would be 
time for some elementary details as well as for more profound 
discussions. In short, lectures could be made profitable to all 
who have a general knowledge of the higher mathematics.^’ 

The colloquia preceding the fifth are the following : 

I. The Buffalo Colloquium, 1896. 

(a) Professor Maxime BOcher, of Harvard University : 

Linear Differential Equations, and their Applications, 

This colloquium has not been published, but several 
papers appeared at about the time of the colloquium, in 
which the author dealt with topics treated in the lectures.* 

(b) Professor James Pierpont, of Yale University : Galoises 

Theory of Equations. 

This colloquium was published in the Annals of 
Mathematics, ser. 2, vols. 1 and 2 (1900). 

II. The Cambridge Colloquium, 1898. 

(a) Professor William F. Osgood, of Harvard University: 

Selected Topics in the Theory of Functions. 

This colloquium was published in the Bulletin of the 
Amer. Math. Soc., ser. 2, vol. 5 (1898), p. 59. 

(5) Professor Arthur G. Webster, of Clark University: The 

Partial Differential Equations of Wave Propagation. 


PREFACE. 


V 


III. The Ithaca Colloquium, 1901. 

(ft) Professor Oskar Bolza, of the University of Chicago : 
The Simi^lest Type of Problems in the Calculus of 
Variations. 

Published in amplified form under the title : Lectures on 
the Calculus of Vai'iationSy Chicago, 1904. 

(6) Professor Ernest W. Brown, of Haverford College: 
ilodern Methods of Treating Dynamical Problems^ and 
in Particular the Problem of Three Bodies. 

IV. The Boston Colloquium, 1903. 

(ft) Professor Henry S. White, of Northwestern University : 
three lectures on Linear Systems of Curves on Alge¬ 
braic Surfaces. 

(b) Professor Frederick S. Woods, of the Massachusetts In¬ 

stitute of Technology: three lectures on Forms of Non- 
Euclidean Space. 

(c) Professor Edward B. Van Vleck, of Wesleyan Univer¬ 

sity ; six lectures on Selected Topics in the Theory of 
Divergent Seines and Continued Fractions. 

This colloquium was published in full, under the title: 
Fie Boston Colloquium. Lectures on Mathematics. The 
Macmillan Co., N. Y., 1905. 

The expense incurred in publishing the present volume was 
defrayed by a grant from Yale University. 

The editor wishes to express his thanks to The New Era 
Printing Co. for their efforts to secure the typographical excel¬ 
lence of the present volume, and for their unfailing patience in 
spite of many unavoidable delays in printing. 
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INTEODUCTION TO A FOEM OF GENEEAL 
ANALYSIS. 

BY 

ELIA.KIM: HASTINGS MOORE. 

Preface, 

Especially during the last decade the study of Integral 
Equations has brought to light numerous analogies between 
the ?i-fold algebra of real ?i-dimensional space and the theory 
of continuous functions of an argument varying over a finite 
interval of the real number system and the theory of certain 
types of functions of infinitely many variables. These anal¬ 
ogies have their root in the classic analogy of a definite integral 
to an algebraic sum. 

We lay down a fundamental principle of generalization by 
abstraction : 

The existence of analogies between central features of vari¬ 
ous theories implies the existence of a general theory lohich 
underlies the particular theories and unifies them ivith respect 
to those central featui'es. 

This formulation was the dominant note of my series of lectures: 
On the Theory of Bilinear Functional Operations, at the Collo¬ 
quium of the American Mathematical Society, held in Septem¬ 
ber, 1906, in New Haven under the auspices of Yale University. 
In the note : On the theory of systems of integral equations of the 
second kind,"^ read December 29, 1905, before the Chicago Sec¬ 
tion of the American Mathematical Society, I gave a prelimi¬ 
nary indication of the point of view of the Colloqrfium Lectures. 

*Inabstract, Bulletin of the American Mathematical Society, 
ser. 2, vol. 12 (1906), pp. 280, 283-4. — A brief synopsis of the Colloquium 
Lectures will shortly be published in the Bulletin. 
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The subsequent development of that point of view led to the 
determiuation of a form of General Analysis * to which the 
present memoir is an introduction. Intending in this preface 
to give a summary characterization and a precise definition of 
this form of General Analysis, for the purpose of orientation 
we first call to mind a few of the types of variables j), of ranges 
(classes, sets, ensenihles, Mengen) ^ of the variable p, and of 
functions /x of the variable p on the range ^ recognized in cur¬ 
rent Analysis. 

From the linear continuum with its infinite variety of func¬ 
tions and corresponding singularities G. Cantor developed his 
theory of classes of points {Punhtmengenlehre^ with the notions : 
limit-point, derived class, closed class, perfect class, etc., and 
his theory of classes in general (allgememe Mengenlelire') with the 
notions: cardinal number, ordinal number, order-type, etc. 
These theories of Cantor are permeating Modern Mathematics.f 
Thus there is a theory of functions on point-sets, in particular, 
on perfect point-sets, and on more general order-types, while 
the arithmetic of cardinal numbers and the algebra and func¬ 
tion theory of ordinal numbers are under development. 

Less technical generalizations or analogues of functions of the 
continuous real variable occur throughout the various doctrines 
and applications of Analysis. A function of several variables 
is a function of a single multipartite variable; a distribution of 
potential or a field of force is a function of position on a curve 
or surface or region ; the value of the definite integral of the 
Calculus of Variations is a function of the variable function 
entering the definite integral; a curvilinear integral is a func- 

*Cf. my paper On a Form of General Analysis^ with application to Linear 
Differential and Integral EqnaiionSj read before the Section on Analysis of the 
Rome Congress of 1908, Atti, etc., vol. 2 (1909), pp. 98-114. 

t Cf- A. SCHOENFLIES, Die EntwieJcelung der Lehre von den Punktmannig- 
faltigkeiten^ Berichi erstatiet der Deutschen Maihematiker-Vereinigtmg, Jabres- 
berioht, Band VIII (1900), Erganzungsband II (1908). — A. Schoenplies, 
Mengenlelire^ EncyklopadiedermatbematischenWissenscliaften, 
Ip art. IA5 (1899), pp. 184-207. — R. Baire-A. Schoenplies, Theorie des 
e7isemhlesj Encyclopedic des sciences math6matiques, Ip art. 17 
(1909), pp. 489-531. 
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ium aftlu' path of intoo^nition ; a iuiu'iional optM'aiioa is a func¬ 
tion oi* tho ari;tnut‘nt ftin(‘tioii or functions ; <*t(A, <‘t(‘. 

A multipartitc variahh' its(*lf is a fun(‘tion of tlu‘ variahht 
in(l(‘X of tin* part. Thus a tinit<‘ sctpnaua': .Cj ; •••; , of 

real nunihers i> a fuiu'tion .r of the iiul(a\ viz., .r(/) •—.r, 
(/ I; •••; /O. Siiuilarlv, an infmitt* sc(pi(‘n<*(‘: ; •*.; 

of rtxil nuinlxa’s is a lundion .r ot‘ the in<h‘X a, viz., 
./•(//) - (// i; 2; ••’). A<’cor;lin^'ly, //-(‘ohl al^'t^hra and 

tin* tlu'orv oi' se(|Ueiie(‘s and of scries are cinhi-a(‘(‘d in tin* tlu‘ory 
<d* fuiu’tlons. 

As apart tVoni the determination and (‘Xtension ot‘ notions 
and theories in analotyv with simpler notions and tlu'ori(‘s, th(‘r(‘ 
is the extension hy tlireet t’eneralization. 'flu* ( 'antoi' niov<‘- 
ment is in thi^ <iirt‘etion. h'inite c;enerali/.ation, IVom tlu'casc 
// 1 to tin* «'ase ii //, oeeurs ihroUL»’hout Analysis, as, lor 

instance, in the theory <d' functions of stwau'al in<h‘peiulent' 
variahlc’^. 'l‘h<‘ theory of (unctions «»f a (hmunnu'alde infinity 
of variahle- i*^ another ‘-tep in this direction. 

\\r notire a mor«* general theory datiny from the year IdtHi., 
Reeoyni/.lny thi* fundamental rule playetl hy the notion lunU'- 
tiunnii tuumher, point, function, mirve, <*t<‘. i in tlie vtirious 
special doctrines, M. hhnuau*;'!* has ij^iven, with extmisive appli- 
(*ations, an ahstraet peneralization I (d’ a I'onsiderahle part of 
t’antor's theoiw of <da"^seH ot’points ami of the tlicory idA’ontin- 
uous functions mi du'-ses oi pt»ints, l^hvidiet <’imsidi*rs a pmieral 
ela-H p of'clement- j) with the notion iiuui defined for seqmaiei^s 
ot‘ tdemmifN. Tht‘ nature (d’ tin* elemiaits is not spi‘eificd ; 
the notiiui iimii is not (‘\pHcitly defined ; if is postulated as 
detinetl sidiji'ct to -pctdfieti c’onditiouH. For particndar nppliea- 

* Ff. iinaUilU', umr aiit^tnumr Tht urit' tit r liurttmi /nfrt/nF- 

ffii t>-huntjrn^ i in ir funffr Mifitiiunti, iUt i t i n Ifj* r N IM* lu' i e h t Cl ll , 

UHHi, |i{». ia7 m nai uiui Zifir rtnrr AnnitpiH iit r unrmHivh 

tuiiii uniiiAiiUttiifp n Itiuaixin, Ii r lid i r o n i i d c'I rhee to Mutemaiico 
di Fall*line. ^<d. ‘!7 . JUoas |*|k hU 71. 

I X! I'ln cli ? i', Nio puintn tin eninti fanriitinnri, Farin tlicKiR, FHHI 

ic|ifnitrd, L’ruiluointi drl Fiic'oln a 1 1 * in a t.i ee di FiUmsio, voL 
aa * Fact; , pp t 7 i. 
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tions explicit definitioDs satisfying the conditions are given. 
More theorems are obtained by defining limit as usual in terms 
of the notion distanoe [i^cart, voisinage) postulated as defined^ 
subject to specified conditions^ for the pairs of elements.f 

We conclude this review of current Analysis with the remark 
that the functions considered are either functions [jl of variables 
p of specified character or functions /x on ranges ^ with postu¬ 
lated features : e. g., limit; distance; element of condensation ; 
connection^ of specified character. 

In the form of General Analysis here in question we pro¬ 
pose to consider fjb of a general variable p on a general 
ramge This general is the true general, embracing every 
well-defined particular case of variable and range. For the 
present we confine attention to real- and single-valued func¬ 
tions fi, 

A property of functions /x is said to be of general reference in 
case it is defined for functions ya of a general variable jp on a 
general range Tims finiteness on the range and constancy 
on the range are of general reference. On the other hand, 
e. g., the property : continuity on the range is of special refer¬ 
ence, its definition being with reference to some special feature, 
e. g., limit or distance, postulated as defined for the range 

I proceed to indicate certain properties of general reference 
to be considered in this memoir. 

The function /jl^ is dominated by the function in case 
i/^il = ksl) foi' every value of p |/^i(p)l = 

II add two remarks. 

A contribution to Frecbet’s theory is made by T. H. Hildebrandt in 
his Chicago dissertation of 1910. The distance function tiipi, p^) is replaced 
by a relation where m is an integer, generalizing the relation : 

^(Pu P 2 ) ^ 1/2^”. This relation was suggested by the relation Kp^p^m of 
Part II of this memoir. Mr. Hildebrandt further investigates the interrela¬ 
tions of the various conditions. 

F. Eietz, in his paper: StetigTceitslegriff und ahstracte Mengenlehre, read 
before the section on Analysis of the Eome Congress (A tti, etc., vol. 2 (1909), 
pp. 18-24), indicates a more general theory involving, instead of Frdchet's 
limit for sequences of elements, the notions : element of condensation ( Ver- 
dichtungsstelle); connection ( Verkettung), postulated as defined for subclasses 
of the class 3)1; for pairs of subclasses of the class 3)1. 
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A <>(* fiuu'tions— 1 ; 2; •••) may lmv(‘ 

th(‘ |)n>p(‘rty that- th(‘r<‘ (‘xists a, fniH'iion /x and a S(a[U(m(‘(‘ { 
ol* rnal muuhta's (//=!; 2; •••) such that for cv(U*v posi““ 
tivc intc^‘(‘r n thc‘ fuu<*(ion is <lominat(‘<l hy th(‘ I’unctiuu 
vi/,,, lor (‘veu’v u and j) ' |^h, 

h'nrthcr, tlu" rn/zrc/y/c/nv on '‘j.s of* a s(‘<|U(m(‘(‘ [ | ol* liuuv 

tions to a I'nindion /x, in notation : 

Lm,. (/O; 

n 

the K/iifonii nHirnu/viift' on in notation : 

(f): 

and the linifonn en/ovvy/eaee on /•e/n//re io ilw futivfion a f/.s* 
sntfo of unifonniiiiy in notation : 

f- ('I''’ ^O. 

are pro[H‘rti4‘N ot* pnu'ral rt't’enmtM*. Here i'<‘latively nnildrm 
eonveraeiH'e ' dillei’s from unil’oian <‘on\‘<*raen<’(‘ only hy th<‘ 
su!)stitn(ion, in the linal ine<|uality of tin* ^lefndtiofn lor e ol* 
e a(p)f e heint;* tlie arhilrarily assi^au'd po.sitive niiinher. 

uniformity of 4‘onver^’ene<‘ is the sp(M*ial <*as<' <»!’ relative 
uniformity in which tlie scade Inaction a is tlu‘ t*onstant liin<*~ 
tion 1. 

Sinc(‘ individual fuin'ttents and pairs and sc*<pi(*nces of liinc- 
tienr-- are only spet’ia! <%aHcs of classes ol’ fuiK’lions, wo may 

* As na illuHtralioa of n propoaitienj Invoiviu^i^ relnti^-r uaiforanty of roii- 
vfigoarr tho following L'f. my Itmiu' papt*r» lot', eit., p. HKIt may Sfiae. 

'riio langr V lo'tiig tlio t'lii-wtif id! roaiinutHw fuiietitniM pin i mi tlio 
intt'iwn! U : o" h, of ttu* mil numUor system, tht' m'tTHHiiry iiml muOI- 
eient eomUtltm tlitit ii ftetptetu't' pnl of emitiiatotw fmmttoas p.t f ft) etmverga 
aiiiftn’tiily tm the interval U is tluit the mptenee , , of ftuieiioiw//« : 

n,iip] j pniu \ p (u\du, 

of the iiuiiihle eontinuous funt'tion p converge on the riinge '|l nniformly m 
to the Heiile fnnetiou ti : 

f 4 i 

i p) j ‘ P (o I ; (lu . 

In tluH exiunple, the iirgnmeni p of the funethni p heiag itself n fum'tion 
of the viiiiiihle ii, the fmtelioii p i«| more preeinely, ii fnnetiomil operation. 
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define General Analysis as the theory of classes 9)Z of functions 
of a general variable p on a general range and we consider 
properties of general reference of such classes 9)1: of functions. 

For instance, the class 9)? of all continuous functions /Ct on a 
finite interval ^ a = 6, of the real number system has the 

following properties of general reference : 

1. Every function /x- of the class 991: is finite on the range 

2. The class 99t contains every function 6 constant on the 

range ‘p. 

3. The class 9K contains every function^ 6 of the form: 

e = 

where are functions of Tl and a^ are real 

numbers. 

4. The class 991 contains every function 6 of the form : 

n 

viz., every function 6 expressible as the limit of a 
sequence of functions (n = 1; 2; • • •) of the 
class 9)1, the sequence converging uniformly on the 
range p. 

Now the property 4 is for this class 9)1 (and for any class 991 
having the properties 1, 2) equivalent to the property : 

4'. The class 991 contains every function 0 of the form : 

n 

viz., every function 6 expressible as the limit of a 
sequence of functions of the class 9)1, the 

sequence converging on the range p uniformly as to 
a function p likewise of the class 991. 

Again, the class 991 of all absolutely convergent series has the 
properties 1, 3, 4' but not the properties 2, 4. It has also 
the property : 

5. For every sequence of functions of the class 9)1 

there exists a function y of the class 9)1 and a 
sequence {a^} of real numbers such that for every n 
the function is dominated by the function a^p. 
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Tlu‘ <‘lass l)t ()(* all (•(yntimioiis functions on tlu^ interval 

: (t “ p ' 1) j has also this proja'rty 5; iiuhaMh th(‘ propcniy 
o is iinprunl by tlu^ propcu’tii^s 1, 2. 

A (‘lass Di havinn; th(‘ ))ropcrty : ; V; 5, is said t;o be linatr ; 

to b(‘ to hav(‘ the <l<>nn)i(nir(' f^ropvrtif 1), or for breviiyj to 

have tlH‘ propcu'tv : 

L; r; 1). 

In this memoir I study in sonuMl(‘tail e<aiain elosun^and domi- 
nanc(‘ propt‘rti(‘s of'<‘lass<‘s Ilf of functions. Of ih(‘S(‘ propcu'tit^s 
th(‘ most important an‘ tlH‘ prop(‘rti(‘s t/, I). \\h‘ sp(‘ak of 

th(‘ peints { L( 7>) of all syst(‘ms whos(‘ (‘.Iassc‘s Ilf have 

th(‘(*oinposit(* prop(‘i’ty LCD, '’FIk* prop(‘rty D plays an impor¬ 
tant rbh‘ in situaticms involving doubh‘ limits in <amn(H‘tion with 
relativ(‘ uniformity of convm'i^^iaH't^ and ndativc' uniformity (m- 
t(‘rs into tiu‘ dcdinition of* th(‘ sp(‘cial <dosun‘ prop(‘rty (\ 

Dari I is (Irvafrd fa fhr cansidvrafian af rlassrs havliuj tt 
ranmam ratajv . A ('lass ‘‘}J{ ^iv(*s ris«‘ to tin* (‘lass "'JJt/,^ (he 
class l)t cj'fended fa he linear; vi/,., tin* (‘lass ('onsistinij;' of all 
fum'tions /x; of tin* form ; 

.| ... .f 

wh(‘n‘ /.ij ; • • • ; ant fum'tions of tin' (‘lass \1)t and a^; • * * ; 
an‘ n‘al mimb<'rs. Two class<*s lit, c |^iv(‘ ris(‘ to a (‘lass 1){ , 
IhechfsH lit eriended as fa fhe cIuhh (‘onsi.stin|^ of all fum’tions 
0 (d* thi' form : 

UxM., {'io ff), 

n 

viz., of all fum’tions 0 ('Xpressibli' as tln^ limit of' a H('(|iU‘iHt(' 
;; of functions (n 1 ; 2 ; •••) cd* the (‘lass ^JjJ, tlu' 
s(’(|ucnc(‘ cimvi'f^ini^ on tin* rang(‘ uniformly as to Sium^ 
fuui’tiim (f (d* tin* cdu’^s 3 . d'ln* %-(\rfensian 'JJt ^ af the class ''JJf 
is tin* class { Ilf/ ), \Xa Imvi' tlic propositi(»n : 

. 3 . lU , , 

viz., if a c'luss llj has tin* dominanci* prop(*rty D^ th(*n its 
“■(‘.vtcnsion ll{^ is lim*ar and (’loscd and has tin* dominama! 
prop(‘rty D, 
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Fart II is devoted to the consideration of classes dl of functions 
p of two independent variables p\ p' on the ranges “ip', that 
is, of the bipartite variable p = p") oo the composite range 

—Of two classes on and 9)^' on the ^-com¬ 
posite class^' (9)^331'% is the -x-extensioo of the class 9Jr931" of 
functions ff on 5p = obtained by multiplying the various 
functions f of 9)1' by the various functions f' of 93^'. The 
genus [LCD) of systems ; 9K) is closed under simultaneous 
composition of ranges and ^-composition of classes 9T. 

As of fundamental importance for theories involving func¬ 
tions of several variables, e. g., differential equations and inte¬ 
gral equations, I raise the question of the functional character¬ 
ization of the functions p of the ^-composite (9)^991")of two 
given classes 9)1', 9)i". The class 9Jl" being an arbitrary class 
ivith the composite property LCD (i. e., of the genus (iCZ))), I 
secure such a characterization in case the class 9)i' is the class of 
continuous functions on the range : a =p = b\ or the class 
of absolutely convergent series on the range : p= 1; 2; • • • ^ 
or more generally, any class having besides the dominance 
property D certain properties : 

A-;; Kf, 

defined in terms of a postulated 

development A' 

of the range This development A' of the general range ^ 

* For instance, the classes 9)^', W' being the classes of continuous func¬ 
tions of the respective variables p\ p" on two finite intervals the 

^-composite class is the class of continuous functions of the bi¬ 
partite variable p — (p', p'') on the corresponding rectangle of 

the bipartite number-system. 

Again, the class being the class of all functions of the positive integral 
variable _p' = n, viz., of all sequences of real numbers, and the class W' 
being any class of genus {LCD) on the range the ^-composite class 
is in effect the class of all sequences {p”) of functions of the 
class (Cf. i65d.) Such a sequence of functions pji qu4 function 

p'C is dominated by the product p^{p^)p^^ip^C of certain two functions 
p^, p'' of the classes since has the dominance property D. ) 
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is a |j:;tai(‘ralization, oii tin* oih^ hand, oi* (ho partition by s<M|iH‘n»- 
tial halving ot‘ the rang(‘ : o'" //" h\ aiul, on tht‘ <Jthrr 

hand, of tht‘ (haiunna'ation [ji =■= I ; 2 ; • • ■) of tin* range 

(\)rr(*sponding to tin* (‘(unposition of rangers then* is a 

(composition of d(*velopni(*uts A", A'', ddn* g(*nus ( IA ) 

o(* syst(‘!ns (; A; 11{) whose* (‘lasses IH' havt* tin* roinposite* 
property L (U) K^K.A is (‘los(*d nnd(*r sinmltaiu'ous eoin posit ion 
oi‘rang(*s (‘oniposition ot‘d<‘V(*lopn)ents A, and x (‘onipo^i- 
lion of (*lass(*s 'lUt. 

I not(* that, tor a prop(‘rIy d(*tined d(*V(‘l(»pmeiit A of the 
rangec '’|n, tin* (’omposit(* prop(‘rty /.( 7-^/fj/f.,A In'longs, not (ody 
to tin* class of all eontimions runefnms and to tin* edaxs of* all 
ahsolut(‘ly <*onv(‘rg(‘nt s(‘ri(‘s of real nnnda*rs, hut t<» tin* ela s 
of* all s(‘<pn*nees ot* r(*al nninh(‘rs, and to t In* eda-'S of all .se<|uene(*H 
eoav(‘rging to nnll, and, e lu’ing a positive ntunlu*!*, to tin* (’la-^s 
ol'all s(‘<|U<‘in‘<‘s (.1 su(*h that tin* s(‘ri(*s : 

;/i( I )f t ;/i( 2 i; I .. 

is ahs(dnt<‘ly e<ai\’erg(‘nt. A<‘eordingly the eoinptJsite* propertv 
!K*longs also to all tin* (‘lasses arising from thex* elasses hv 
r(*p(‘at(Hl applieations of tIn* (‘(onposition proe’ess indi(*ut(*d u1m»V(*, 

'‘Fin* prin(‘ipal notioiH and tln'orenis of tins introdin*lory 
nn*moir having now lH*eti iinli<’at(*d, \\v d(‘fme < M*nt*ral Analvsis 
inon* preeis(‘Iy ns i/ir flunrii nj sifAr/ihs af j)i 

tumid opt'ndimu^^ e/e.^ invuivimj at iami e/o’ (^t'nrrui vtiriuidi uu a 
i/nura! rmujv. 

Purr .si/sti'Nus of* (t<*n(*nd Analysis inv<dv(‘ endv general 
variable's and rnngt*s ; unxnJ invtdv** besidi's gt‘nend 

variable's and ranges also spe»*jal varialdes ninl ranires, 

a g<*ne*ral tln'oryof liite*gnd Ke|natie»nH may be* frnnn»d 

* Ah in lay (’t>lleK|tnuni L«*efnrefS, far the Haaaarr lumlngieM, following 
the* (leve'lopinent of K. Se'tf.MIOT, Knfum'bltim/ uiiilufittArr /ti«A/noiiw «or/i 
A'l/Htrmrn r«/v/r.w7oiV/ioor, (h'lttingen iUmntHiUm, IIHIA ; leprintesl, Mftihe- 
luntiselie* Anaalen, vo!. Oil pp. 'iaa -187. 
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as a theory of the pure system : 

(^; 3K; eJ), 

subject to specified conditions of general reference. Here is 
a class of functions of the general variable p on the range ; 
^ is a class of functions of two independent variables on 

the range ^ ; and J" is a functional operation transforming every 
pair fjL^, fji^ of functions of the class 9 K into a real number 

1^2) * 

A special system of Analysis, that is, one involving only 
special variables and ranges, becomes a mixed system of General 
Analysis by the suitable adjunction of a class 9)1 of functions 
of a general variable on a general range For example, 
from the system : 

(S; S; AT), 

where © is the class of continuous functions 7 of the real vari¬ 
able t on the finite interval % \ a = t = b ^ and K is functional 
operation transforming a function of © into a function of ©, 
with its problem of the integration of the dififerential equation: 

we secure by adjunction the system : 

(S; ©; 9 )i; AT), 

where A" is a functional operation transforming a function p of 
the class = (© 9 Ji)^ into a function of the class 9 i, with its 
problem of integration of the differential equation: 

Op-Kp ( 2 . = !). 

In case the range consists of a single element, we have the 

* For the simplest transcendental case is the class of continuous func¬ 
tions on the finite interval ^ ^ is the class of continuous func¬ 
tions of the independent variables the interval and J is the 

corresponding definite integral operation : 

X h 

1 
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original problem. In case ^ consists of a finite number (de¬ 
numerable infinity) of elements^ we have the problem of integra¬ 
tion of a finite (denumerably infinite) system of ordinary dif¬ 
ferential equations involving a finite (denumerably infinite) 
system of unknown continuous functions. In case ^ is a finite 
interval a = p~b' of the real variable p , we have, for instance, 
the problem of integration of a differential-integral equation. 
In my Rome paper I gave conditions of general reference (as 
to the variable p and the range ^) ensuring the integrability 
of the general differential equation : Dp — Kp , K being a 
linear homogeneous functional operation. In a paper to be 
presented to the London Mathematical Society I intend to 
simplify this solution and to remove from the functional oper¬ 
ation K the restriction of linear homogeneity. 

In general, we adjoin the class to the special system with 
its known problem and theory in such a way that the mixed 
system with its problem are capable of specialization to the 
special system and problem, usually, as in the example just 
cited, in case the range ^ consists of a single element. Then 
we impose upon the class 3)1 and the other features of the 
mixed system conditions of general reference (as regards the 
variable p and the range ^) of such a nature as to validate a 
general theory of the problem for the mixed system capable of 
specialization to the special theory of the problem for the 
special system. 

From special systems of Analysis pure systems of General 
Analysis arise, as in the case of Integral Equations, by the 
complete replacement of special variables and ranges by gen¬ 
eral variables and ranges; and mixed systems of General 
Analysis arise, not only by the process of adjunction just indi¬ 
cated, but also by the partial replacement of special variables 
and ranges by general variables and ranges. For example, 
the theory of functional characterization of the functions of 
the ^-composite of two classes 3)1', 3)i" of functions, 

outlined above and developed in Part II of this memoir, has 
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one of its roots in the well-known proposition that the con¬ 
tinuous functions p of two real variables ])\ j)" inter¬ 
vals : <t' ‘p ^ l)\ : a' ^ p' ^ // may be characterized as 

the functions p which for every]/ arc continuous functions of 
]/' on the interval *5^/' and which for every 'p' continuous 
funclions ol* p on the interval and accordinpjly are uni- 
fortnly continuous functions on the interval this uniform 
continuity on bcini»; moreover uniform as to the parameter 
p" on the interval 

With several remarks of special nature I conclude this 
Ih’cface. The term vhmQx: range denotes a collection (ensanble^ 
jlfrngr) of unrepeated entities or elements well-defined individ¬ 
ually and in their totality. This notion, fundamental for all 
M'atheinaticiS, is at present undergoing severe critical exami¬ 
nation. Since mathematicians have reached no general con¬ 
sensus of opinion, I am content to use the term naively, as was 
usual bel'ore th(‘. recent outburst of criticism. However I make 
us(‘ of no translinitc argumentations. 

For the sake of clearness and to avoid undue prolixity I 
have found it very convenient and almost necessary to make 
use of nmmn'ous technical and logical notations. In view of 
the delinitions and repeated interpretations the reader should 
find these notations perfectly perspicuous. A list of logical 
notations is to be found at the end of the memoir. 

As an alumnus and sometime instructor of Mathematics at 
Ahde University 1 may express my pleasure in participating in 
the N(‘W Haven ColkK|uiurn and in the fact that this volume of 
the (J()llo(|uiiun Lectures on Mathematics is being published by 
Yiih University. 
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FUNDAMENTAL CLOSURE AND DOMIN'A NC'E 

rRoin^TrriKs of cr.ahsias of funoi'ions 

OF A (iENEKWL VARIABLE. 

hilrod u(ih>)K § 1 . 

1. ^riu' (U'nvntI Aiutlifiih \vhi<^li wiMin* tt 

in that il r(‘laic\s to iln‘ class 'iH ol’ nunihci's, and it is//r //- 
rra! in that it r(‘lat(‘s also t(» a <*lass entering' the (In'ory in 
tlH‘ fashion t(^ Ix* <‘X|)Iained h(‘low. 

It- is postulated that th(‘ (*!ass '‘j.s has at least one element, 
and in this pa|x‘r \v<‘<‘onsi(h‘r in partienlar {‘our <*ases. Ease I : 
''].s is ,s/n//a/fo\ consisting of’ a single eleiiumt. (’as(‘ II : *“1' is 
consisting of’ a tinite nnmher <if’ eleinents ; snhea'-<‘ II^^: 
''].s (‘onsists oh a (*lennmts. ( ase 111 : is drinituvrah!ij hi 

<'onsisting (d’ a <h*nunierahle infinitmle <d’ element-. 
Oase 1 \’^ : ''|s <*onsists oh an infinitnde oh elements wlmse <‘ardi» 
nal nmnlnn* is the (\ar<linal nnmher of tin* linear continuum. 
II(*r<* tin* eases I ami IIj are identical, ami the case,H U 1I| III 
<‘onstitut(' th<‘ east* (le)i}niieruliii\ while the ea-ne I \* is an 
<‘Spe(‘ially important suhease oh the cum* /no/ (Inm^nrrtiii!i\ 

f'our eases In/wever are merelv .**^|»eeial «*aHes to wliieli 
th(‘ g(‘iH‘ral tln’ory appli<*s. 

In tin* gent*ral theory //o* vhiHS af riv mini a p miters hh thr 
ramjv '‘|s of ihr unjumrnt p of rrrfahi rett! iim! nhujir vahnul 
finiriions /i, roiLsfifitfhuj hi t/iflr toiailiij it vltins lit of Hnvh 
fuiivtloiiH, ddms, putting the ehiss "Jt of real numl/ers into 
<*vidc*n(*(‘j we may say elliptieally that the themw relal es to 
syst(‘mH i oh tin* form : 

Z 

For specaul rang<‘S **13 wi* may as usual define prop(‘rties of 

I a 
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individual functions fJL. Thus, under case IV, we have the 
class 9Jc of all functions fi continuous on the linear interval 
0 ^ 1. Again, under case III, we have the class m of all 

absolutely convergent series. Such properties: continuity i 
ahsohite conmrgence^ of functions are called projm^ties of 
special reference^ in that they are defined not for functions on 
an arbitrary range but only for functions on special ranges 
Properties of general reference are for instance these: con¬ 
stancy ; finiteness (on the range ^). 

Similarly, for classes of functions we speak of properties of 
special and of general reference. 

Part I is devoted to the consideration of the interrelations of 
systems 2 with a common arhitra>ry range whose classes 50i 
of functions hare certain 2'>'^"02')erties of general reference. 
These properties are certain closure and dominance properties. 

For example, under case IV, the class 931 of all eontinuous 
functions contains all functions of one of the form : (^) The abso¬ 
lute function |/a| of a function /x of the class 931; {IS) A linear 
homogeneous combination a^p>^ -f- with constant coefficients 
of two functions /x^, ^2 class 911; (Of) The limit of a 

uniformly convergent sequence {/Jif of functions of the class 931,, 
the convergence being uniform on the range 5p. 

Similarly, under case III, the class 931 of all absolutely con¬ 
vergent series has tlie closure properties A, i, but not the 
property just defined. 

However, introducing instead of uniformity of convergence 
the more general notion of relative uniformity of convergence 
as to a scale function a- (which, in case cr is the constant func¬ 
tion 1, is uniformity of convergence in the usual sense), we 
have a closure property C common to the two classes, viz., the 
property of containing all functions of the form ; {G) The limit 
of a sequence {/mf of functions of the class 911, which converges 
on the range ^ uniformly as to a scale function ja of the 
class 911. 

These closure properties: 

A = absolute ; L ^ linear ; (7 = closed^ 
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are the principal ones studied. Tlu' principal <pi<‘s(ien I'ai.sial 
is that oi‘ihe e.rlejisionof (r c/rs.s* llj f<> </ class llj;. (containing 
i)f and) havhu/ the closure j^eopcrtf/ P. This (pu*s(ion is solvtul 
for any combination of‘ihe closnri'prop(‘riics ; A; Ij] (\\iy exhi¬ 
bition of expli(at formulas (S§ I, -b'l, -M), in cas(‘ tin' (‘lass Ih' 
has tlu^ fundamental iloj^iiiKDicc propertfj d(‘fin{Hl in § Ilf 

The })ropositions ol* the th(H)i‘y art' for tlu‘ most part stat(‘™ 
ments of relations b(‘iwcen various (dassc^s ot‘ fun<‘(ions poss(‘ss- 
ing various proptn'lies of geiuu'al rcdcrcauT. Th(‘S{‘ r(‘iations nrc 
ex[)ress(‘d in t()rmulas (X>mparabl(‘ in (*ompactn(‘ss and clcai'ucss 
to the curnait formulas ol‘analysis. Tlu‘ g(m(‘ral mat Inanatic-al 
and logical notations to i)c uses! in th(‘S(‘ formulas ar(‘ introdn(‘(‘d 
in j}, M. From tlu^ d<‘V(‘lopm(*nts of th<‘ sc(picl the rcad<‘r 
will appr(H‘-ia,t(‘ th(‘ conv(‘ni(‘nc(‘ ol* th(‘S(‘ notations, at h^ast- for 
the matlaanatical purpos(‘s of* th(‘ pr(‘S(mt investigation. 

The four properties : /! ; L\ /), ot* classes TJ of fun(‘» 
tions ar<‘ provasl to 1 k^ couipicte!y iudepeuih'ut and uiutiatlhf 
consistent^ in th<‘ s(ms(‘ d<‘fmed in 17, by tli(‘ (‘xhibitlon ( i |H) 
of 1(> elass(‘s ‘'JJJ having th(‘ four proptni i(‘s : .1 ; /, ; (' \ I) nr 
th(‘ir m‘gativ<‘s : J ; /^ ; (l\ !), in th(‘ various 1!^ <*otL- 
(a‘ivabl<‘ combinations : 

AIAJI); AL(l /); A L (’I); A L r D. 

(Jlasses and properties of elouents. (general nnttftions, ^ 2 . 

2. ‘‘js or [ 2''] <h‘not(‘s o class (colh‘ction, aggr(‘gat(% s(‘t, assian- 
blag(*, enseiiddcy Meiaje) oj elenuiits p. Tlu* elcimaits p 
supj)os(id to b(‘ w(‘ll-d(‘tined individually and in their t<»talitv. 

In g(m(‘ral, th(‘ bra(‘.kt‘t [ j (hmcites n class (ff eleuients, tia* e!e- 
numts being indi(^atcd by the notati(m within the lu’ackef. Tin* 
(dtunents of* a class may b(‘ of any typ(% (*. g., points, curves, 
collin(‘ations, numlHU’s, fumiions, fmu‘tional transfurmatitms, 
matri(t(*H, prop<‘rfi<‘s or pairs or triphss or classes or se(|Uenc<‘S 
of (‘hummts of* a snbordinatt^ typ(‘, etc., et(‘. JfV denide r/r- 
'uients of the various types occurriny throuyhout the incestiiia- 
tion hy notations cotuadiny the type. Thus, single-vulu<‘<h 
real-valm‘d functions an* dimoted by ilvcck small lett(‘rs, (dasses 
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arc (U^noted by Urrmau rapinil batrrs, aiul in particular, the 
classes of 

nil rt'tfl fr'‘i I r,' ; 

f/// pM.s'/Vb’v }{^>'tnf** rs ; 

all linsiiirf </« /'a\ 

anMli'iiotcd nsp,Ttiv.'!y by tlir %ariu»> nutation^: 

-H, !■■;■ 


Ac.c(>nliim:Iy, .i\''nr-'n.-i. uf a mmhumic- ami 

orcontinuily ol'a Inn-ninn ha\. tli<‘ n-p.-.-tiv.- f.irins: fur fv.my 
(■ UuTC exi'^ts an a Mi.-h ihat. .f-a: I'-n- <-v.-n- - fhrrr cxiMs a >1 

siu*h tliuit ^'b*. 

Discriminatimi hclw-'cn rl. imait- .if tin- siiuf |■!a'■^ is usually 
inado liy means of -ulVix.-.; a.-.s.r.liu-ly, /a /<,. ■ • ■ an' ele- 

menis "of the ela- 'I'. 1 >i .•riiuiuati.m hetueeu .-lasses is 

usually made Ity Mipef-eripts; ai'.'onliuply, r j/'l-'t' - 1 /' 1 

are two elassi's. ll i- ..f .■..ui'e uml. rst.H.il that eleni.'uts (or 
e.lasses) with distiu.'l uolati.-m. 11 .-■.1 not Itedi-tim-t eleim'iits (or 

(dass(‘s). 

/!// rlvfnrnf r /;r/feyi/b#f/ u rhis.H ‘b «ii*nule«l by 

thus 111.' notations p. aiv iut.-n-haiuo'ald.'. .1 '-/iihs X x' (p 
hcloni/ini/ In <ir nnit'iiiinl in ..r -f snhr/usn nf n nlnss ‘},t, that is, 
a I'lass .1 whosi- evry eh'ineni .<■ is an .■lemenl of or li.'loiip^s to 

the (‘lass '’|.b i^ dcnotfel by laiie'r ie»tat!<ai : 

I . a- |. 

More generally, if /’ .h n-.i.-s a prop.Tty .d' eienienls, mi r/r- 
'itivnl, .1; Iiiii'iiiij till' /' is t{l•notl■.l hy 

,r''. 

and a I-'-] nf' 1 uts .r Intrimj iiu/iriifinl/ht tfn’ 

If /* i'*’ th'ieatni b\ riflna* uniaUnn : 

. 1 '', 
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'rim<, with nsprct to a <‘lass of ehMuaiils, tha notation 
:\< dcnotiun'a propoi'ty o!' (‘hajuaits dcaioti^s the propcn'ty : br- 
iiniijiutj li> (lit' rhts,'< and the notation as dcnotintj; a property 
(>(‘ oi* (‘Ifinents d(aint(‘s tlu‘ jiropinly : eontahicd in. or a 

,Hlibi'lifSS tif'flit' f7oS.S 

77 n * < 7 i /. s,s cdNsisfi ikj (if (ill vlvnivnts j> fiJ'tJiv class ''fs) having 
thv prapi'rtg /* is (haiotcd by tho notation : 

lalO.'-], 

wliilo tin* notation : 

drnotos a class af elements p Infcing the j>ropcrtg Pf Idius 
tlu^ cla-^s I all p^‘\ is a dotinite snlx'lass o{‘ tlu‘ <‘.lass and eon- 
tain> fvory rla>s [ p^'\- 

A i’luNN [‘*1^1 of <’las.scs oiAdennaits <l(‘t(‘rmin(‘s two (•,lass(‘s : 

U (**h I, iht' least ctninnan snjn'rclass aj (In' <'l<t,sscs ; 

flit' greafi'si cananati snln'litss aJ (he classes ''Ijl. 

U [ ] is tin* <*lass of all rlennaits Ixdonp^inp; U> at l(‘ast. oia^ (dass 

d‘ ot‘ tin* clas-^ jd^l of (‘la^M'.s. n\^]s\ is th<‘<lass of all (^le- 

m<*nt'^ holonij^inn' to evnrv <‘lass ot th(‘ (dass [d^l ol <d;iss(‘s. 

riu* priniarv rla’*'>s<*s ahoni whi'oh statenuads arct niad(‘ arc*; 
Mippo>rd to {‘xint, 1 . e., to liav(* <‘Xtcnsion, to canitain on(‘ or 
inon* eltnuonts. 'VUe derivativi* <dass(‘s ofttai do not (Lxist, hts 
iny tho rlu'-s <*ontuinin|i; tut elements, tin* nnll-tdass. Thus, 
wliih* tlu* elu'^s ^ [ dM always t*xi^ts, the <dass fl[d^l do(^8 

not t‘xiHt, 

* 'I'hrsrt aotiitioisH fyi" with I'ffrrraet* io a olasH '‘P [ ;d and a property J* 

ilrfhiOii at Iriwt for t-hnneatw p, e. g., by a magh^ entry table, for every ele¬ 
ment p the titlmlar entiy htang •. or iwmording as the element has or has 
im! tin* prop‘aty. 

Henee, tiir notation [ p\ or I // M denotes the vlmH of all elements p [belong- 
intf io i‘ I, vi/., lum the meaning of the notation (all p ^ ]. Accordingly, the 
jmtntion ( pj »»r ! pM. hiuing its tueatung already deternuned, may not he 
tiHi-d til tirnote (I viuHH of tit mt ntn p ( beloHfpng to '•p), vise,, a subebm of ^ In 
priu'liee, m» etmftwioti arises fr<nn thin excerption to the noUitional speoitica- 
tiiins t»f the text, 
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Properties of and propositions concerning elements. General 
notations. § 3. 

3. In Pure Mathematics primary propei^ties of elements are 
directly defined, explicitly or by supposition, by means of a 
table, as explained in the footnote of § 2. 

We consider the principal modes of derivation of properties 
from auxiliary properties. 

Negation of properties. — From a property P of elements 
arises by negation the property : 

-p, 

(read : not P), the negative of the property P, viz., the property 
of not having the property P. 

Conjunction or composition of properties. — From n 
properties: 

P . p • • P 


of elements arises by composition the composite property : 


P P • -P 


or 


P, . P...... P^ 


(where the (.) is to be read and), viz., the property of having 
every property P.(i= 1, 2, • • •, 7i). —More generally, from a 
class : 


[P]> 


of properties of elements arises by composition the co^nposite 


property: 




viz., the property of having every property P of the class [P] 
of properties. The notation is so chosen that, if for every 
property P “ip denotes the class of all elements having the 
property P, the class of all elements having the composite 
property H [P] is nra, viz., the greatest common subclass 
of the classes ^ of the resulting class [“jp] of classes of 
elements. 

Disjimctioii of properties. — From n properties : 


P • P • P 

JT J. y ^ 



I N’l’Ki ’'I'K >N TO (OCX I-:K*A L ANAIA’SIS. 


HI 

(>1‘ (‘IciiK'iUs arises by (iisjiiiietion th(‘ (/isjffndirr praperiif: 

/', 

(\vlun*(‘ tlH‘ ( j is to hf* rt‘a<l o/*), viz., tlu‘ propcriv of having’ at 
h‘ast (»ne o(* tile pro]H‘rties {/ I, 2, *.«, h), Mon* nen- 
(*rallv, iVoiu a ela'^s : 

u% 

of |)r(»|>(‘rties of elennaits aris(‘s by disjuin'tion iln^ (/Js'p/jirfhu* 
pntpnif/: 

ui/'i, 

viz., the [iroperty <»1 baviny at least oiu* of tlie properties I* nf 
tin* <*lass (7*1 ot propertii’s, The notation is so ehosen that 
the elas'- (»r all eloHMaifs liaviinr tin* (rnjnn(‘ti\a‘ prop«ai v U | /* j 
is tin* rla'-s U[h.\, \'i/., the least (saiunttn stipendaMS of tlie 
(‘lasses "b of tin* eorrespondinp’ class [‘b | of cia'^ses <tf elennaits. 
(’oinposition and disjunction of the properties /‘of a chns : 

{/V* • •; /V* \f'\. 

ot proper! i(‘s ar(* imtanc’cs o| the* prnpi^slthtiutl <ivrlvath>n of 
[iropertie.s from anxiliary properties, h’lir wv ina\' uritt* the 
detinitioio a.s fol!<»\vs : 

: .r I 3 . .r'b 

viz., an (‘lenient x havin*.,!' tin* (‘oinposiii* proper!\ /* hv 

<lvjuuthui i '1 an eleincnl .r //o/Z ( >) for (‘Verv integer / 

havin^i^ tlie property : I " / ’ if /.'c //a/e f/mf ( , 3 . | r has tin* 

property Pp, 

: : X i . D . x 

viz., an ehainait x has the (‘onipo»-ife property fltj /*| tn ca'-a* 
tor ev(>ry property J* iMdinipin^!: to tin* class j /*j it irm* that 
X has the pr(»pertv P ; 

T . . .r I 7/ / ^ ^ » ,e 

viz., an (deiinait .e has the disjunctive properfv J\ •>. P in 
ea'-e f/irrt' rxfsfs an il'l i infeeer / havine the properly : 1 * / n, 
such tliat X iia^ tin* property P ; 

.e^-* . . .r * 7/ P 
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viz., an element x has the disjunctive property ^ [P] in case 
there exists a property P belonging to the class [P] such that 
X has the property P. 

Thus com,j)osite and disjunctive iwoim''ties a.re 2 yvoj)Ositional, 
and indeed respectively mqdicational and existential. 

Pro2')ositional derivation of 2 proj)eTties. —Types of pro2'>osi- 
tio 7 ial 2')yo2')erties''^' including not only composite and disjunctive 
properties, but perhaps all the propositional properties met with 
in mathematics are defined as follows : 

A property P of elements x of a class : 

[«'], 

will be defined propositionally by the mediation of a class : 

3 ) ^ [ 2 /], 

of elements y and two properties : 

Q ] 

of pairs (x, y) of elements x, y. 

A pair (x, y) having the property Q we indicate by the 
various notations: 

{x, ?/)«; cb ‘'4; y<i^, 

the last two notations indicating that the property may be 
thought of as a property (associated with the element y) of the 
element x, and likewise as a property (associated with the ele¬ 
ment x) of the element y. The three notations are understood 
to have the same meaning; however, in case the classes 2E, 3) 
have elements in common, the notations should not be 

used simultaneously. For the present purpose, the logical 
emphasis is placed desirably if we use the properties R in 
the forms: . 

* Propositional properties are what Russell calls propositional functions, 
the variable of the function being the element having or not having the 
property. However, the variable of Russell is any term or element, while 
for practical mathematical purposes we suppose that it is an element of a 
certain class. 
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Lnplicdtional property P. — An element rc (of the class 3£) 
has the implicational property P (derived from the class 9) and 
tlie properties Q, H) in case 


viz., for every y (of the class 2}) having the property it is 
true that the element x has the property 

Existential property P. — An element x (of the class S) has 
the existential property P (derived from the class and the 
proj)erties Ji) in case 


viz., there exists an element y (of the class 9J) having the 
property Q^. such that the element x has the property 

For a class X implicational ami existential properties are 
Inter changed hy negation^ for the lU'gative of the prop¬ 

erty derived from the class 3j RirI the ])ropcrties Q, P is the 
j)roperty dcuaved from tlie class 9) and the properties 
Q, ^7i. Further, the (ixistential [)roperty is symmetric in the 
properties Q and /f, while the implicational ])roperty is un¬ 
changed if we replace Q, li hy 

Ex(nrples. — The (ioniposite and the disjunctive properties 
defined above correspond to the specifications : 


?) = D/] ^ = 1, 2, «.]; 




or, more generally, 

y = y^^ ^ [^1 • X = X = X 

Further, consider the convcn’gence of a se(|uence : 

{%) •••: 
of numbers to a number a as limit. This property of the 
sequence-individual ({<'^„}; has the definition : 

6 : 3 : 7)1 9 71 7)1 .3 . A (a ^ — a) ^ e, 

viz., for every positive number e it is true that there exists a 
positive integer 7n such that for every positive integer n > m 
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it is true that the absolute value of — a is less than or equal 
to e. 

Thus, for the class X of all sequence-individuals ({«^}, a), 
the property P : convergence of the sequence [af of real num¬ 
bers to the individual nnmher a as a limits is the implicational 
property derived from the class ^ = \_y~\ = [_e~\ and the prop¬ 
erty : helonging to with a certain property ^ 
This property R^ is the existential property derived from the 
class 2)^ = [?/'] = [m] and the property helonging to 
with a certain property R[y^, = This property R'^^ is the 

implicational property derived from the class [z/LJ “ W 

and the property : greater than m, with the property 

The negative of the convergence has the form: 

S e B 7 ?^. 3.5r 71^ m 9 A{a^^ — a) > e, 

viz., there exists a positive number e such that for every posi¬ 
tive integer m it is true that there exists a positive integer 
71 >> 771 such that the absolute value of a exceeds e. 

P7^0270sitions conce7mi7ig ele77ie7it$. — The propositional prop¬ 
erties of elements x of the class 2£ defined above are propositions 
concerning the elements. Such a proposition involves as con¬ 
stants the element x, the class 2), and the properties Q and R. 

In the examples cited the property Q of the pair (x, y) is 
independent of x, that is, for an element y the property Q 
either does or does not hold for the pair (cc, y) whatever be 
the element x ] in such a case the property is ^ property of 
the element y, so that we may replace the notation by Q, 
or, more precisely, the notation y or {x, y)^ hj x • y^- Here 
X qua constant may be omitted. 

Special cases of propositio7ial ■p7^ope7'ties. — It is logically 
instructive to consider the four special cases of implicational 
and existential properties derived from properties Q and R 
each independent either of x or of y. The definitions are given 
in the following table : 

* For a real number a the notation Aa denotes the absolute value 1 a 1 of a. 
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It on X 
?y D . X 

Q) . 3 . X 

.V (x/^\ y) 9 xJ^ 

Here on means that Q being inclepenclent of x is a 
property of elements y oi the class 5)- 

The first entry is read as follows. An element a; of the class 
dc has the implicational property P (derived from the class 5) 
and the properties Q on 3) and It on 9]) in case every (‘leinent 
y (of the class 9}) having the jiroperty Q lias the property 7^/’' 
This property P is independent of a;. It holds for element 
X in case there exists element having the jiroperty Q 

bat not the property R, We may write this resnlt as follows : 

P = () {Q-R>0\ 

where P = J indicates that the property P holds (under the 
adjoined conditions on the projierties It) for ''jp ehunent .r, 
and Q'^ItWl indicates that the composite property Q It (of V 
and “P) holds for element y. 

The eight ])roperties in reduced form are given in the follow¬ 
ing table : 

p=i (g = ()) 
/>=:/.' (CX)) 

j> = ji (e><') 

/>_(). (0=0) 

P^-Q- R 

•^Or: “for every element y (of tbe class;))) having the property <1 it is 
true that it has the property ” 


/X 1 

(C-AXO) 

p = () 

(e-A>>o) 

p= 1 

(CA>0) 

P=0 

(CAXO) 

.p= 1 

(A>=1) 

p^-q (A’<i) 

p^ q 

(A>0) 

p = () 

(A> = ()) 


Implicational P 
Existential P 

R on 3) 

q on 3) 

2/« . 3 . 

iV y 3 y 

Q on X 

cr ^ . 3 ,y^^ 

(:«« y) 3 ?/" 
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for instaiUM', tlu‘ entry : — Q (/^ < 1), heii 

X and /i on means that P holds preeiscdy for thos 
numts a* lor whi(‘h Q (lo(‘s not. hold^ if P holds not for ' 
(4(‘numt. //, i. il* II holds lor some, elcancnt y; “/t > t 
P 1 l)(‘in{i; (‘(|nival(‘ni eonditions on P. 

This table may bi^ variously ehecdsK'd. l<''irst^ as wc 
abov(‘, th(^projxaiy from ; Q; /f is ecpiivale 
prop(n*ty from "')) ; JJ; and the ne^ativi^ ( 
‘"a’"™,I' l-opcrty fniiu <•'*' impul'uilo.mi I'l'" 

from '))) ; ; "”/f. Ag’aiiij tlu‘ (*.as(‘: P in(l(‘])(mdent of : 

ol‘ y^ viz., P. = 1 or P = 0, is a sub(‘as(', (‘.ommon to the ( 
Ji on ';}) ; P on and similarly for Q = 1 or Q == 0. 

FiuicfioiL^ 0)1 the e/o.s'.s '']^s (o the rht.s,^ 2(. §§ 4, 5. 

"1. A (sin^'h^-valiu'd) Onirtian F on the. to the 

is a <‘orrespon<l(me(^ F of all ekmamts p to (all or n 
sonu*) (4(‘m(mts // siu‘.h that for (‘very (‘h'lnent p ofthei 
d(4init(‘ eorr(‘spondin|i; (‘l(‘m(‘nt. of in notation : F{p) e 
or This//oie/kni, F on. ‘'^s to ‘'ijs' is ii. (b\Na^()R/s I>el 

nni niit ; M at h (‘ma t i s(‘,h e Annalciii, vol. 40 (1 

p. ‘181). 

It is (‘onv(‘nient to adoj>i the t(n‘minolot>:;y of the the< 
finudions. Thus, p is i\ui r(fri(/h/e of tlui function F; tlu 
is t h<‘(of th(‘variable') of the fun(4ion F; at the 
ment rtdue or ploee j) tlu' finxdion F has the 

e,, 

Wo. lndi(*aie such a function F by tJn^ various notation 

(/g. (g,i;o. 

wlx're th(^ e.hiss is to be understood from the context, 
last notation may ho read: ^Mlni system of (finujtional) ^ 
whc'iH' p varies over th(5 class 7%e Intention os* t 

veltnliKtte sh(fr/)Iy between fnnictl()n (tnd fimetlonnl value 
In view of the ^(‘nerality of the preceding explan 
e.ovm' the case of functions of two or more variables. T 
fiUK'tion : 

{F,,,,,.) ^ {F„,Avin ^ vg, 
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of tlie two variables p\ p" whieb vary independently over the 
classes (which may be identical) is a function : 

of the variable p which ranges over the class the element p 
being the bipartite complex pp" or (^p)\ jf) of the elements 
p'y p" and the class being the class of such bipartite elements 
pp \ in notation : 

lp'pI- 

Such a function F on to some class 5^''' is likewise a func¬ 
tion F on to a certain class of functions M" on to 
viz., the class 3)^' of all functions: 

ir= F^,, = Ip" 

where p varies over in notation : 

9r= [all 

Conversely, a function F on to a class 3Jr of functions on 
to “Sp"' is a function F on to 

5. We are at ])rescnt concerned with real-valued single-valued 
functions, that is, functions on "ip to the class 3t of all real num¬ 
bers. We denote tliese functions by small Greek letters: <f), fjb, 
etc. The theory of functions on to 2( may naturally precede the 
theory of functions on ^ to more general classes 5p'. In partic¬ 
ular, in accordance with the remarks of the preceding paragraph, 
one readily extends many of the notions and propositions of the 
sequel to the theory of functions on 'p to classes P' of functions 
on pV to 3[, or to the theory of functions on p to classes P' of 
functions on P" to classes p"' of functions on to 31, etc.,* 
this holds true, for instance, of the fundamental notion of rela¬ 
tive uniformity of convergence (§ G). 

The class p enters the theory by the mediation of a class 3)1: 

3)^^ M, 

Q-ffunctions /ju on. p to 3[, so that the theory relates to the sys¬ 
tem X) = (3(; p; 3Jt). 
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We notice in particular the following instances or cas 
the^general system X): 

(I) is the class of a single element: e. g., p = 1. 
is the class of all functions on to 31, 
in effect, is the real number system 3t. 
(IIJ is the class of n elements : e. g., p = 1, 2, • 
is the class of all functions /x on to 3t, 
of all 7i-partite real numbers : 

= Mn). 

(Ill) is the class of a denumerable infinitude a 
ments : e. g., = 1, 2, • • •, n, • • •. 

is the class of all functions /x on to 3^ 
of all infinite sequences of real numbers : 

P' = (P-Jp) = (Pu ^2. •••> ■••)• 

(IIIq) is the subclass consisting of all functions /x sue 

L^ = o. 

P=oo 

(IIIJ 9)1^^^'' is the subclass of all functions /x such that 


S 

p-i 


converges.* 

(IV) is the finite interval f (01): 




of the real number system 31. 

3)i^^ is the class of all continuous functions of 
to 31. 

Thus, theory I is the theory of the real number systi 
one-dimensional analytic geometry ; theory II^^ is n-dimen 
analytic geometry; theory III^ is the theory of num 
sequences tending to the limit 0; theory III^ is the the< 
absolutely convergent series ; theory IV is the theoiy of 


* Here, as in the sequel, A denotes the absolute value of; that is, fo 
real or complex number a, Ma = ] a 1. Further, e is a positive number, 
is a subclass of and e^ < implies that is a subclass of 30 

fThe theory relates equally to case IV for any interval 
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valued single-valued continuous functions on the finite interval 
(01). The general theory of the sequel^ duly particularized^ 
belongs to each of these particular theories. 

A function jx on is a or vector in n dimensions 

expressed analytically by its n codrdinates associated with n 
independent directions and units. Tlius a value of specifies 
one direction and associated unit. Any class [Mengc) 3Jt of 
objects fi each capable of characterization or specilieation by 
means of n measurements to scale may be re])resented as a (dass 
9)1 of functions fx on or as a point-set in space of n 
dimensions. 

We arc at present interested in classes ~ [/x] possessing 
various combinations oi' properties held in common by tlu' 
classes : 

and in fact by many other essentially distinct class(hs o{“ which 
some will be indicated below.'’' Tlu^se properti(\s involve a con¬ 
venient (jeneralizatlon of the vneportifnt }i()tio}i of you form if/ 
— the notion oi' relative uniform if jf. 

Relative nnifonniti/. Ranc/e a-nd rcaJe of luiifoniiiti/, SS <>-12. 
0. Tf the notation 

n 

p 

denotes the statement that a relation involving an ehmumt,ot 
the class ‘•ji holds for the (dement p, we denote by 

r iP) 

the statement that the relation holds for (‘very (dciunmi p. On 
the basis of conveni(mt definitions of* (absolut(i) unif()rmity an<l 
of ndative uniformity of validity of th(‘ relation in (jiu^stioiq we 
denote by 

the statement that the relation ladds unifonnlij on th(‘, raiuje 
and by 

c <x) 

*Of. {*2 55 IV; 74 I, II; 84. 
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the statement that the relation holds umfonnlu rcuige “p 

witli respect to the function or as a .s-ca/e of uniformity. 

With respect to the relation in question the notions of uni¬ 
formity on range ^ and of relative uniformity on range as 
to scale function a are subject to definition, usually in such a 
manner that (‘p) implies (p) and that (^^s) and 
1) are equivalent. Here 1 denotes the (constant) func¬ 
tion or having for every p the functional value cr, = 1. 

For instance, with respect to a function ^ on to 3(, we 
consider the relation R.^^ that belongs to 3(, that is, 

R = 6 

P * P 

Then, by definition of (^, 

<f>; (p)- 

AVe say that the relation (pf holds uniformly on in case the 
functional value is constant (independent of j>), that is, the 
two statements : 

arc equivalent. 

We denote by o(^^V) the const(mt a qua functio'n of p, and 
by the class of sucJi constant functioiis on to 9(. Thus 
the statements : 

</>/ (sp); 

are equivalent. 

Denoting by 3(<7 the class of all numerical multiples aor (fa 
function (TI 3(cr = [^^^erja], wc might define relative uniformity 
for the relation 6 as follows : 

<r) ^ 

From a numerical relation : 

■■■)> 

involving numbers a^, • • • wc derive a relation : 

? ^2jj ? * * '); 

involving an element p of ^ and functions on 'Jp to 

31, by substituting for the numbers a^, ••• the functional 
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values • • • for the argument p of the functions </)p • • •. 

Further we derive a functional relation:''' 

4 >.., ■ ■.), 

involving functions (/)p - • • !)y the understanding that 

R{4>„ <!>,,■■■) ^ R{K>K’---)0>)’ 

that is^ clliptically, nnvierical reldthrm cihioiigd faiir.fions arv 
understood to hold ideniieallij in the varkiblcs of the. fiuietionSj 
the context indicating the variables in which the resj)ective 
functions are to be taken. Thus, means (j;), 

and ^ == 1 means 1 (p), i. e., (p = 

7. Helatlvely uniform coni)er(jenee. — In this paper relative 
uniformity enters in the iirst })lace as mode of eonvergenee of 
sequences, whose terms (ire functions of the variable or pant meter 
j), and for this case the notion is elucidatcal in some detail, 

7a. The sequence: 

{a,,} 01 - fajvi] or o, (n=l,2, 

of real numbers has as limit the mimbcu' a: in notation,tj 

( 1 ) = 

in case 

(2) c : 3 : 'A n^, d n > // . 3 . — a) " c, 

viz., for every jmsitive numlxn* e (it is true that) tluire (‘xists a 
j)ositiv(‘ int(‘ger (de])end(mt on c) of such a nulurci that for 
every positive int(‘g(‘r n ex(‘.eeding n^ (it is true that) th(‘ absolute 
valiHj of a — a^^ is at most e. 

For a fixed e tluu'e is a. least intc'mu* (Hective as n . 

~ <5 

7b. The se(juence {/xj- of fuiK^tions on to conv(irges 
to the iiin(*,ti()n 0 as limit: 

( 1 ) 

n 

* Derivation of functional relatioim from numerical relatioim is not c.onn 
mutative with neij^ation.-—"The Hi^jjna : -; 4 ® > <lenotc primarily lop;ical 

identity ; diversity. Thus, i/j is the nep:ative of </> »/', i. e., w '/V {v)^ 

and not the functional relation derived from the inunerical relation : a 4 * 6. 
t L denotes always L, 

n n.- r. 
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that is^ in accordance with § 6^ 

(!') [P), 

n 

in case 

(2) p.e-.O-.S: 9 n>n^^.D. - 0,) ^ e, 

viz., for every p and e (it is true that) there exists a positive 
integer (dependent on p and e) such that for every n exceed- 
ing (it is true that) the absolute value of — 0^^ is at 
most e. 

For fixed p and e there is a least integer effective as . 

For a fixed e the system of least integers where p varies 
over ^ may be finite (bounded from oo), that is, there may 
exist an integer dependent on e such that (p). If 

this is the case for every e, the convergence for every ^9 of ^ 
holds uniformly on Cf. § 7c. 

7c. The convergence holds uniformly on ^ : 

(1) = ^ (5P), 

n 

that is, 

(1') = (5P), 

n 

in case 

(2) e:0 :S 7\ 9 n > — <9) ^ c, 

that is, 

(2^) {p\ 

viz., for every e there exists a positive integer such that for 
every n exceeding the absolute of the function 0 is for 

every p at most c. 

Here, for a function a, the absolute of cr^ in notation: u4cr, is 
the function on ^ to 21 for which {Aa)^ = Aicrf) for every p. 

'Id. cr being a function on Sp to St, the convergence holds 
uniformly on the range ^ relatively to or as to the scale <t : 

( 1 ) = ^ 

n 

in case 

(2) c : 3 : iff 9 . D . — 0) = eAcr, 
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that is, 

(2') e : 3 : n, 3 n> . 3 . - (9^) S eAcr^ (p), 

viz., for every e there exists a positive integer such that for 
every n exceeding it is true that for every p the absolute 
value of — 6^ is at most e multiplied by the absolute value 
of or^. 

Thus, the definition (§ 7c2) of convergence uniform on 
becomes the definition (§ 7d2) of convergence on ^ uniform 
as to a scale function a by the substitution of eAor for e in the 
final inequality. Accordingly, uniform convergence is an in¬ 
stance of relatively uniform convergence, the scale function 
being the constant function 1. 

In the formulas of absolutely or of relatively uniform con-^ 
vergence the elements p may notatioiially be suppressed, since 
they enter similarly; cf. § 6. Thus the formulas in the func¬ 
tions alone have essentially the simplicity of corresponding 
formulas for convergent sequences of numbers. 

7e, We notice the propositions: 

1) For every cr it is true that the relation: 

Lm„ = 

n 

implies the relation : 

L/^„ = ^ (p), 

n 

and indeed in such wise that, if at an element p the scale cr 
vanishes: = 0, the corresponding sequence of func¬ 

tional values are ultimately all equal to the corresponding- 
functional value 0^^ of the limit function 0, 

2) The relations : 

Lm. = ^ (^); Lm.= ^ C:p; 1), 

n n 

are equivalent. 

7/. Examples A" —The cases IIIq; IV furnish illus¬ 

trations of absolutely and of relatively uniform convergence- 


*As to proofs, cf. 5 16. 
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of sequences of functions. For case IV we have the well 
known theorem: 

A uniformly convergent sequence of continuous functions 
has as limit a continuous function. 

The corresponding proposition holds in case but not in case 
III^. The scale function l(^) belongs to but neither to 
nor to 

In terms of relative uniformity, however, for the three cases, 
we have the proposition : 

A sequence of functions of ; lUi; iv converging uni¬ 
formly as to a function of has as limit a function 

iiii; iv^ 

The corresponding proposition holds in case III^ and evidently 
in cases I; II^; III, and in every case in which the class SOt 
is the class of all functions on ^ to 31. 

8. Similarly, we speak of the convergence of the sequence 

on ^; uniformly on ^; uniformly on ^ as to <7: 
in notation, 

(p); (?); 

in case there exists a function 6 effective as limit of the 
sequence : 

Lp'„ = ^ (p); = ^ (^); = o-), 

n n n 

for the respective modes of convergence. 

A condition necessary and sufficient for the convergence in 
the various modes is the validity in the respective modes of the 
so-called Cauchy condition. This condition for the relative 
uniformity a) is as follows : 

e:D :3[ 9 n > . n' > = eAcr, 

that is, for every e there exists an integer dependent on e 
such that for every two integers n, n" each exceeding it is 
true that the relation : = eAcr, holds. 

The limit 6 is of course unique. To the same function 0 
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as limit converges in like mode every sequence of functions 
obtained from the original sequence by ( 1 "^) any rearrangement 
of terinsj ( 2 ®) the omission of any finite or infinite number of 
terms, or (3^) the insertion of any finite number of functions as 
new terms. 

Thus, with respect to a function < 7 , any class 9JJ: = [/-t] of 
functions constitutes a class {IJ) of FRfccHET, on the under¬ 
standing that a sequence {/jlJ has in the sense (X) a limit if 
and only if there exists a jj^ (the limit) such that in our sense 

L^„ = a‘ 

71 

9 . Definition. — A function a is said to be dominated by a 
function r in case 

Act ~ At, 

that is, in case for every 'p. 

9 a. Comparison of nniforrn and relatively 'uniform convene- 
(jence. — We notice the ])ropositions: 

1 ) Uniformity (of convergence) as to <t implies uniformity 
as to every function r dominating a. 

2) Uniformity as to a and uniformity as to acr {a 4 = 0) are 
equivalent. 

3) Uniformity as to 0 implies that the functions of the 
seqence are ultimately all equal and hence implies uniformity 
as to every function <r. 

4 ) If Act is uniformly bounded from 00 , viz., 

[d €9 A cT ~ e, 

then uniformity as to cr implies uniformity. Similarly, if Acr 
is uniformly bounded from 0 , viz., 

id e 9 e JcTy 

then uniformity implies uniformity as to < 7 . 

These propositions hold conversely, viz.: 

If Act is not uniformly bounded from 00 , there exists a 
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sequence* of functions converging uniformly as to (t but 
non-uniformly. 

If Act is not uniformly bounded from 0, there exists a se¬ 
quence * of functions converging uniformly but non-uniformly 
as to <T. 

5) "With respect to a scale function a and a positive number 
6=1 the elements p of the class ^ may be distributed into 
three mutually exclusive classes : f 

according as 

I < = < e. 

Then uniformity (whether absolute or relative to a) on ^ is 
equivalent to the simultaneous (corresponding) uniformities on 
on and on 

The condition of relative uniformity as to a is on equiv¬ 
alent to, on in general less exacting than, on in general 
more exacting than the condition of uniformity. 

10. The convergence uniform as to a of the sequence 

implies for every r the convergence uniform as to err of the 
sequence In particular, if a-vanishes nowhere, the con¬ 

vergence uniform as to a of the sequence {fi^} and the uniform 
convergence of the sequence are equivalent. Further, 

the convergence of the sequence {a^j of numbers implies for 
every a the convergence uniform as to o- of the sequence {ci^cr] 
of functions. 

11. With similar definitions for functions of two independent 

variables: p' on ; p" on that is, by § 4, for functions of 
the variable pp" on we notice the propositions : 

*E. g., the respective sequences : 

{anff}; {a«(?5)}, 

where {^n} is a monotouic increasing sequence of numbers with limit 1. 

t Of these three classes one or two may be null-classes. 
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1) ITilifonuity on as to a implies for every j/ uniformity 
on as to and for every p" unifi)rmity on “ip' as to < 7 ^^,,. 

2) ITniformity on as to acr", where a is on and cr" is 

on imi)lies f)r evcay // unif)rmity on as to or'\ and for 
every j/' iinif)rmity on as to cr\ 

12. With similar definitions similar propositions hold con- 
cernino; the (‘onvergence unilorm as to cr of an infinite series of 
functions /x : 

II 

Farth(‘r, tlie usual (^onn)arison theorem holds, viz., if the 
series 2,,functions each nowhere negative converges 
uniformly as to <r, then so does any series functions 

/x' ea(di dominated by the corresi)onding function /x^^ of the series 
and of the two functions IZn former dominates 

the latter. 

As a corollary : the (‘.ouvergcmce uniform as to cr of 
implies lik(‘ (*,onv(a*gem‘,(‘ of a function 

dominates the function this case, the series is 

said to he ahsolutely-unitormly convergent on as to cr, 

1 3>. Proposifioiis. — 'Th(‘ relations: 

I X. = CV; ^'); lyi = > O) 

■11 n 

imply 

( 1 ) ■ hAf.: = je' 

(2) I yf/i' = ((&' ; <r'); 

11 

(3) [ :±: p'J) = dz 6" (''^s ; Act' + dlcr") ; 

n 

(4) I = o'&" ; T t"), 

when; t' and t" arc n'spcc.tivcly coinitiou dominants o£ 0, c and 

of 6", 

More gemn'ally, from the relations: 

IX ==^' CL; X; IX: = ^" CL'; O, 
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where the fanctions d\ a are on and the functions 
6'\ a" are on we have 

(5) L(/.: =h zh 9" + Aa') ; 

.(6) " = ^V'), 

n 

where t , t" on *ip', respectively are common dominants : r of 
6\ a and r" of a'. 

Here the functions: d'AzO"] Acr' + Act" ; 

9'9"; rV', are functions on \_'PP'\ • 

the relations (3; 4) appear as corollaries of (5 ; 6)^ embracing 

(5 ; 6) for the assumption = y)" =y>. 

Olctsses of fanGtlons. Closure j^i'opertles. §§14—17. 

14. Derivative classes of functions. — From several func¬ 
tions and classes of functions on ^ to 21 we may derive other 
functions and classes of functions. 

With respect to 

a 

we denote by 

Am, %m, 3)i'=t9jr, m'm% 

the classes consisting of all functions of the respective forms : * 
Afi, afi, /xV', 0^)- 

n 

Here 307^, the class 9)1 extended as to the function a, is the 
class of all limit functions of sequences {/xf of the class 9)1 
converging on ^ uniformly as to the function cr. Further, 
with respect to two classes : 9)1 = [a^] ; S = [or], by 

9 JI 3 , 

the class 9J1 extended as to the class we denote the class of all 

* In particular, we denote by 

m i 331, 931331 

the classes consisting of all functions of the respective forms : 

/Zldz/^2, /^l/“2- 

Thus 331 — 3)1 contains the function 0($). 
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limit functions of sccjucnces {/jlJ of the class ‘:)Ji converging 
uniformly each as to some function cr of the (‘.lass 0. Thus the 
class !i)t- is the least comnioii 8U|)erclass | of the 

classes a varying over the class 0. 

l4o.. Pn)j)ositlon.s, — (.\)ncerning tlu^se extensions as to 
classes or i’unctions we have the proj)ositions 

( 1 ) 

(2) ^W.0.3.3Jr’'s- 

(3) i)jr'^^".0.3 

(4) 

(5) W.0.3.:9JtS- W,,. 


1 f). (flos'Kre propertlvs (}f('/((ss(‘s -— A (‘.lass is 


^4 ~ 

vnilfip/icdlivc as fo yi, 
(tddUivv^ 

L = /iii('((r, 

^ = closed (ts io 0, 
t''— e/o.s‘er//|' 


if yjf eoniains A 4 }i ; 
if ‘:l)c (!oniains ; 
il'ilt contaitjs tilt + tWt ; 
if tlJi (iontains yitUt -+ tHtUi 
if tH! (‘ontains tilt tili ; 
if tUt (‘.ontains tUi. ; 
if tlJf (‘ontains t)Ji„>. 


In aceordanet; witli ^ 2, th(‘ notations : 

tUi'S- etc., 

(l(?signate (‘.lass(‘s tUt r(‘Sj)t‘(‘.tiv(4y al)solnt(‘; addilivt*; linear ; (‘t(^ 


1) For every (‘.Iukk Di atul finietioa the ehms "iDt belonji^B to th(‘ (ilass 

2) F\)r every olasH lU and eluHS 0 the. (dans “ilji helon;:.^H Io t.he (daHH Dc 

3) For ev(‘ry claHH 0 and elaHH'll)!'helon^dn^j; to a (daHH lU" eJasH ‘iDc' , 
belongs to the olass tUf' i. 

4) For (^very class ':IU and class 0' belonging to a class 0" tlu^ clasa , 
belongs to the class 

A) For (wery class IK and class 0 the, classes IK: and ^.K-i. arc identical. 

'I’A (ilasH 'ilK having the properly Giv of being closed as to itself has the 
property i\ and conversely, d'lie notation G and the designation cfttsinr are 
preferable to the A'-G’and H<'{f-rlosun‘ originally used. 

A class IK on ';}.N'h. is closed if and only if tluM^orresponding aHlinnomiinial 
point-stt is closed, i. e., contains its derived point-s(‘t, aeeoiding to the usual 
definitions. 
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The linear classes are the classes additive and multiplicative 
as to constants. A linear multiplicative class is integral. 

Since for every contains for a class M the properties: 

closure ; closure as to (B, are respectively equivalent to invari¬ 
ance under extension as to viz.^, = 9)Z. 

16. The classes Rn; ni; iiio; m,*, iv absolute^ linear and 
closed,^ — They are moreover multiplicative and so integral, 
but these facts do not enter the theory of the present paper. 

A class closed as to SllCip) is a class 331 containing all func¬ 
tions expressible as limits of uniformly converging sequences of 
functions of 3Ji, and conversely. 

The classes with the exception of contain 

9l(^) and being closed they are closed as to 9t(^). 

The class 93i™° does not contain but is closed as to 2l(^p). 

The class 93^^^^" neither contains nor is closed as to 9[(5p). 
For consider the function 6 and the sequence of functions 

defined as follows : 

{p = '^)i 0 (p>n). 

Then obviously the functions do and the function 6 does not 
belong to the class 331^^^'=, while the sequence converges on 
^ uniformly to the function 6, 

In the light of this remark as to 931^^^'^ one may appreciate the 
importance for General Analysis of the generalization of uni¬ 
formity to relative uniformity. 

17. The properties of classes 93^ defined in § 15 are closure 
loropertieSy in the sense that a class 9Ji having the property 
contains a certain class dependent on 931 and the property in 
question. 

Thus, the (specific) closure C of a class 931: is the property : 

n 

viz., a sequence of functions of^Jt converging on ^ uniformly 
as to a function o/937 converges to a limit 6 lohich belongs to 93t. 

* Cf. the theorem of § 23. 
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That these closure [)roperties enter fundamentally in the 
theory of functions of the classes is evident. An 

approach to the theory of convergent se(|uences of continuous 
functional transformations or to the theory of other forms of 
double limits reveals the presence of another fundamental prop¬ 
erty held in common by these classes, a (Ixmi’nicDice property D. 

Domhutnee propvrtivi^. Relative, miiformity as to a class 
of functions, 18-2t). 

18. A function a is domhuited hy a function t in case Act — Ar 
(of. § 9), and by a class X = [t] in case in the class X there 
is a function (dependent u})ou cr) by which cr is dominated. 

^•1 class = [o-J is dominated, by a function r or a class X 
in case its every tu motion cr is dominated by t or by X- 

We use temporarily the notations: 

^ (loiuinatcd liy r . ^ <l<nuinut(‘<l by ? . 

o j u * , 

doinlnutcd by t . (l(nuiujU<'(l by I 

19. .Dominance property 1), — A (‘lass has the dominance 
property /> in (‘,ase for every secpiem^e [pj of functions 

^ I p) ot‘ th(‘re exists a function p = {p^^ | j>) of such 
that every function p^^ of the se(|uen(*,e is dominated by the 
class that is, such that there exists a s(‘<|uence {a J ot real 
numliers of su(‘Ji a nature' that for every n and p 

Ap '^'Aap, 

' tip 71' l> 

I n symbols : 

DC': = =► {mJ •'■V,,,, Si {np). 

20. Relative if.nifornutij as to a class of fwhctlotis, — An 
analytic relation involving a parameteu' p is said to hold, uni¬ 
formly on a. ra:n(je (f j> inilli resjieet to a class of fumetions on 

a,S' a scide, of uniformity in <*,ase it holds uniformly as to some 
function of the edass. 

Thus, if S ^ [er], 

\,p, = d a-Q) 
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and 

^ 0-3 Lm„ = ^ (^; 0-) 

n 

are equivalent statements. 

20a. Propositions of comparison, 

1) Uniformity as to © and uniformity as to 31© are equivalent. 

2) If and only if* 31© is dominated by 3tS does uniformity 
as to © imply uniformity as to %, 

3) Uniformity and uniformity as to 3t(^) are equivalent. 
Here, according to § 6, 3t(5p) denotes the class of constant 
functions of the argument p, 

4) If and only if 3C(^) is dominated by 31© does uniformity 
imply uniformity as to ©. 

5) If and only if 31© is dominated by 31(^) does uniformity 
as to © imply uniformity. 

6) The classes 9)1 = 3)F’ are dominated by and domi¬ 
nate 3[(5p), and accordingly uniformity as to 9)1 and uniformity 
are equivalent. 

The class 9J1 = 9J1^^^ dominates but is not dominated by 
3l(^), and accordingly uniformity implies but is not implied by 
uniformity as to 9)1. 

The classes 991 = 9)1^^^®’^^^® are dominated by but do not 
dominate 91(^), and accordingly uniformity as to 9)1 implies- 
but is not implied by uniformity. 

7) The convergence uniform as to © of the sequence {pf 
and the corresponding validity of the Cauchy condition are 
equivalent. 

21. The dominance property D e9iters the theory chuf y as a 
prop)crty of cl asses functioning as scales of uniformity, Before- 
* The condition is evidently sufficient. In proof of the necessity, note that 

<7.3.L^ = 0 ($;<:), 

tfl fh 

and further that 

Jj^z=o ($; ST) implies 3[t3Jj^ = 0 (^;r), 

n n 

so that, for n sufficiently large, Aa^nAr-^ and accordingly, if uniformity as- 
to S implies uniformity as to 2^, every function cr of © is dominated by 21^- 
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indicating propositions in tins direction I define other domi¬ 
nance properties of classes oi* functions. 

22. Domi)i(()ice‘properties 7).^.— A class iljf = [_p] 

has the domlncuice property 

I) ^: in case for every fiinction p of there is a nowhere neg¬ 

ative function of !:)Jt which dominates p; 

D'q : in case contains every function 6 siudi that there exists 
a nowhere negative function p^^ of iUt dominating 0; 

Dj : in case every two functions of 3}t have in a common 
dominant function; 

J) ,,: in case there exists a dcnumerahle subctlass ^ |n] of 

the class such that is dominated by “Ju 

22a. Propositions coneernbaj the (lominanee properties 7->, 


A. 

Oil} 

P, 1),. 

— 




d) 



. ~. (iwn')'' (/' = 

= I>, D 



(2) 


)H' . s’jjv <l()uunat(‘tl by '"mi e 


r, J\„ 


(2') 

3)i 

.”i'. /* s))' <i 

0 ‘ 

loiuiMat(‘<l by .n I'l'd 

/. (y, 

= i>, /> 

0 />.)• 

(^) 




cd by U' 



(4) 


m . © 

'o iC:' <b)mimi((‘(l by 

0 • ^ 


„=^Vb- 


G) 



iOi'* . . 4)(' 





* 1) For the respective dominance proi>ertieH P - D ; />, ; IK, a class 'iDt 
lias the property P if and only if the class has the ])roperty P. 

2) For the respective dominance properties P J>; /\, ; if a 

class lit is dominated by one of its auhclasHes 'ilK,, having the property P, then 
':)Jt itself has the property P. 

2^) For the respective dominance properties/> ; /^i ; />> 2 , it a class'tlJi 
is dominated by the class iH'iUt,, where is asahclass of lit having the prop¬ 
erty P, then ’'lU has the pr<>perty P. 

3) If 'ilH is a snhclass of !:)t, then UU is dominated by ''Jl. 

4) If 0() belongs to and dominates 0, then for every class Hi the; ex¬ 
tensions Hi; ; Hi; of Hi as to 0,> and 0 are identical. 

5) Every ahsohite class has the dominance property 

6) Every absolute linear class has the <lominanee properties 7^, /),. 

7) If a class Hi is closed and a class H has the dominance property /),, 
then the subclass of Hi consisting of all its functions // which are dominated 
by ilCH is closed. 

7^) If a class H has the dominance property /),, then the class consist¬ 
ing of all functions dominated h^^ is closed. 

8) Every absolute linear class w-ith the dominance property /)(\ is closed. 
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( 6 ) 

(7) 9Jt ^. 3 . [all fl by 3^^iJ 

In particular, 90 1 being the class of all functions on ^ to 2(, 
(7') . D . [all ^^omiiuited by 

( 8 ) . 901 ^. 

Here (8) is a corollary of (6^ 7'), since 

m = %m = Ay)l = [all ^ by ^ 


23. The class 9Jl^ = 31 and similarly every class 3((^) has 
the properties 2), D^, Accordingly, by § 22a.2, these 

p'operties belong to every class 90t dominated by and containing 
3][(^), in particular to the classes 9)i = 901’-’ 

Further, the classes 90i = have the 

A, L, Dq, D', Dj. 

We formulate the 

Theoeem. The pro^miles A, L, C, D, 1)^ are 2 ^os- 
sessed by the classes 90t = 9)H’ 

The property is possessed by the classes 90t^ = 90t^’ but 

not by the classes 9)1: = 9)i^^^’ 

The property 2)' is possessed by the classes 9Jt = 9Ji^’ 
bid not by the class 9Ji:^^'. 

The composite property is possessed, by the classes 

9Jt = 901^’ classes 90t = 991^^^^’ 


23oi. The two dominance properties 2)', 2)^ determine our 
composite properties B : 

F=D',D,; D’-D,-, -D'-D,, 

and corresponding genera of classes 9Jt: or systems (3(; ; 901), 

the genus P consisting of all classes 901 having the property P. 

Thus the properties P', serve as branching 2^')"operties''^ 

* These branching properties are properties of general reference. Another 
branching property of general reference is Cv>i(]i); this property is possessed by 
the classes 501 = 931^ 5 ni; iiio; iv ^ut not by the class 50U^^« (cf. §§ 7f, 16) 
Other branchings relate to forms of expressibility (e. g., linear expressibility) 
of the functions of the class 9J1 in terms of a system of fundamental func¬ 
tions belonging to the class 931 itself or to an auxiliary class ©. 
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for (he cla.sHcs Ih' 

_ s))p : ih,: 111 ; III,,: 

viz. 

ClffSiifS i){: 

ll„ . 

s))pn ; in, 


Oenui^ P: 



: -c;/v 


"riu‘ class ^)Ji oi’ all I’uiu^tious on a (‘lass ''|s is obviously 
closed, dduis tluM*lass(‘S Ilf == aixi (*Jos(m 1. ddic (‘,1 o~ 

sure of <l(‘|Kai(ls upon two fundanuaital prop{‘iii(‘s ol‘ tlu' 
class of all (‘oni.iuuous fiUK^tious /x on tlu^ liuiic. iu((‘rval 
viz., ( 1 ) (‘outains and is doininatial by ^((‘'1^); (2) a 
se(|ucnce {/xj- of (’unctions /x^^ of (M)uv(‘rt>;iu^ unilbnuly on 

(‘onv(‘rt;'(‘s to a t’uu(‘tion of TIkj (dosun^ and 

d(‘p(‘uds upon tli(‘ir prop(‘rti(‘s .1/v//, in vi(‘W of § 22//<S. 

That tlu; class(\s Di = have tlu^ pro|>(‘rty /> but, 

not the propei’ty is provcsl in § 22)C. 

2*h*. Doni'uianve j)r<)j)ertiv^ A'p af cAossc.s^ llj on 

— For (‘.lass(\s l)i of* (‘uiu'tions on \V(‘ d<‘tiu<‘ t wo donii- 

nau(‘e j)rop(‘rti(‘s h\. A", havin|>^ relations to tlu^ prop(‘rti(\s 

./>, /),. 

A (^lass ‘iVt ^ j/x] has th{‘ (loni'ntaiive properti/ 

: in <‘.ase (or o\ovy finu^tion /x ot’*:!]; tlua'c. is a t’undion 
of‘JJt su<‘h that for ev(*ry e. th(‘r(t is an ehaiuait p^ (dc- 
jxuuhait on c) siuT that inipli(‘s A ' n A 

viz., 

IM 3 .V s r : =) : .V :> p:-. D . ; 

*The properticiB : A'j ; A',,, (iiia properticB of claHH(‘8 M of fiuKaioiiH on tlus 
epeeial classanM)f 8i)(‘cial r(^f(XTnc(i. The property A", is lato (U'vel- 
oped ((sf. §§ (>5, (>7, 72, 75, 77) into a property k\ of more g(meral ref(‘rence. 
The two propcirties: A^j ; of § 77 arc detiiuul for claHS(‘8 of functions on 
any class with r(‘Hpect to a devcdopnumt A of ‘'j.t. aiie notion dm/opmmt 
(§75) is a ^ijeneralization of the (le.num(‘ration of and likewise a ^generali¬ 
zation of the partition by H(‘(iuential halving of ''^UV. The propc^rty is a 
generalization of the prop(a'ty of uniform continuity on a'lui prop(T- 

ties: ; A\,, play a central role in the tlu‘ory of composition of cla8a(‘B of 

functions of independent variables (cf. Part II). 
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: in case for every sequence [f^^] of functions of 9)i there 
is a function of 9)2 such that for every n and e there 
is an element 2'>ne (dependent on 7i and e) such that 
P >Pne implies ^ ; viz., 

[P.] ••• 9 w . € : 3 : a p 3 

We have for ip = 5p^” the propositions: * 

(1) 3}H«. 3.; 

(2) 9)2 : D : fji , D ^ultimately zero . 

(3) 9)2 9)2 

(4) 9)2 9 3 : ^nowhere zero . D . -O . 

(5) 9)2 = 992^^^’ . 3.9J^ 

Proof of (1): 992^0 implies 9)1 — The property is evi¬ 

dently a special case of the property 


Proof of (2).—The class 9)2, having the property D.,, is domi¬ 
nated by a sequence [v^^] of functions of the class 31992. The 
class 992 having also the property we see that for the sequence 
there exists a function jx^ of 992 and for every oi and e an 
integer p^^^ such that 




Novv the function is dominated by a function, say z/„,, of the 
sequence viz.^ 

p . 3 Afx^, ^Av . 

ATI ^'P 

Accordingly 


^■P>2\ne-^ 


0^ * 


*1) Every class 331 having the property E'q has the property 

2) Every class 331 having the properties consists of functions 

ultimately zero, viz., for every function fi there exists an integer n such that 
II vanishes for every argument p>t?. We notice further that the class con¬ 
sisting of ail such ultimately vanishing functions has the properties Kq, A* 

3) Every class 33Z having the properties Zj, D has the property Kq. 

4) Every absolute linear class 33c having the property Kq and containing a 
function // nowhere zero has the property D. 

5) The classes 331~-33liii; ni, i^ave the properties: Aq ; Kq ; i), but 
not the property Ag- 
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•IT) 

ironc(‘^ the I'uiu'.tion /x^, is ultiinati^ly z(‘n). Aciiordiiiij;'!}', tlu‘ 
fmu^lions ar(‘ iiirnnattdy zc‘i*(), and th(‘ IniK'tions /x, (‘aeh doini- 
iiaied by a funetion an‘ ultiinattdy z(‘ro. 

Troof of* (‘>) : '')}{iinpIlvH Iff ( \nisid(‘r a se<jU(‘n(‘(‘ {/x^J 
of th<‘ class l>y th(‘ projxaiy /J tlanv^ is fbi' this 

s(X|iu‘n(‘(‘ a (aa'tain t*au(‘tion /x ainl by /f^ th(‘r(‘ is for this f‘unc- 
lion /X a (‘(oiain function /x^^, ddiis 1‘niH^lion /x^^ is (dltx*!iv(‘ as 
tiuj l‘un<*.tion of* tlx* proixaiy for lli(‘ scmiikuku' •[J . 

Proof* of* (4).\)nsid(‘r a S(‘<|U<‘nc,(‘ |/x^J of* tlx* <4ass4)i. By 
th(‘ [)roi)(‘rty A", f.lxn'c* is fin* this s(‘(jn(‘n(*(‘ a(x;rtain f‘nnc.ii(ni /x^^, 
and by lh(‘ hy|)oth<‘sis th(n'(‘ is in Dt a no\vlH‘r(‘vanishini>; f‘inu*~ 
iion /X. 'TIh' rnn(‘tion /l/x^^-f .l/x Ixdoni^'s to tiHM'lass "iDJ, whi(4i 
is absolute^ and linc^ar, and this l*nn<4ion is (dlcctivc' as tlx* 
fuix4.ion /X of* flx‘ prop(‘rfy /> fi>r tlx^ s(‘<pH‘iX!(‘ | . 

Proof’ or(r>).—-SiiUM^ th(‘ (‘lass(\s lit = ar(‘ abso¬ 

lute aix! liix'ar and (‘.ontain fuix'tions iio\vlx‘r(‘zero, in vi(‘w of 
(1, 2, 2), 4), (o) follows fVonii 


(<i) 

Di"" . 3 . Di: 

(') 


(«) 



Proof of* ((>): "illp** ''JjJ — (’onsid(‘r a stspxaxx', j/x^J- 

of‘'JJP". lAn* it fixna^ c^xists a f\ux*t!on 0 on sixdi that. 

b(4n^ th(‘ (‘lass of all finx^ions on sixth a f‘inxtlion 
belonj:>;s to ; it is (41c(tfiv<t as the fuixttion /x^j of propiu’fy A'^ 
f>r th(‘ s(‘<pien<t(t {/x [•, p bein^ any inf(‘^’er ^r(‘at(‘r than // aixl 
i/r. 

Proof of (7): 'ifJP'**' 'jU ^‘'a —< 4>nsid{‘r a scnpieixat j /x^J. 

of that is, sucJi that 

Lm„j, = 0 (■")- 
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Hence there exists a double sequence such that 

n. m. p 

and so a sequence {p^ | m = 0, 1, 2, • • •} for which 
p, = l; n^m.-D .p^^p^^- m > 0 . ^ > p^_,. 

Hence it follows that 

n^m. p^p^.-D . ^ m-\ 

Now the function 6 : 

^;.= l (?o=l=^<Pi)^ (™>0; P»=i><P™+l)r 

connected with such a sequence has 

L^p = o, 

pi = 30 

and belongs to 

This function 6 is effective as the function of the property 
for the sequence For we have the relation : 

n S m . ^ m-^AO ^. 

Take two integers oiy with n = . From the preceding 

relation for the various integers m = and the corresponding 
ranges > p of p we see that 

n ^ »i„. p S . D . Ap,,,^ ^ w-1^0^. 

Accordingly, for given n and e, if we take as the least integer 
exceeding the numbers : n) e~^, and then define asp.^.^j, we 
have the desired relation : 

Proof of (8j): implies 3)]: —is the class of all 

functions fi on for which 

'ZAp; (s-i> 

converges. Since is absolute and linear and contains 

nowhere vanishing functions, the proposition for the class 
is a corollary of the proposition for the subclass consisting of 
all everywhere positive functions of . Further, the propo- 
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silion for the ^enenil (‘as(‘ r — e is a corollary o(* the proposition 
for tlu' (‘ase c= 1. \Vv niv tluai to prov(‘ th(‘ proposition for 
the class ol‘conv(‘rt>H‘nt st‘ri(‘s of* j)ositiv(‘ t(‘rms. 

Let /.i l)e any (‘V(‘ry\vlu‘re positive function with convc‘r}i;(*nt 
seri(‘s : 

Betti no' 

p,, ==/^„ + {]>) 

we have 

JjP,, = 0, h'=Pn-Pjn^- 

The fun(*.tion 0: 

= \ p,,- \ ft,,i {p), 

is (ivcrywh(‘r(‘ [Jositive with conv<‘r^-(‘nt s(‘ri<*s : 

I Pn 

P 

while 

L 7 — L ( r F;, + I P,. ,,) = (>. 

P ^ C P 

Thus, th(^ rnn<‘tion 0 is (‘UccHivt^ as the function of fh<‘ propcniy 
.A", for the fmu^.tion /x of the (‘lass of (‘onv(‘r^(‘nt seri(‘S of* posi¬ 
tives terms. 

Proof of (<Sj,): ''JJ!— Making the sam(‘ r<‘<lu(s- 

tions as in tins proof of‘(.Sj), w(* (‘onsider any s(‘([n(m<s<‘ of* 

everywhens positives f*un(*.tions with (sonv(‘rj*'(*nt s(‘ri(‘s. \V<‘ S(‘t. 

'Lp-,.,^^ (")• 

P 

.Let IA J- he a S(‘(pient‘.(‘ of positives numheo’s with {sonv(‘rg<*nt. 
seric\s : 

Consider the double seepuauH^: 

p n P » 


Wc have 
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and accordingly 

EZ <:•„, = 6. 

J) 01 

Thus there is a function 6: 

= (p)> 

71 

everywhere positive with convergent series : 

1:0 =b. 

Xw p 

This function 6 is effective as the function ^6 of the property D 
for the sequence For, setting 



we have the desired relation : 

since = a„c„p (np) and < 0^, {np). 

23cZ. Remarks on the properties: K^] and theiwopositions 
of § 23c. 

The properties: D] are of general reference while the 
properties : are of special reference, in that they refer 

to classes M on I introduce the properties in 

order to make the convenient arrangement (§ 23c) of the proofs 
of the propositions of § 23 concerning the properties : D; 
for 5p = Later, in the theory of functions of two variables, 

the property recurs (§ 656) and is developed into a property 
of more general reference (§ 77). 

So far as I know the properties jD, are new. 

The theory of orders of infinites and infinitesimals contains 
the propositions that the class : of all numerical sequences, 
and the class of all numerical sequences with limit 0, 

have the properties I\ and ; * cf, proposition (5). 

The proposition that the class of all absolutely con¬ 
vergent series has the property is in effect proposition (8 J 

* As to the property Kq of the class cf. DU Bois-Reymond, Ma th e - 

matische Annalen, vol. 8 (1875), p. 365. 
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and the theorem of i)u Bois-Reymond : There is no last 
convergent series of positive terms. This phrasing of the theorem 
and the proof given above seem to be due to TiiOMAK^t the 
proof occurring however independently to Hadajmaed. J 

Of this proposition of DU Bois-Reymond the projiosition 
that the class has the property is a direct generaliza¬ 
tion and likewise a corollary, in view of (3, 8^,). IIadamaud § 
proves the general proposition directly; he considers however 
only those sequences which satisfy the condition tliat for 
every p increases with n, 

24. Propositions. — 


(i) 






(^) 






Further, 

by § 13 

, the relations : 





LA = 

e' (iji; 0 ); 

Lm„ = 

r 

d-'i S), 

imply 






(3) 


^ • L^'A 

n 

= aO' 

O-'i 

0); 

(4) 


n 

= t6' 

c;-'; 

JS); 

(5) 

0''^‘. 

^ ^ l^n) 

u 

= i 

0" 

0-d S): 

(«) 

t. 

s"'.3.;laA' 

7/ 

11 

(^1-^ 

; SS), 

where in 

(6) the 

condition f is th 

at 6' and 6" 

are domiiuitf'd hy 

10. 







More generally, from the relations : 


L/^: = ^' OL S'); L/^" = r or; S"), 

n n 

*Eineneue Theorie der Convergenz tind Divergenz von Eeihe^i, mit poHitimi 
Oliedern, Crelle’s Journal, vol. 7(5 (1873), pp. 61*-01. Of. p. 85. 

f EletneMare Theorie der analyiiHchen Fundionen ein<T compfexen Verdnder- 
lichen, ed. 1 (1880), p. 22, §25 ; ed. 2 (1898), p. 28, 22. 

i Sur les caractdres de convergence des neriee it terme pOHiiif$ el snr Ue font- 
UonBindefiniment croimanteB, Acta Matlieniatioa, vol. 18 (1894), pp, 319- 
336, p. 421. Of. p. 321, theorem {h). 

I Loc. cit., p. 328, theorem (/?). 
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IJL, d', ©' being on ip'; (jl", 6", ©" being on we have 
by § 13 

(7) t' • r. 3. L = &B" ; S'©"), 

71 

where the conditions Yy Y' ^hat 6\ 0" are dominated by 
2t©'; 91©'' respectively. ©' ©" denotes the class of all functions 
a a" on = [.V P"'\- 

In case a corollary of (7), by the assumption 

P is 

(8) t' • t" •=>•!. I^>: = e'e" ; ©'©"). 

71 

25. Theorems, — Of especial importance in the application of 
the property D to the theory of double limits is the following 
Theokem I. If a class (© ^ is the scale class of each of a 
sequence of instances of relatively uniform convergence, then the 
corresponding sequence {o-^} of scale functions may he replaced 
by a single scale function cr effective for each of the instances. 

Such a function cr is the function a associated with the 
sequence {o-^j by the dominance property D of the class ©^ 
the theorem being a consequence of § 9al^ 2, 3. 

As such an application we notice the following 
Theorem II. If the double array or sequence 

(1) {M»n} 

of functions on ^ 21 gives rise to an iterated limit 

( 2 ) 

m 71 

convergent every inner limit and the outer limit uniformly as to a 
scale class © having the dominance 'property D, that is, for a cer¬ 
tain function 7] and a sequence [Of of functions 6^^^, 

(3) (^;©); Ij0^ = v 

71 7)1 

then there exist a function cr and for every rn an integer n^^ and 
for every e an integer m^ such that 


(4) e . m S eAa-, — 
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a result exj^ressible also in the form: for evenj m there, exists an 
inteqer n such that 

til 

(5) Lm„, = ^ O'; S) 

'where for every m denotes the ma.ny-value.d function 

(0 _ _ = 

and, in particular, 

a) LM„m.= ''? O; to)- 

m 

Proof —By theorem T, we liave^ from (3) aiul S tlu‘ (‘xisi- 
ence of a function a- of © such that 

(8) VI. 3 . = 0 iV ; 0; Ij 0 = V ('I'; 

From (8j) we have integers sueli that 

(9) n^v . 

We take a seqiienee oC i)(>si(iv(5 miinhers with 

(10) L''„ = o, 

m 

and determine a se({uence of posilive inl(‘g(a\s by s(‘Uinp^ 

(11) 'h. = ■".»■„. ('")• 

Then from (11, !)) we iiave 

(12) m . v ^~n . 3 . A(/j, - 0 ) ' <■ .1<t. 

Further, from (8^, 10) we have int(‘g(‘rs ///. su(^h thni 

(13) C . VI. S Vl.^, . 3.0 < _ ,;) - ■ Ait. 

Then from (12, 13>) wv. have 

(14) e . VI. SZ ?/),.. v. i’ . 3 _4 — ■/;) ' cAir, 

so that tlic hypotheses of the Iheorem make known llie exisl- 
enee of a, {vj^, (m^) for wlu(4» holds lh(^ relation (14) or (4) of 
the conclusion of tlie theorem. 

Jiccalling the definition (S§ 14, 20) of ih',, (lie class DJ ex¬ 
tended as to cs, as tlie (dass ol all liniil lunctlons ol s(‘(ju<aie<‘s 
in St' convergent uniformly as (o o, we have as a corollary of 
theorem J I the important 
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Theorem III. The extension of a class 3)^ as to a class (g 
having the dominance property D is invariant under extension as 
to (B, — in symbols : 

in 2)Ci'f'ticulary 

For instaace, since 2l(^P) has the dominance property D, 

that is, the class 31 ; = of all limits of uniformly convergent 
sequences of functions belonging to a class 3)1 contains the 
limit of every uniformly convergent sequence of functions be¬ 
longing to 31 . 

Thus, if 3)1 is the class of polynomials in p on the linear in¬ 
terval the class 31 = of all such limits is, according 

to the well-known theorem of Weierstrass, the class of 
all continuous functions on for which the property speci¬ 
fied is well known. 


26. Pr 02 ')Ositions ,— 


(1) 


9}i. © . 3 



(2) 



) . 

=> . my. 


(3) 



D 

■ m.y. 


(4) 



3. my. 


(5) 



D 



(6) 


. : 

3 . 



(7) 

a)t 

dominated by 212 

D 

qjfj 23t-. dominated by 

m T 

(8) 

3^ 

^ dominated by 2t6 (g 


3 331 

210 

(9) 


(g dominated by 2t2Jl 

D 

dominated by 2l3}i 

. 9)t/' 

(10) 


dominated by 2t2Di: 

D 

dominated by 2('>Di 


(11) 


(^a)t)®-. 

). 

II 

6* 

u 


(12) 



© 

^ . 3 . sot/. 
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(13) 



6 ■®‘. 3 . 

s, 

domiiuitc'd hy 210 


(14) 




©-°'. 

D . 

93t(. 

,) = 9Jf, 

= • 

(15) 



9JJ. 

S^. 

D . 

(Si'.; 

): = 

• 

(16) 


a)j. 


. 3 . ^ 

= (9Jc',), = 9J{(,,). 

(17) 


. D 

. 9Ji\, 

, = 


:) • 

3fo.,),,, = 

(93l i;()^ii;„,' 

(18) 


D . 


= 


= 0 

33f = 


(19) 




M " 

. D 

• 9jf„ 

CD 

't 


(20) 





. ^ 

• 93i\v 

A CD 
n 


(21) 




m “ . 

. ^ 


L('D 


(22) 





. D 

• 9)i, 

ALr/> 

.K 



Here the proof of (lOJ that : has the donfmanec^ prop<‘rty I) 
turns, with reference to (lOj) and § 22a, on the eonshhn’ations ; 

a)t ; m . (^hWi- 

Further, (12) follows from (11) with the use of tlu^orein 111 of 
§ 25, which is restated here as (15). 

We formulate (13, 19—22) as the following 
Theorem. .If a Ikis the doinhance. properiy /I, (hen. 

extemlon 3)t\,j as to itself is closed, is do7ninated, by i?!*:)}}, <(nd 
has the dortmym.ee pyeopeety I); farther, if ‘JJJ is absolaie, Di,,; is 
absolute, and. // !i9t /.s‘ linear, is linear. 

Extension of classes of fimctions avfh resj}eet to eerfaiii closure 
'properties, § 27. 

27. Extension of daises of functions ,-—Theonnn III oi‘ §25 
relates to instances in which the presemte ol‘ the dominamu^ 
property J) in the scale class (0 or ^JJ{) of extension of a eJass 
a)Z implies in the extended class (JJi : or a closure property 
(closure as to © or closure)—^a propculy present, in th(‘ original 
class 3)t only if it is invariant under th(^ extension. 

Now dosure as to a cJaxs © ami closure an* properti(‘S P 
of classes aii of functions on to HU<‘,h that (1 °) tlu* (dass 
of all functions on to has the pro|)erty P; (2°) the prop- 
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erty P belonging to the classes 901: of a class [9)t] of classes 
belongs also to the greatest common subclass H [9J1:] of the 
classes 9)1; and accordingly (3°) for every class 9)1 there exists 
a class 9Jtp, and but one^ containing 9)1, having the property P 
and contained in every class 91 which contains 9)1 and has the 
property P, viz., the greatest common subclass * of those 
classes 91. This class Tip is the extension of 9)1 as to the 2^^'op- 
erty P. The property P is, in the special sense indicated, 
extensionally attainable. 

In the instances cited, the extension 9)lp retains certain 
properties of 9)1. 

With respect to the properties Q of 9)1 retained, it would be 
of interest to compare with 9Jlp the various classes 91 containing 
991 and having the property P. In certain cases it happens 
that 9)lp retains a property Q of 991 retained by no other class 
91. Thus, in case 991 is the class of polynomial functions of 
p on the linear interval ^ and P is closure as to 31(5]]), 

the extension 991p is, with Weierstkass, the class 991^’^" of all 
continuous functions on 991^^'; hence, the property Q of 991, that its 
functions are continuous on is retained by the extension 
991p, but by no other class 91 (for instance, the class 991 of all 
functions on 99P^') containing 991 and having the property P. 

Any combination of properties extensionally attainable is 
extensionally attainable. 

The properties: 

A; X; 0; C,, 

viz., absolute; linear; closed ; closed as to the class ©, are ex¬ 
tensionally attainable. Explicit formulas for the extensions: 

931.; 991x; 991^^, 

are given below (§§31, 43). Further, for brevity, setting for 

the symbols 991^, being read the ^-extension, the ^-extension 

■^Necessarily existing. 
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of the class 3Jt, we have (§ 44), in case has the (loiuinaii(‘e 
property D, the formulas : 

These formulas with the additional items of the tlieorem of § -14 
enter fundamentally in the theory, developed in l^irt 11, oi'tlu' 
composition of classes of functions of several variable's. The 
reader so desiring may proceed directly to §§ 4r‘^ 4 1 and them 
to Part 11. 

Mvciirsirs. 28-42. 

Exloisioii of classes with respect to certain closure projx'rfies — 
in the theorp of classes in (jenieraL 

28. Closure properties in the theorif of classes in (jenentL — 
One recognizes the characteu'istic role in matheniatiets ol‘<4osu!'<* 
properties and of tlie procc'ss o(‘ (‘xhmsion o(* givem (4asscs io 
classes possessing specifitHl properties. A(‘(‘.ordingly in i^^2S~ 
42 I dev(4op a body of proposit.ions of the general theorif of 
extension if classes with resju'ct to closure properties ; tlu'se^ propo¬ 
sitions are suggeisied by th(‘ sp(‘c-ial (‘,as(‘ of the theorif (f classes 
of functions ; they belong howev(‘r to the. theorif <f chtsses in 
generaL 

We consider a fundaniental class 3Ji (f elements its suh- 
classes 3}f, properties P orcla,ss(‘s 3jc, and (singl(‘-valu(‘(l) trans- 
format ions Tim all classes 3Ji to (not n<‘(‘,essarily all) <4ass(‘s 3Ji. 

The primary (4asses 3jt and properties P about. whi<‘h stat(*- 
menls are made are supposinl to exist., t.o have extimsion, viz., 
the classes 3,)J to contain one or more ehnmmts /I of and 
the properties P to b(‘long to one or mon^ (‘xistemt. <4ass(‘s 3Ji. 
(Cf. the concluding remark of ^ 2.) Tlu^ dcnavat.ivt* class<‘s and 
properties are not supposed to exist, lading possibly tin* (4ass or 
properties without (‘xtension, the null-class or nnlI-prop<‘rti<\s, 
a null-property belonging t.o the null-(4ass only. 

We speak of the relations : iinjilication (f>) ; eipiivatence (->^), 
between two jiroperfies : P^ ; in cas(^ the <‘.orr(\s|)onding impli- 

* Functions on to [1)2]. 
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cation (. D .); equivalence (• ~ ) holds generally for a system 
(in the present case^ a class 9K) possessing the respective proper¬ 
ties, viz., 

( 1 ) p^DP^:^ 

(2) P,^P,:^ 

Accordingly 

(3) 

Implication is a transitive relation ; equivalence is a symmetric 
transitive relation. 

We notice that 

(4) (p, ^ p [). (p, ^ p;). (P, =5 p.). =>. (p; p;), 

that is, the relation 3 holding between two properties P^, P^ 
holds between two properties P[ , P^ respectively equivalent 
to the properties P^, P^- 

Similarly, the class Slip (§ 29), the derived property Pp (§ 29) 
and the transformation Tp (§ 33) are defined, with reference to 
a property P, in such a way as to be respectively unchanged if 
the property P is replaced by a property P' equivalent to P. 

jSIaturally, instead of considering in this way (classes of 
equivalent) properties P of classes 9Jt, we might consider 
classes P of classes 3Jl, a class P consisting of those classes 9]t 
having the property P. Similarly, instead of considering 
properties (cf. § 30) of properties P of classes we might 
consider classes of classes P of classes 3)Z. On the other hand, 
instead of .considering classes of elements Jl of the funda¬ 
mental class 5^, we might consider (classes of equivalent) prop¬ 
erties 9K of elements /I, a property 9Jt belonging precisely to 
those elements Ji which belong to the class ; in this case, 
properties P of classes 5K are properties P of properties 9)1 (of 
elements Jl), Similarly, properties (cf. § 30) of properties P 
of classes 9Ji are properties of properties P of properties 9)t (of 
elements Jl), 

Thus the theory of the sequel is subject to modification of 
form. The form chosen is the form immediately available for 
the applications at present contemplated. However, the propo- 
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sitions being written symbolically may be read in the form of 
interpretation desired. 

29. The extension SJlp. The derived 'property jPp. — For a 
property P and a class 9)7 we define a class 9)7p, the extension 
of 9)^ as to P,* as follows : 

(1) 9)7p= n [all 91 9 9)r^97^, 

viz.^ 9)^p is the greatest common subclass of all classes 97 (sub¬ 
classes of 9Ji) containing 9)7 and having the property P. 

Evidently, 9)lp exists, if there exists any such class 97, since 
every such class contains 9)1. 

Thus, if 9)7 has the property P, 9)7 = 9)7p: 

(2) 9)K.3.9)J = 9)ip. 

Further, a class 997 having an extension 9J7p has a second exten¬ 
sion (9)7p)p identical with the first: 

(3) 99i 9 9)Jp. 3 .9)7p = (997p)p, 
or, otherwise expressed, 

(3') 97 = 9)7p . 3. 97 = 9ip, 

that is, the extension 9)tp of a class 9)i is invariant under exten¬ 
sion as to P. 

For a property P, we define as the derived property^ Pp, the 
property of invariance under extension as to P, — in symbols : 

(4) = .9J2 9 = 

i. e., 

(4') . = . 3)^ 9 2R = n [all 9 2)^' . 3K], 

or, what is equivalent, 

(4") . = . 9)Z 9 a- [91^] 9 9)1 = n [97]. 


*This extension agrees, for properties P extensionally attainable (cf. 
27, 30), with the extension of §27. In general, however, the exten¬ 
sion 3}tp need not exist, and when existent need not have the property P. 

t The property derived from a property Q has the notation Pq . Thus, 
Ppp denotes the property derived from the property Pp, viz., from the 
property derived from a property P. 
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Then, from (3, 4), 

{•5) m 3 s .m/p. 

Further, from (2, 4), the property F implies the derived 
property Fp: 

( 6 ) 

viz., 

(6') . =>. aiK-p. 

The class Fp: [all 9T ^-p] , of all classes SJi having the property 
Fp, includes the class F : [all 9Jt , of all classes 9K having the 
property F. 

Since the extension 931:p, qua greatest common subclass O [91] 
■of the class [91] of all classes 91 containing 931 and having the 
property F, is unchanged if the class [91] is enlarged, we have 
the relation : 

(7) 931.3.931p = n [all 91 3 931. 91 = 91 p], 

or, otherwise expressed, 

(7') 931.3.931p = n [all 91 3 931. 91 ^^] = 931 p^. 

Thus, a property P and its derived property Fp (definable by 
(4'') without the mediation of the notion : extension) give for 
-every class 9)t the same extension: 9}Zp= 3}^pp• 

From (4, 6') we see that an extensionally attainable property 
P is equivalent to its derived property Pp: 

^extensioually attainable 3 P ^ Pp, 

Further, it appears * that the derived property Fp is equivalent 

* From a class P of classes we derive a class Pn of classes 3)1 by the 
greatest common subclass process H, viz., Pn consists of the greatest common 
•subclasses 31 of the various classes <3^ (subclasses of P) of classes 3)1. Evi¬ 
dently the class Pn contains the class P, and 

(Pn)n=Pn. 

A class P of classes 3)1 has the property H, in notation : P^, in case Pn — P. 
Thus, for every P, 

Pn^ . 

Consider a class [P] of all classes P with common class Pn ; this common 
•class Pn belongs to tbe class [P] and is the only class P with the property fl. 
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to ilio second (l('riv(‘(I projx^riy : 

(9) /\D. 

9>(). Pn)i>erfi(\''i of j>r(ipcrii(\^ l\ — \ |>rop(‘r(y P may have 
OIK* 01* more ol'thc rollowani;' in{<‘i*n‘lai(‘(l propcH'li(\s : f 

( 1 ) 

(2) DJ .3.1)1'^’; 

(d) lU .3 . :*/ Df,.; 

(4) ? // Df/.. 3 . 

Wo sp(‘ak of prop(‘r{H‘s P \ et(‘..‘|; 

A prop(‘rty P is (Wfeii^iouallij (tffohuthlv, in tin* s<‘ns(^ that’ 
for (‘V<a*y (‘lass 9Ji' th(oa‘ (‘xists a sup(‘r(‘lass lli;., the (‘xt(‘nsion 
o(‘ l)i as to Py having- th(‘ prop(‘rty /* and <*ontained in (‘V(‘ry 
snp(n-class of 4){ with th(‘ prop(‘rty P. {< 4‘. S 27.) 

A propeniy P^ is a propiniy ot*th(‘ tiindanuaital (4ass A)u 
Kn'ri/ propvriif P^ is vtiHivolviif io ({ (^fosuro proprrfi/^ in fac'.t, to 
tlu^ (‘losnn‘ (''y. ((d*. §2> l)as to th(‘ following' transtdrination S 

III tihiH notation, i* btani^ tin'(’.hiHH of all oIummch bt having: tlu^ property I\ 
and Pp !)(‘in^ the (dasH of all (‘laaseH Ht havini^ the prop(‘rty /*/•, by (4^*^) 
vve hav(‘ 

P(\ ; 

a(5(;ordin|^ly we have, in tln‘ baaninoloi^y of <daHH(*H, 

(O-'n (/‘.On /’n O- 

and hence, in the terminoloi^v of propertien, jim .stated in the text, 

/>. D . POp. 

Th(‘ th(‘ory of §§ ‘20 42 gjuns in perHjntniity when eoimidertul in eonneedion 
with the Hnpjj;(‘HtionH of this fotdnote and those of the closing iiaragraphs of 
^128. 

11) The fundamental class lU has th<‘ property I*. 

2) If At' iH the great<‘Ht common Huhelass H <»f a (daas | At) of (dasHes 
At (HubclaHses of Alt) having the property /', then Alt itself has the property P. 
;j) por every elaas hi it is true that its extension ‘Aic (‘xists. 

4) For evtu'y elans ’hi whose extension 'hi/, exists it is true that the exten- 
ftion AJi/* ha.H the property /*. 

I F. g., a property is a property P with the property|2. 
i/This transformation 7^, is cdted below in §§ 3H.20.14, 41. 
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Ty: = 3)^ or according as 9Jl does or does not have the 

property P. 

31. Fibudiontheoretic examples. — Within a fundamental class 
3)1“^ of functions the properties P : 

P = -4 ; LI multiplicative ; ; C, 

have the properties 1, 2 and so the properties 3, 4. They are 
extensionally attainable. As to the corresponding extensions 
3)lp of a class 3Jl we notice : 

(1) 3}^^ is the least common superclass of Tt and A3J^, viz._^ 
the class of all functions of the form : 

4 fi or Afi, 

(2) 3)lx is the class of all functions of the form : 

i—n 

i=l 

viz., linear homogeneous in a finite number of func¬ 
tions of Tt with coefficients from 21. 

(3) 3)lmuitipiieative is the class of all functions of the form : 

i—n 

i=l 

viz., the product of a finite number of functions of 



repetitions allowed. 

(4) 


(5) 

u 

II 


As to (4, 5) cf. theorem III of § 25. 

32. Propositions concerning properties P and their derived 
properties Pp . — 

PP-.P'^* P^-.P^; 

( 1 ) 

^ ^ JD extensionally attainable ~ jpl2 ^ pu ^ pSi 2 ^ pSi ^ pvzu 


* This (. ~ .) is the equivalence of the two statements: that a property F 
has the property 1 (§ 30) and that it has the property 3. The equivalence 
(~) of properties (cf. § 28) occurs, e. g., in (16, 24, 25). 



( 2 ) 

(3) 
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m 9 3: dt 3 ( 2 )r'‘.sr) .o. 3 mp. 

m 3 S SDtp. 3 . . (3Kp)p = 2 )Jp. 

9K 9 ST 2Rp; 3 : 

3JJp = a}K~.3)^/‘.~.9K 3 s 3ir 9 2)lp=9)J. 
(5) a)J = n [9K]'. 3.9)ip = 9JJ. 

3)K^. ~. aitp = 9)j. ~. 2 }i 9 (ff a)ip. a}ip'“) 

.^.m 3 3 m' 3 m'p = m. 

(7) 3}l 3 3 9)tp^^. 

( 8 ) a)P. 3 . gjip = 91J. 3JK^; P3Pp. 

(9) 9 }i . 3.3)lp = n [all 91 3 m . 9J , 
that is, 

(9') gjt. 3 . aiip = n [all 91 9 931 . 91p = 91] .••' 

(10) 931.3.9)lp = 9Jlp^. 

(11) 9J1 '’i’p . ~ . 931^^ - ~ . 931p = 931; Pj.^ ~ Pp. 

(12) t Pp3 P : ~ :33 Ki’ . 3.93K : ~ : 931= n [9K] . 3.93K, 
so that, by ( 82 ) and § 30.2, 

(13) t P^: ~ :Pp~P;~:93Ki’. ~ .931^. 


*For 3Kp and n[9l] exist simultaneously, and, when existent, 3Kp is one 
of the classes 31 while every class 31 contains Slip, and accordingly 3)lp=0 [31]. 

t As to a property P the three statements : 

( 10 ) derived property Pp implies the property P ; 

(2°) Every class having the derived property Pphas the property P ; 

(3°) The greatest common subclass n[9^] of a class [9^] of classes 9^ 
having the property P has the property P, 
are equivalent. 

(1°) and (2°) are equivalent by the definition of implication (D) between 
properties (cf. §28). (2°) and (3°) are equivalent by the definition of de¬ 

rived properties (§29). 

J As to a property P the three statements : 

(1°) The property P has the property 2 of § 30 ; 

(2°) The property P is equivalent to its derived property Pp; 

(3°) Every class having the property P has the derived property 
Pp ; and conversely, 
are equivalent. 
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(14) 3)1 = n [9KP] . 3 

that is, by (6), 

(14') 9U = n [91 9 3Jp = 91] . 3 . 3)lp = 3)1. * 

(15) P.3 .(P3Pp).P/.t 

(16) P^~ .(Pp~P).~.(Pp3P). 

(17) J P> : 3 :Py234. 3)lp.2)fJ9)lp= (9)lp)p= 9)lp^. 

(18) pi ; 3 :9JV'=.3.9)l,p®‘2P 

(19) pi : 3 : 991,’-’'=. 3)l2P™= . => . ailiP™^. 

(20) pi : 3 : 9)1,»=. 9)1/ . 3. 9Jlip®^ 

(21) § P,i . Pol : 3 : 9)lp/= . 3. 9)lp/Pi. 

(22) 11 P,i 3 P,i : 3 : 9)1 .3 .9)lp/Pi . 

(23) P,3P,.3.P^^3P^^. 

(24) Pi~Po.3.P^^~P^^. 

(26) P,i ~ Pol :3 ;3)1.3.9)lp, = 3)lp,. 

* We have 

sot = n [3t 3 31 = n [all SR' 3 SR®'. SR'-^]], 

Slip = n [all SR" 3 3R®". 31"-^]. 

the the for every 5(1 are supposed to exist. The classes 5^1^ contain 
5!)i and have the property P and are accordingly amongst the classes 5K''. 
Thus 5Jlp exists and is contained in every class 5K and so in every class 5(^ 
and so in 5Jl— fl [5(^]. On the other hand, by (3i), since 33^p exists, 5JJ is 
contained in 3}tp. Accordingly, under the hypothesis, 5Jlp = 5Ji. 
t(15i) is (8a). A comparison of (11, 13) yields (ISa). 

J If a property P has the property 1 of ^ 30, of belonging to the funda¬ 
mental class 5Ji, then the derived property Pp is extensionally attainable and 
for every class Tl the extension 5Jlp exists and contains M and is identical 
with the second extension C20^p)p and also with the extension 5JlPp as to 
the derived property Pp. 

g If Pi and Pg are two properties having the property 1 of ? 30, then, if the 
(necessarily existing) extension 5DlPi of a class 531 as to the property Pi has 
the property A, it contains the (necessarily existing) extension 53iPo as to 
the property P^. 

II If of two properties Pi, P 2 having the property 1 of § 30 the first implies 
the second, then for every class 53^ the extension as to the first property con¬ 
tains the extension as to the second property. 
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t‘>r>. llu' Tj, f()r a — The j>ro])er- 

ties : of the fuiuhiuiental ehiss Di, and the properties P'*: tor 
every l)f the extension exists, are ecpiivaleni 
.For a property vxfdision ^/.s* fo P is (he fr(ni,sfon}i(itioii Tp 
transforniin^' a class 4)i into the class extended as to- 

P, viz., 

= ^mp. 


f‘M. 7V/r c/o,s'a/‘c ('• 
T is the property f/y. 

(0 


— For a transl'orination T r/o.^ure rr,s‘ fo 

m . = . 7'1){ 


viz., a (dass Df is <‘losed as to 7’ in (Uis(‘ it (‘ontains its transform 
7'l)i by 7’. Similarly, exfeiosii)i!iii/ luj 7’, iiiv(tri(tiiee under T luw 
th(‘ pro pert i(‘s /vV, /•/•* 


(2) - .Dr""', 

(2>) E- . 7’Dt' = Di\ 

so that /y. is (‘(piivahmt to the eoniposil(‘ property viz.,. 

(I) T:D :l,^ 


2 ) 0 . The ejiension Diy. The derired frunrform<dion 7y..— 
Th<^ fnndanumtal class Di is (‘los<‘d as to (Aany transformation 
1\ so that (by §:J2.I,) ibr <‘V<‘ry transformation 7'and (dass 
Dt th<‘(‘Xttmsion Diry. <d’Di as to tin* (dosnn^ Py. (‘xists. For 
bnjvity \v(‘ s(d, 

(C a;,,, 

(^) '/’,,,^7V, 

.so that (of. §§ 'i!», 1) 

(:5} Hi' . 3 . Hi y. n [all H' .1 H! ’’ . T')i '' |, 

(•1) Hi’ . 3.7VHi' :-Hi'y.. 

'riui.s, l■o^r^■.s])onllitlg to a Iranslonnalion 7'\v(‘ liavo l/ir dc- 
rircd Iraiinj'<iriii(il!iiid T,. ami for ovorv riass Hi ll)i' c.rlciiHioH Hiy 
0 / Di <fr fo T, 

*Tlu* traimformatiim d(*riv«*il from a Iraimformation P lias the notation 
7V'. TliuH, 7Vy, (ienotoH the tran.Hformation (lerivtnl from the transformation. 
7V, viz., from the transformation derived from a tranaformation 71 
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36. Propositions conoernioig jyrojmiies — For a property 


P'; 

of the fundamental class 3)1, we have, by §§ 29-35, 

(1) 

Cxp'^ 

' Pp] 

(2) 

. rp9Jr“ . ~, 

. 3)lp»*.~ .3)lp=3)l; 

(3) 

3)1. D .(3Kp)p= 3)lp = 

9Jlp^=3)lc^^ = 3)lp^, 

and. 

accordingly, 

(4) 

T.D.Pcp- 

Gicp ~ 0^^ ■ 

(5). 

P': D ; 3)1. =). (3)lp)p = 3)lp 

= 3)lp^=n[all9l9 3)P.91p^] 


37, Properties of transformations T, — A transformation T 
may have one or more of the following interrelated properties: 


(1) 

9)1.3.331™. 

(2) 

9)1.3 . TTm 

(3) 

u 

II 

(4) 

991.3.9)lj.’”^“. 

(5) 

3)1.3 . T9)l “2’. 

(6) _ 
that is, 

T^T,, 

(6') 

991.3 . P3)l = Tp991 = 991,.. 

(7) 

991i'^''». 3 . T9)li”-’‘=. 

(8) 

9)1;-''-^. 7991./'-^. 3 . 

(<2) 

9)j. D . !r391 = u [all T9)l„ a 991„' 


that is, with respect to a property Q of classes 9}c, a transforma¬ 
tion T has the associated property Q in case for every class 
3)Z the transform ^9)1 is the least common superclass of the 
transforms of the various classes subclasses of 

having the property Q. The property Q of classes 9)1 is sup¬ 
posed to be such that every class has one or more subclasses 
STOq with the property Q ; accordingly, § is a property of every 
element Ji qua class 9)i. As instances we ^■‘ave the following 
properties : 
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Qi ,sin</n>l<(r (consist! nii; of a sinj>;l(‘ clement); 

fiiiife ((consisting' of a liniU* nuniher of (^l(‘incnts); 
(lvininir}'((hle (linilec or (consisting of a dmuinun'able infinitude 
of elements); in g(‘neral, 

of (‘((niinol )unnl)i'r ivs.s than or of cardinal luanhvr not c.r- 
cvcdlng a given cardinal number, 

\V(cs|H‘ak of transformations 7^', aic. Transl^orma- 

tions 7’’ are extensiomd. "Fransformations 7'^^ lean' ‘'Uu)n(ainr^^ 
invariant, Transformations 7'^* are (or hav<c tlu‘ property 
as'sociat('d with the }>ropcrtif (f of classes Wi, 

Kvi(l(^ntly tluc transitivity of contains impli(cs that (every 
transformation 7'^*^ lt‘av<‘s contains invariant : 

(h) 7’^^'. 3. 7 '\ 

Kv(‘rv transformation 7^ in<lu(C(\s a transformation 7^' on 
singl(‘ (‘Itamaits ((jua classes) to (classics ('onv<‘rs(‘ly, any 

su(ch transformation 7'^ induiH's a transt'ormation 7’’*"^'”^'“' of* 
whiich it is th(‘ indmcial transformation 7’^ — l^hirtluo’^ (‘V(uy 
transformation is a t.ransformation 7' 

l\la, Functiontheorefic examples of transformations — 

On r(‘sp(‘etiv(dy snital)l(‘ fundannmtal (classics "lUi of f'umctions 
tlu^ s(‘V(‘n transformations 7h 

T<\)i = Am ; mm; m + m ; am + am; iiF.y;; an ; an.,, 

r(csp(‘(ctiv(‘ly, ar(‘ transformations 7'*: haivijig (Contains invari¬ 
ant., and aec'ordingly (ef*. dh.7, 5) they anc transformations 

d''h(‘ elass(‘s Ih' (doses! undm* tlu'sic transformations 70sc- 
sp(H‘tiv(dy ar(‘ th(‘ (dass(‘s dJi (‘ontaiiung 7’l)i. Ilenici^ (§ 15) 
tluc (con'(‘sponding (d<)sur(‘ prop(‘rti(‘s (V of (da,ss(*H ''JJt anc tluc 
proiH‘rti(‘S : 

(!,j,z= A ; mnlfiplicative as to at ; 

additive; L; multiplicative; (\ ; (\ 

()t‘tlu‘s(* transformations tluc siscond, fourth, sixt.h, siAuaith 
anc transforimitiotis 7'^ : (cxtimsional, siy that l*or tluan idosunc 
as to 7^ atul invariaiuu* umher 7’ anc icipiivalcmt propicrtiecs of 
(classes l)u 
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Further, the seven transformations are transformations 
—the first two for Q ; singular; the next three for Q : finite, 
or consisting of one or two elements; the last two for Q : 
denumerable. 


38. 

Propositions 

concerning the transfor 

^nations Tpi. — 

0)* 

jpi 3 jr^l2345678 

. 3: 9 (Cr'^P.Tr= Tp). 

( 2 ) 





Tp, = rp,: ~ 



. 3 . Mp, = 

= 9)1, 

f., : ~ : 9Jlp/’' . ~ . 

3)lp/‘ 




: ~ : 9)lp, 

= 9)1 . ~ . 9)lp, 

39. 

Propositions 

concerning transformations T. — 

(1) 

ipii 3 


ys 3 yr2. 

yi3 3 rp2i 

( 2 ) 


T-. 

D : 3}K => . 


( 3 ) 



y 4 3 y 1 


( 4 ) 


yi3 



(5) 





( 6 ) 



. . -- . Tl 


( 7 ) 



rpi 3 ys 


( 8 ) 



yl2S 3 rjt'j 


( 9 ) 

r.3. p/. 

Tr= Ta,^ = 

-Tc„=T,.,..\\ 


*For every property P having the property 1 (of ? 30) the derived trans¬ 
formation Tp (cf. I 33) has the properties 1, 2, 3, 4, 5, 6, 7, 8 (of I 37) and 
there exists a transformation T having the properties 1, 2, 3, 4 (of ^ 37) 
whose closure Cp (cf. I 34) is equivalent to the property P and whose derived 
transformation Tp (cf. I 35) is the derived transformation Tp. 

For the first conclusion, cf. J 36 and § 32.17, 18, 19. 

For the second conclusion, the transformation Tq defined at the end of 
2 30 is a suitable instance. 

= n [all 3 Tiil^2 by definition. By hypothesis, T^^, so 
that ^ . TTTl that is, for every 931 TiOl is one of the classes i)'! 

whose greatest common subclass is 931 r. Hence 931. ^ . 931y,^'*^^\ that is, 
iCt ??39.9i, 35.2, 38.1. 

II We prove that 

931.3.7^931-= 7^^931. 


For we have 
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()7 


(10) 


7” . 

3 . !, 

* 

(11) 

y-s _ 


'.('r- 

/y. 

(1‘2) 


7"‘. 

3 yML'.'iis .|, 


(i:i) 

7’'-' 

^ 3 . 7’ 

.•JS _ 3 _ y.i^r, _ 


(i'i):l; 

y”--'. ~ . 


- . T'-^ . ~ . 

7’'» . , yM-u^ors^ 


r,.!.)! 

'))!,. 

n [Jlll li D! 

’L 'ni ’‘1; 


'/'•/■yw 


n lull -j.', < 1 





n liiH'.)(', / ')j 



Now every m eloned us to 7' ho tliut Vi'r ^)l. TIuih (nu^ry ':)? is an 
Hence 7V':l)i H I1 eonlaiiiH 7V/ "IH' H l^^ij ). 

Further, Hince by (lb) 7’y has the proixu'ty H uf §37, (M)t . TrT^^ ‘‘i) 
irnpli(\s T7'^))t 'o . TIiuh 7'r'')}{ ih eordairnsl in every '’jt, aiul lienee in 

7V iKr 

*CL U 3i).llj, 32. IG, 3f>.‘h 
t Ah to cf. U 37.(5, 35.1, 3i).<)j, 32.1, 32.3,. 

;j The Hix triudn ; 

125; 127; 12H ; 135; 137; 13H, 


of propertieH me eipiivulent 30. M, 1,,). 

Further, each triad ih a triad of independent propertieH. This uppeaiH 
from th(‘ following iiiHtaneeH of tranHfonnations, 

Let Til he a lini'ar ehiHHof functioiiHcontaining a function i>^\ 0('‘j.s). 'riH‘ 
three tra-nsfonnations : 






/■; 


have reHpeittively 


and 


V’.Mli UC'l.lf, 21)!); 

r,: r,:m ").)! ('))!=!/.), 'A/' ii’i, 

Udli,/'); nlall',)i ; ’ll!. 2'))!; 
Di''" ; 2)l('";; ■:lli 




For the threi* IranHformaiionH an to th(‘ eight properti<‘H (1 H) the table m an 
follows : 

1 2 a -I .. <; 7 H 

7\: » I ...» 1 I : 

n: 1 . ! .- i i 

Va: i 1 i i 

where the tabular entry i.s j or aeeordingaH Un* tranHformation huHor huH 
not the property. 

Instead of thoae three tranHformationK on(‘ might eonsider these three : 
Hie Ih’St mid the fourth of 'i 37a and that of 'i :U), tin* rcHpeetive parametern : 
being suitably determined. 
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(15) = 

(16) . T/ . (CV, - C^,). D . r, = ?;. 

(17) : 3 : (^ - 4) . - . T, = 7;.^^ 

From (11; 9; 12, 16j we have 

Tpieorem I. The transformations T® classified with 

respect to their closures Cj,,—two transformations T^, with 
equivalent closures: ~ , being of the same class, — in every 

class there is precisely one transformation viz., in the 

class containing a transformation the corresponding derived 
transformation Tj,. 

For example, one such class consists of all transformations f 
Tsuch that every class 9)]: is closed as to T] the corresponding 
unique transformation is the transformation identity, leaving 
every class invariant. 

Further, from (10, 11, 9, 12, 17) we have 

Theorem II. The transformations T^^ being classified with 
respject to their systems of invariant classes, i. e., with respect to 
their invariance propei^ties or with respect to their closures Cj,, 
in every class there is precisely one transformation y 12345073 ^ 
the class containing a transformation T'^^ the corresponding derived 
transformation T ^. 

The classes of transformations are, in fact, contained in 
the classes of transformations T®. The systems of classes 9)1 
closed* as to the T^ and the systems closed as to or invariant 
under the T^^ are identical, being the various classes ;{; of 
classes 9J1, viz., the classes P containing the fundamental class 
and having the greatest common subclass property H (cf. 
the last footnote of § 29). 

Theorem III. Under a transformation T^: leaving con- 
tains” invariant, the transform TM' of the ffaurcoZfZfbftZl 
of a class [a)t] of classes m Tlonmnedin 11^6 gZ^TfoZnZ^’Zffiass of the 
transforms T9J1 of the classes 9)1. 

*Cf. (12, 10). 

t To this class of transformations belong the Zermelo transfornaations, 
viz., transformations on classes to elements /I, qu4 classes, every class iOt 
transforming into one of its own elements ja. 

t Corresponding to the properties : extensionally attainable. 
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The r(‘laiions votnuion suprn*l((ss an<l (/redfrsf caniman 

.mbvlasH are in ^-caieral not invariant, • in taet not eviai niuhn* 
the translonnations 

W(‘ hav(‘, IVom oS.l, cUJ.l, 

/>;ii ^ ^ pnM ^ 3 ^ . D . ^ V^. - / /^ 

and, from 1, ,“> 0 . 2 , ;;7.i;, 

yti27^3^ 7’,,^..:= 7\.:=. 7, 

and a(‘ca)rdin^’ly 

dhlHORKM I\". 77n‘ eor/T.sy;oa7eaer.s’.- 

/e ere/*// prapvrtij ///r dvrircd (rtaisfonnailon T^; 

(o vverp fntiiaJuniKitUin 7'///^. Invttriitnee pniperiij Ij. 
or ifs t'(piii'((lenf (he elornre properlp 
eonefitnfe <( o/o'-o/ze (‘orreHjiondeuee hefireen (he eittsaes of e//a/V~ 
n/e/// jiroj)t‘riier (///^* pr<)perfi(‘ii ejieinsiond/ii/ (ida'uudile) tnid 

(he tr(nirJhnn(ttionK 7 ’r.!:uM.;rf uitfnre ilnif for eerrp efa.sH 

yju //e.s*.s’/’,s\s///// /^/ // propi'rip P and ine<irianee under (he eorre- 
rpondliaj (raurfonnaiion 'P are etjuiralt'nf. 

dh//, Profiondian^ I (uaauu'iala/ yo*/y/e/*//e,s* P ami fntnrforina-- 
floiiH 71 — 

*('onHi(l(‘r the trunafonnatitm 7'*“* 7mi.tifiu- (ef. PC,l7a, aa, a5.2, aa.!)) 
and two iion-/,ern ftiiictiiiim//,, //., on InTweeu whieh <!ienMH identioally in 
p no relation of th<* form d» Itn* nolationH n (leiudinij; jw usnal 

poHitive intei^erH. 

''raking the olawHeH 

/h* [^h, ^^v|, ‘ht\ [/^i,‘ho) 

we have 

7’’)}c, [alla.Oj), 7’ilo, (aH/r/.l, 

TDl^ [all ////,, ////.„ «,//, ; aooj, 7’)H\ (all )lp^, 2/oo., «,o, ; Ahin/oJ. 

'IJtji in lh(' leant eoinmon HUpendanH of and hh,, while ‘))t, in the greateat 
common HuhelaKH of ’ill, and T'i)l^ eontaiim hut in not the leant common 

Huper<da8H (all 1 nf / hij and 7 nh,. /'htj in (’ontained in hul in not 

the greatcHt common Huhela.sH (all aoj, np^^ ■ | of 'DU^ ami 7'“!1(\. 

I'l) If of two propertien: I\ ; /*., having tin* pfopeily 1 of :|0 the lirnt 
implicH th(‘He<‘ond, then for eveiy <daHM hi the {ma'CHMurily (‘xinting | exten- 
Hion an to the llrat property <’ontainH the * m^eeMHaiily exiMtitjg) extenHimi an 
to the Hceond propc*rty. 

2) For two propeitiea: ; /*., having tlie piopeity 1 of ^ do, the rela 



70 


E. H. MOORE. 


(1) 

P 

l' =5 Pi 

: 3 : 911 

. 3.911p®J=i. 

(2) 

A 

=>i"pP 

; C : 911 . 

3.911V"'-P''- 

(3) 

P.' 

3 P„>2 

: ~ : 911. 

3 . lllp^i^’^A'. 

(4) 

P^- 

- P,' : : 

3 : 911.3 

' . Dip, = 911p, 

(5) 


P,: C 

: 911.3 . 

II 

(6) 

pi'i^ 

1 

p 12 . ^ 

-4. 2 • 

- : 9)1.3 

II 


From these propositions (in view of § 39.9, 5, 11; § 35.1 ; 
§ 36.4) we obtain others involving C^, SIId then, using 
the conditions 4, 5, 6 of § 37 to replace 3)1^ by TM, we have 
the following propositions : 

(7) P'3 C-r:, ; 3 : aif . 3 . TWi “i’. 

(8) p 3 : c ; m. 3 . rm 

(9) P'3 C,; : ~ ; 91t. 3 . Tm '"'-p'- 

(10) Cj.,3pi:D:911.D.9Jlp^'“. 

•(11) Cy 3 Pp : C : soil. 3.3)1,,, 

(12) (7y„ 3 P'2 ; ^ : 9JP D . 

{13) P'^ ~ ~ : 3)1.3.9)1^:= = P®3)1. 

(14) Cj.,. 3 : 3 : SOU . D . T,m 

<15) Cr, 3 : C : 9JP 3.7;'9J1 

(16) Cr,. 3 ~ : 9)7.3 . P/9J1 

iiion that the first implies the property derived from the second is implied by 
the relation that for every class 331 the extension as to the first contains the 
extension as to the second. 

3) For two properties: Pj; P 2 , the first having the property 1 and the 
second the properties : 1; 2, of ? 30, the two relations : the first implies the 
second ; for every class Tl the extension as to the first contains the extension 
as to the second, are equivalent relations. 

21) T being a transformation having the property 6 of J 37, for every 
class 331 the transform TM is the least common superclass of the extensions 
of the class 301 as to the properties P which have the property 1 of J 30 
and are implied by the closure as to T. 
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(17) <~ 6 ',,. ; ~ : "I.)} . 3.: ~ : 7','' = 7!,“. 

Krom (7, 10), in view of (he properlies of Tp-, Pp-, 'il.liy; 
Tp, we (Ih“ propositions: 

/'■ : 3 : It; . 3 . in'/. = U fall 7’in 9 7’-' .{PO CV)]. 

(Ill) : 3 : in . 3 . Dl/. = n [all 7Nn 3 7’' . {(I, ^ P)]. 

( 20 ) =^' 7"' : 3 : in . 3.7'i); = C\ [all iJi/, 9 />' .{PD C-,)']. 

(21) i T'- : 3 : it; . 3 . PM = U [all iti'/. 9 .P‘ . (6^3 />)]. 

•10. ('iiiniKi.siiioii itj projH'rHi'.'t P. — As (‘xplaiiu'd in § d, any 
class I P\ of prop(‘rties P p;iv<‘s rise; l.o a compoPilt' p)-opvrty\ 
n[/'|, tlH‘ logical ]>r()(lu(*t oftla^ projxaiic's ol‘th(‘c‘,lass [/^],so 
that for a (‘.lass th(‘ Iwo stat.aauaits : 

j />l/M . ^ . s))( 

ar(‘ (Mjuivalcail. 

'Tlu' |)rop(‘rti(‘s /N>f [ /*| arc nnifiKtllif coii^si.sfrnf and (ho ooni- 
|){)sit(^ projxaiy n| I*\ is irif/i ('xft'iisioHy in eraser t.hor(‘ (exists a 
oJass ':)}i with th(‘ <‘omposit(‘ pr()p(‘rty n[7^|. 

()l)vionsly, <‘(piival(‘no<‘ ol’ pr()p(‘rt.i(‘s is invariant niuha* com¬ 
position ol’ pi’op(‘rti(‘s. 

H)(L rroposidons poncvrnhKj conijxmtv y>roy;<'r//V,s. — 

( 1 ) I. 3 . n[/']'■ (,• 1 , :>,:{,•(), 

that is, a class [/*'| ol' prop(‘rti(‘s /** with the. prop(n’ty / 
(/ — 1,2, 'd, I) of § .‘>0 giv(‘s ris(‘ to a (^oinpositA‘ prop<‘rty n[ /^] 
witli th(‘ prop(‘rty /. hAaay (‘.omposito property *^ [/*'], <iua a 
pr()pt‘rty of*':Ut, is with oxt(‘nsion. Wo hav(^, as a (corollary, 

(2) 

and a(*<*«>rdingly, by § 2>2.1, t.lio 

dhiKoUKM. A r!((ss I P] of projxirfirH .P i\vie\mouaUp <tU((hi- 
<tf>(v (/irps risp to d couipoHilv jtrojx’rfif i\viv)i^io)i(il(ij 

In f IH ; ‘20 ; 21) wo may n‘placo { T '*; ; /**) by (7’’^ ; ; P^'A- 

i III cano the ('laHH ( I*\ coiiftiHlH of a ihiitcs number of properties : 
P /',;•••; Pn, we tl<‘note, as heretofore^, the composite property fl [/‘] 
also by the noUition PP\ • • ■ /«. 
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attainable; the class [P] is a class of mutually consistent 
properties. 

The properties being extensionally attainable, the 

composite property P^P^ is likewise extensionally attainable. 
For every class 3)7 the three notations; 

denote three classes, extensions of 3)7 definite and in general 
distinct. In the notation 3)7pj7>2, as in 3)7^i^2^ the interchange 
of symbols P^, P^ does not alter the meaning. 

41. Composition of transformations T, — Any class: 

s:= 

of transformations T gives rise to a composite transformation: 

Tz, 

viz., the transformation * for which for every class 3)7 
TfSl = U [all Tm 9 P"], 

that is, the composite transformation Pj transforms the class 
3J7 into the least common superclass of the transforms P3)7 of 
the class 3)7 by the transformations P of the class X, 

For instance, consider a property P^:of the fundamental 
class ^7. The class X of all transformations P (or P^ : exten- 
sional) with closure (7^ equivalent to P contains the transfor¬ 
mation t Pq : TfSil = 3)7 or 5D7 according as 3)7 has or has not the 
property P, and this transformation P^ is the composite trans¬ 
formation Pj of the class X. 

41a. Propositions concerning composite transformations ,— 

(1) 2:=[T].D.Cy^~n[all 

viz., for every class S of transformations P closure as to the 
composite transformation 1\ is equivalent to the composite of 
the closures as to the transformations P of the class X, that is, 

*In case tbe class % consists of a single transformation T, the composite 
transformation is the transformation T itself ; it is not the derived trans¬ 
formation Tt defined in § 35. 
fCf. 38.12, 39.14. 



iNi'K<>i>r<‘’ri(>N’ 'ro (honkica!- AXAr.vsis. 


(1') .1 [ 7’ j . m 3 A. 7’ i)t : - : 7’ ^ D . Till 


(2r J-17**1.3.7-. 

(;0 J ..|r^l.3.7;A 

(f/) I - 17’V| .3. 7'.v. 


Thus, th(* j)r()|)('rii(‘s 1 : (\\t(‘usional ; 7: l<%Mviu^M‘o///r//h/.s* in¬ 
variant ; : associated with the proptn’ty of classtss':))(, of 

§ cw arc invariant undi'r (‘oinposition of transformations. Kvi- 
diaitly coni[)osit(‘s of these prop(a'ti{\s ar(‘ similarly invariant. 

As a <*orollary oft 1) W(‘ hav<* tin* 

TukoUKM. 'riu' ir((!(sfiinjiaii(Hi,s 1' hvin<j rhts.^ijuul with rvt^pcvl 
/o thvir rifhsurt'Sy coinpnsiiiaii aj iran^yhniuitioiiH //n/aec,s‘ (t corre- 
sptwdifitj i*(iNip(tsifi()fi (}J ('tdssiw of trdtLsfornuifions, /I .s/anVo/* 

holds for fhr siiiu’htr rldssif ration of tr((n}ifonii((tionr T\ 
i hri/aj (f proprrtij invariant utulrr roinjiosition oj tr((nnjnrinationsy. 
for instann\ I, 7, ty or anij oJ thvir voinpositrs. 

•hi. Multiplication o/ transforinatioins T. Sciniijronps, In 
the theory iA' transformations in ijriirraf two transiormations 
7j, 7!, hv innltiplication ^ivt‘ rise to tiu‘ product transformation 
7\7\ sneh tliat t*or every (dass Ih' ( 7!,7’j)l)i ” 7!,(7'j':)j(), dduH 
multipli<aitlo!i is associative* and usually non~(‘ommulativ(a 
'The* jioict'rs iA' ii traiisformation 7' an* demote^d hy 7’= 

77’-: 7’‘-A 7’'^', where 7''''^‘'.::=: 77’''*'. 

A (‘lass : 

J .=! 7 'i, 

of transformations 7* ufives ris(‘ to or f/e iterates tin* jiroduct chtss: 

r -h^ii v'\, 

consisting of all transformations 7’'ol* tiu* I'orm : 

viz., the pro(Iu(*t of a tinitf* numh<'r : n 'I, of't ransformat ions 
7’ of tin* class . 

A eluHS 1 (7*7 of tnumriuiiintiejm 7’* : «‘xt(*iiHional, pjivcH rim^ to a 

coaipoHite tnianforauition 7\ %%ilh Uit* wiinc prop<*rty. 
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The product class X' contains the class X. If X' = X, the 
class S is a semigroup. Otherwise expressed, the class X h Si 
semigroup in case it is dosed under multiplication, that is, in 
case the product of every two transformations T of the class X 
belongs to For every class 3^ the corresponding class X' is 
a semigroup. 

The class X of all transformations T is a semigroup; and 
the greatest con^mon subclass of a class of semigroups is a 
semigroup. Thus, by § 32.1, the property of being a semi¬ 
group is extensionally attainable, in the sense of § 30, the 
class being here the class ST. A class X has as its extension 
as to this property the corresponding class X'. 

A transformation T, qua singular class X, generates a cydic 
semigroup X\ viz., the class of all powers of T, 

In the present case of transformations T of classes 911, the 
subclasses of a fundamental class 9Jt, there are certain relations 
between the processes of composition and of multiplication of 
transformations T, 


42a. Propositions concerning muItipUcation and comijosition 
of transformations T, — 

( 1 ) . 3 . {T, ry . ~ ( c.,, c,o ~ 

(2) TJ. rj. 3. {T, i\y. (3 . 

(3) Tf . Tf . ^ . (7^2 {Q singularj finite, demimerahle), 


that is, the specified properties Q of transformations (associated 
with the corresponding properties Q of classes 3)1, cf. § 37) are 
invariant under multiplication of transformations. 


(4) S: = [r']:D:r".D.T'' 

(5) = 


(i = 1, 7, singular^ finite, denumerable, 
or a composite of these properties), 


that is, a class X of transformations T' with specified property i 
generates a semigroup, whose transformations T' and composite 
transformation 71, have the property i. 


(6) s: = . 3 . Cr, -- [all Or a - C 




I N’l’Kt >nr 4 "noN to (iKNKUAIi ANALYSIS. 


i f) 

As a (‘orollarv, roniparahh* with tla^ ilit'ortan of •! hf, \V(^ 
ha va 

^riU-’.oUKM 1. Tht' fi'ifiisjtirniafitnis 7’h r/::., f/u' c.rf.viu^io/Ktl 

traiisforunffidfis (or fitc 

Ivitriutj “ ” inrtiriaiif) htnu/ rias.sifit'd a.s ht Ihcir vlo.sKn',^^ 

uwdilpiintfUm p/* fransforfiiafituis nidihu's a nn'rcsptHidi}i(/ andfl- 
pli('(difii} of idtfsst's tij tnnisjonntftKuis. This nndfijdicdfioK oj 
(ddsst's is (’()iiuiutf<ffirt' its irt'U as ((ssoriafirt'. If<(ch ('lass cantains 
its ("tinip(isift\ 

Sitrh a (dass of'frttnsfuraaififuis 7’*’, ri~:,, of v,rtiaisia}ad Irans- 
f'armatians frari/aj naittans"' invarittid^ is (t vlass of fr((ns- 
formafioas 7’^'' {.^h'A.T) iriih <das((r<' arfensianallji adainaldv 
0 ,*)h.{ 1) iUifiiailiinp prn'ist'Ii/ o/u' 7’’*-r/:., ^/h/’ t'n'rp T (he 
drrieed (i'a)isfontuiiiaii 7\ IIW ^ (heort'ii) II). This lr<f nsJuniKf’- 
(ion 7’^’’**''"”' is (he etunpnsdt' of (he (dass. 

Ill pro(ih<»r tin* last naaark, dcnolln^ hy tin* <‘oin|)osit(‘ of* 
tha (‘la‘-s of translormations incliHiini!: a translonuation 7^^', W(‘ 
am to |)rovt‘ that 

that is, for oViOW rla^s :ht : 

7;;A)f, 

wham 

Wi,,, n [all fi ) i)l ■. 7\:n ‘‘I, 

7]:}n u [all T))i > 7’^'. (^V“" ^V,)|- 

In tho first plara, hy i ^hhll, 7\^ is stH’h a transforination 7\ 
so tliat 7’;j)i oontaiu'^ '))l dh'/,. In tin* sc<*on<I place, l)i/. 

contains 7yjji, for i‘Vary such fi contains (‘Vcry siudi 7’1)( ; in 
Ih<‘t, (111 * . 7’*) implies 7‘.hi ^ ■ ; am! { 7’y.li ’* . ^ V^ V,) ii^^plins 
7’hi '“O that, as statol, / hh' 

The followini^ theorem concerns cases in whi(di for a trans¬ 
formation 7* the (*orri*spon«iini;* t ranslormat ion /;. is th(‘ com¬ 
posite of the cvelii' sfini^roup ol T. 

1'hi>:ouhm II. Tht (eansforaiadofi 'T heinp eAieiisioiud (Hid 
asstit'iafeti iriih (J : siiitpda i\ oe fiiidt\ (Hid aeeardHa/Iif‘\’ li'didup 

tlicHf! romiHwitcn is not iifccHsarily cIohimI under nmUipHi'iiiiun. 

I t‘f. ^ :i 7 .u. 
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contains^^ invariant (§ 37.1, 7), its powers and the com- 

posits Tq of its cyclic semigroup: \cdl , viz.^ the transformation 
for ivhich for every class 3)Z 

(7) = u [all 

have the same three properties and their closures are equivalent 
(§ 42a 1-6). Moreover, 

( 8 ) = 

Thus, Tq has the property 2 of § 37. Hence: * 

( 9 ) = 

We proceed to the proof of (8) for the case Q : finite, the 
proof for the case Q : singular, being even simpler. 

T being extensional, is always contained in 

so that, in view of (7), in an obvious sense, 

(10) T, = TfSR = 

n n 

Accordingly, for every class 3)1, T^T'^ = ; that is, T^T= . 

Further, T^‘jSt is always contained in TT^W. On the other 
hand (cf. § 37 Q), T being associated with Q : finite, the class: 

TT^m = U [all m 3 3 ^ 

is contained in 7],93t. In fact, such a finite subclass 9i of !r„9Jt 
is a finite subclass 91 of some r^"-9}l, and accordingly every r91 
is a subclass of some ?’'”+‘’9}l and so of FySTi. Hence, always 
7;a)l = TT^m ; that is, 2; = TT^ . 

We have, for every n and 3)1, FjiDl and so, by (7), 

T^m=T,T,W,-, that is, = 

After this excursus (§§ 28-42) on the theory of classes in 
general, we return to the consideration of classes 9)1 of functions 
on a general class ip to the class 21 of real numbers. 

The extensions: 

9)iax; 3)1, s (9)U)„,; 9)1# = (9)1^^),,, 

of classes 9)1 of functions of a general variable. §§ 43-44. 
43. The extensimi 9)1^_;;. — The properties: A = absolute, 


* In view of § 39.14 and § 37.6, by theorem I. 
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/ i 

L aiul lluar (‘oinposito : ALj are, as we saw in § ?>1 

and ^ <‘xt(*nsi()nally attainablt‘ within the class of all 
riuudions on to I'lu^ (brnuilas for the corresponding ex- 
t<‘nsitnis Ih' ^))l ^ of a (dass dJf W(‘r(‘ ^iv(ai in § A\, In terms 
of t!u‘ enrrcspondint;' (‘xttausional transformations Tj^ Tj/, 

( 1 ) 

which arc a>s<H‘iat<‘d with Q: finite (S 37 and their prod¬ 
uct 7; 7’I: 

(2) iT/r,)m 

in a<‘coniatu‘<* with § 42011, for th(‘ (‘xtcnsion we have the 
fornuda : 

(•■:) U [all (7’//',)'"''-)^^. 

wlii<‘h \> cxprcs.sihlc also in th(‘ forms: 

(■1) lu’.u - L(7;.7:,r"i); = L(7’.,7';.y"’'jj;- 

H n 

The fonimIa(3) s(a(<‘S that, the class i. (x, the class 2Jt ex- 

ttnidod to he ahsohit(‘ and linear (<‘.f. §§ 27, 2!)), (lonsists of all 
th(‘ functions (xudi of' whi<‘h Ixdon^s to some class (7^^ ''' 

i. c., to the <*lass arisin|i; trom tlu^ class "iljc hy the transformation 
7^ 7j repeated n tiin(‘s. 44u‘transformation transiorms 

any (dass 21i into th(‘ class : 7 V//V*Wl <‘onsistin^’ of all functions 
of’ th(‘ form : 

i k ,1 I 

i \ ' J k i I 

It is (SHIv<‘ni<nit to write 

() ii; --. 1 /H, '.yI= 1 M.i 1, A s [m;.] , yj; ..i /. = a • 

4'hen is (d* tln^ form : /x or /I/x, and is of th(j form ; 

i )i 

(11) M;, = E i/i/J-i, 

(I 

while /ij/ is deriveal from a linit(^ nnmher of‘functions /i of 9jt 
by a (-(mihination of operations 7\^ involving a iinite num- 
h(*r <)f ('otdheients <i of 2(. 

I. (*., irt the Iwwt (umunou Huperclans of th(i clasaea yjt 

(cf. f2). 
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44. The and ^-‘extensions 3}i#. — For a class 9}i we 
defined in § 27 the ^-extension 9)1 and the ^-extension 9)Z;f^: 

(1) J ; {^AL)m - • 

Accordingly are of the respective forms 


*A function % is the limit of a sequence {pLn] of functions pin of the 
class which converges on $ uniformly as to the class and accordingly, 
as to some function of the class 3}t. A function yzn is linear homogeneous 
in a finite number of functions of 9Jl, the coefficients being real numbers. 
Arranging the totality of functions of 3)t thus related to the functions of 
the sequence {ym] as a sequence we suppose that the function y-Ln 

is linear homogeneous in the first mn functions yu with coefficients 
ank (A: = l, 2, • • •, w«)j of which some or all may vanish. 

Hence, we may set 

(1) /'* = L 5 

n A=1 

In particular, for the case : 

(2) mn = n (n) ; an/c = l (nfc), 

we see that 931.;^ contains the class of all functions of the form : 


(3) 

where 


CO 

;ti*=LO'„= S /Z, 
n n=l 




(4) 

■riz., of all sums of series: 

(5) 


71 

Cn= yu (w), 
/.•=1 

i yn ; y), 

nrrl 


converging on ^ uniformly as to 9)1. 

Further, the general case (1) may be looked at as of form (5), the con¬ 
vergence however being a modified convergence regulated by the system : 


( 6 ) 


[mn] ; 




n — 1 , 2 ,. 

A: = 1, 2, • * -, mn 


of integers m,i and coefficients ank> Thus, for the case : 


('ll mn~n (?i) ; ank—- — 

so that by (4) 

2 71 

{®) ^ C(nkyk^=^~ ^ 

M n 7,^1 

the convergence is the Holder convergence of the sequence of arithmetical 
means of the n first partial sums for w = 1, 2, 3, • • •. 

In recent researches on divergent series (e. g., power series ; Fourier 
series) various types of modified convergence have played a central role. 
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( 2 ) 


'^hi 

= L H /cMa 0^ ; jj) ] 

n n A'=l 

H = LiA^Ai^ ; /“)• 


The corresponding transformations: viz., for every 9)t 

(3) r^a)^ = 9Jt^; = 

are extensional transformations leaving contains invariant. 
Classes 33^ closed as to respectively are invariant under 

For the corresponding closure properties we have the 
equivalences : 

LC^ (linear, closed); 

~ (absolute, linear, closed). 

These closures are extensionally attainable, but they are in 
general not attained in 9)1^, 3)1;^. However, for classes 3JJ icith 
the dominance property D, the closures are in fact attained in 
931^, (cf. § 44a). 

44a. Propositions concealing the vaidovs classes 91 : 

91: 991; 9JW; 99^^; 991^^(991^),,; 991^^(991.,^)-,,, 

connected with a class 9J1. — Having in mind the propositions 
of §§22a, 26, we note the following interrelated propositions: 


(1) 




(2) 

• Di 3 dominated by 

9J^'. 


(3) 


(au)( 


(4) 

9)7^'. 3. 93J 

^AZBj 

?T 



9Jt ^ . 9J ® . d)L = 93tie. 

iOf** = 

= 33U 

(5) 


= 9)1- 

(6) 

9JJ^. 3. 



(7) 

9}i/‘. 3.9)f^-‘. = 

2Rs- 



These types are all of the form (6). The ^-extension of a class of 
functions contains the snni of every series of functions of iOl, which converges 
for some modified type of convergence of the form (6) uniformly on ^ as to- 
some function of 9Jt, and in fact it consists of all such sums. 
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<8) IK,./'. D-.-lO.).);, 

(9) w".. 3. m,, = o.)t's = 0.);,,,,. 

(10) (W,. .!(«;,)'’•'■. 3 . IK ; 

(11) 0.K,,/’. .1 (0.K,)"''•• ^ • 9.K,/‘. 

<12) 91J" . .1(0K',,) . =». OK',,-' . «i\., - IK- == i).',,, 

TJ^EORK^r 1. Jf tJia 'OJt lui^^ ihv lUun’nuincc j)C(ipvr(if />, 
the class vk:,^ the class 'll)! extended so as to he Hiiettr <tnd 

closed^ is doniimtied hi/ the class IHIU and has the dominance 
'property J). is //men hi/ the formida : 

'which, ill case takes the siinjiler form, — ^))l (tr 

‘l})l,^pres/)ect.ieeti/, Farthcrniorc, ifWi.^, contains in /lar- 

ticidar, ifWij/is<thsotiitc,then is ahsalideand is the extension. 

Theorem If. .// the class ''JJi has the (hnninaiau ■ jirojierty I)^ 
the class riz., the class ':l)i extended so as to he ahsolute, 

linear, and closed, is dominated hy the class and has the 

dominance property I), ':l)t is t/iven hy the Jormida : 

which, hi the various cases, 

sjjj-i.r;. syiy.. in jiartirnlar, 1)(,\ 

assumes the simpler forms : 

«i,K; 

The honuH/cneity of the properties L, (\ I), § iT). 

45. A property P of one or more (ilas.s(\s Di of fum^tiuns on 
to is homoi/eneons in (uise 

^nowh.n. .oro ^ 3 . ^ 

and 'positivcly-homof/eneous in cas(‘ 

^<™u.v.o.smv..3 m,, cm,. 

viz., in case the proi)erty P is invariant under nmltipIi(‘ation of 
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<S1 


its various argument (‘-lasses Ilf of fuiu'.iions by any (one and the 
sanu') fuuetion on whi(‘.h for 

/ ^ ill parti Ip properties P oi' (‘-lasses !){ are jiroperties of classes 
Ilf taken singly. J/idtipitrtife ])roperties P of classcvs !i)Jt are 
j)ro|>(‘rti(‘s o{‘(‘lass(‘s ':l)i tak(‘u in syst(‘ms/‘*' usually of a spi'cified 
type; tlu‘y are thus unipartite |)r()perti(‘s of su(‘.h systems of 
<tlass(‘s. 

Evidently (he jiroperfies : 

h; (J; I); />, ; IK, 

are homogeneous uuiparfKe jiropi'rlies of cdass(‘s yji, while (he 
jiroperlies : 

/Y- ^1, 

are jmsidre/iphomoi/eueous uuiipartite properties. 

Amongst th(‘ homog(‘n(‘ous prop(‘rti(‘s P art' morc'over sys- 
t(‘ms of lin(‘ar homog(‘n(‘ous relations with (‘.onstanl (‘(Kdlhrunits 
amongst iiuietions (not amongst iuu(‘,tional vulu(‘s), e. g., liiu^ar 
homog(‘U(‘ous t ransibrmations ol* //■»partit(‘ fun<‘-t-ions on ''|.s to 
— tin* (‘Iass(*s l)i b(‘ing in this eas<‘ singular: (consisting (’acch of 
a singhc tiin<‘tion. 

Kor mult,ipartit(‘ prop(‘rties l\ in tlu‘ homog(‘neity jast (1(‘~ 
fm(*(l tluc various <‘lass(‘s 'chip - having (‘oll(‘(‘,iiv(‘ly the 

])iop<‘rty or r(‘lati<m P (‘utcn* as of like W(‘ight or dimcmsion ; 
th(‘ homogcmeity is isoharie. By tin* introdu<*tion of dis(‘rim- 
inatiiig w<‘ighls monc g<‘n<‘ral typ(‘s (d* lioinogiuu'ity of multipar- 
tit(‘ prop(‘rti(‘s may b(‘ (l(‘(im*d. 

The complete imtependeuee of the properties: L; D; I\^ar /I. 
The complete existential theory of the properties: 

T: P; P; P,; A. §§ IG-IH. 

4(>. With n‘Spe(ct to syst(uns : 

w(c hav(c be(m (considtcnng in parti(‘ular the prop(‘rti(‘S : 

" By th(c ime ef th(* luuninal HuOlxrH, I, 2, • • • in the Hystaui piyh, * ‘ *) 
in the. delluitiou no implication of denuimu'ability of tht^ ayHteni 
of chiHHCH iH intandcnl. 
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i; C; D,; A, 

of classes 9)2 of functions on ^ to St. We know that 9)2"^ im¬ 
plies 932^'^. It is interesting to note that no other general rela¬ 
tion holds amongst the five properties, and that, in a sense to 
be defined directly, the four properties : L; C; D; (or ^1) 
are completely independent, 

47. Consider in general m properties : 

(1) 

of systems of a certain type. A system X with respect 
to the m properties (1) a definite one of the 2”" ?n-partite 
characters : 

... (++•■++); (++••+-); . ; 

n (-+); (-), 

the part i of the character of the system ^ being + or — 
according as the system ^ has or does not have the property JP .. 

The complete {elementary) existential theory of the m properties 
(1) of systems is the body of 2’"" propositions stating for the 
various characters (2) that there exists or that there does not 
exist a system X) (of the type in question) having the chai^acter 
in question. 

The m properties (1) are completely independent {and mutnally 
consistent) in case the propositions of the complete theory are 
propositions of existence. 

The m properties are independent in the usual sense in case 
there are m propositions of existence, viz., in case there exist m 
systems X failing to have each precisely one of the m proper¬ 
ties, so that no one of the m properties is implied by the re¬ 
maining m --1 properties. Sets of independent properties 
(postulates) fundamental for various mathematical disciplines 
have recently been exhibited. There would be some interest 
in the existential theories of those sets and in the determination 
(if possible) of sets of completely independent fundamental 
properties. 
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•IS. '^r 11 E( >1! KM. h'or till' five jirojicrlii'n; 

( 1 ) />; O.- J); . 1 , 

of Ki/nti'iiis : 

(•/;., Ilf I■/<INN<’S Di Ilf fiinrliiiiin nil. ''|s Id y(, I/ll' imiipMc cxiulcntial 
l/ii'iirj/ (VD.s/.s'/.s- Ilf 2'* = 8 jiriipoKitiiiiis of iiDii-i'.nKlcnci', viz., that 

IH) 

{-)' z-' 

r.r/.s‘/«Sj (vnd oj 2'’ • 2'^ = 2 1 propiKHihon^^ of .sy) fhdf^ in 

jxaiiculitr, Uiv priipcrtief^: 

CO A; 6^• I); />„ 

(tad liki'iri.sv (hv propcriivi^: 

C>) ^0' />; ^-1, 

((!'(' von/pleivfjj iudepi'iulvul. 

'V\w n<)n-(‘xisi<‘n<*<\s (2>) luv (‘X|)r(‘ss(‘<l by th(‘ proposition : 

(b) . 3 . 

:iln‘a(ly n^lbriYMl to. \\b‘ noti<Y‘ furl Inn' that. 

(7) s^piuUr ^ sj)i /• . 3 . S)); r/i, 

(Sj . s)); /./»,. ^ 3 ^ .1 . 

(b) 8^;M..ru!ar ^ s))l ^ 3 ^ sj); // . 

(lb) .^pinruhr ^ sy; ^ 3 ^ s))( .y 

'’l''li(‘(‘nr<‘t, ol‘th(‘S(j propositions is to cut <lo\vn tlH‘ 2*1 <‘liara(‘.t(‘i’s 
<‘xistin»’ (‘or %s unr{\stri(‘t(‘<I to 15 Cor''].s (init(‘; to M (or''j.s dual ; 
to 7 for sin^^'ular. 

A (‘.lass 111 ol (’unctions on to y( is a point-scd. in nxd 

(lat spac<‘ of say n diuKULsions. A liiu^ar (dass ':l)i is tli<‘ bxais 
of points \vhos(‘ ii <‘o< 5 rdinatcs satis(y a systcan of liiuan* houio- 
^(uicous (Mpialions, whos(‘ <‘o(d1i(‘i(‘nts all vanish in <x»s(5 tlx^ 
point-sot is tlu‘ spacer itscdl’: dJi ~ 

Kxainpl(‘s of (*Iass(‘s AH' of tli(‘ various (‘hara(‘.t(‘rs will 
^i V(in as follows : 
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(7; 7; 1) on (n=l; 2; 8) 

and 

9 on ^ denumerably infinite 

These examples are sufficient, since the character, as to the 
properties (1), of a class W: on is invariant under the 

enlargement of ^ to a class by the adjunction of a class 
having no elements in common with 5|3, the functions /x of 3K 
being extended to functions [j! of 2)1' vanishing on 5p". 

We observe that there is no loss of existing characters in 
passing from ^ unrestricted to ^ denumerable nor in passing 
from ^ finite to ^ of three elements, and that the 15 charac¬ 
ters on ^ of three elements include all the 12 existing non¬ 
linear characters. 


= 


48a. Examples for the seven eharacters for 5)3 singular ,— 

Character. Functions of the class 9Jt. 

{+ + + + +) 0 (9)i=2)i^=21[ is tlie only other linear 9)1.) 

(-h + 4" +) 1 

<-+ + +-) - 1,2 

<-++-) -1 

(-h + +) 1 /w (h) * 

(-1-+-) - 1/m, 2/n (n) 

(- ) -l/n (m) 

486. Examples for the semen additional characters for i|3 diial .— 

Character. Functions of the class 501. 

(4- + 4-) (a, — a) (a) * 

(- + - 4 - + ) ( 1 , 0 ), ( 0 , 1 ) 

(- + - 4 --) (- 1 , 0 ), ( 2 , 0 ), ( 0 , 1 ) 

(- +-) (- 1 , 0 ), ( 0 , 1 ) 

(-+ 4-) (1/m, 0), (0, 1) (n) 

(-+ _) (-1/m, 0), (0, 1), (2/m, 0) (m) 

(-) (_ ijn, 0), (0, 1) (n) 


* The symbols (n), (a) denote for every n, for every a. 
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Kxdviplv for the one additional idiaraeter for of three 

Character. Fanefions of the class ':)}u 

(+ + + + —) («•, , a, + a.,) («,«,) 

Kxanijden for the nine additional eharaeter.s for d.e- 
hi If infinite. — 

w = l(> rni(‘ar cJuiracterH the relation i> of § *18 cuts 
‘ oi* (‘Viuy four. The reinaiiuu|i; 12 linear characters 
h(‘ thr(T L(d) lor finite, viz., (-f + 4-+-f) for 

^) tor of thre(M‘l(‘nients, ( + 4- +-) 

lual, and th(‘ rginainin^ nin(‘ l()r ‘‘^s denunua-ahly infinite. 

lir ^ {f [] ; = \f \\; Df'' = \f-] 

ive elass<‘s of all fun<*tions : 
i —• [ // ~ I, 2, 2), •' • I idthnatelif ::ero 
i ''j.f [ jf' — 1 ^ 2, 8, • - • I nlthnatelif eoiustant 

a '’1.2^^2'/h/* ererif j/' (f vias.s ‘'jjr (at. ‘’|.2 (vnd for everif p' of 
lass ''jJt'' (ni ''1.2'. 

elass(‘s hav<‘ tlH‘ chara<*.t(‘rs : 

u -j.. 4. j ^4» — 4™ 4» 4.) • ';)}J : ^ j.4. 4^^ 

CO hav(i above listinl (*lass(!s havin|^ tlu» ehara<‘.t<u*s : 

” I 4 ' I: (- f- 4 ’ + -f —) = [ /^““J * ( 4 " d- “b 

= [ / ~ 1, 2, 2>]; = j / = 1,2] n'S|)(Hdiv(‘ly. Th(‘ niin^ 

"')}l to h<‘(‘xliibitc'd ar(‘ the thna* (tlassc^s ''JJt'', ''JJ^'dind 
<‘lass(\s arisin|i; from tluan by composition witli Df' and 

(%irac(n\ (HassM. 

(4. 4_4 4 .) s|jy on 

(4.4.^4_) («;'}/, on 

t iH, Huch that there exiatn (<leeeiuleiit on fC) for whioh f/-fpf 

i'j/ 0. 

/ in, Huoh that there exiata (dependent on for which *" 
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Character. 

Class 


(++-) 

(9jra3r)i ou ^ 


(H-!- + +) 

9}r' on 


(+-++-) 

on 


(+-+—) 

(9}l=33r')i on 

5)5-^" 

(+—++) 

9)r" on 


(+—+-) 

on 


(+-) 

{W-m'Y on 



Here the classes : • • • ; are obviously de¬ 
numerable. Further, the notations: etc., denote 

classes of functions on etc.; viz., e. g., 311^93^ is the prod¬ 
uct class consisting of all products and is the class 

3}F93t' extended so as to be linear. 


Fanctional Gliaracterization of classes ^ of elements, § 49. 
49. From the complete existential theory of properties of 
classes 33^ of functions on 'ip to 21 M^e are led to characterize 
certain classes ^ of elements functionally, by means of proper¬ 
ties of their classes 931 of functions. Thus, using the properties 
L, C, D, Dq, A positively, in the following theorem we char¬ 
acterize the classes (I) ^ singular, (11^2) ^ singular or dual, 
(II) 5p finite. 

Theorem. In the folloioing three sets (I, 11^^, II) of prop- 
erties of a class 5p of elements any tioo properties of the same set 
are equivalent, 

(I 1) singular. 

(I 2) 991.3.931^. 

(12') 93t^^.3.9JP. 

(I 3) 931^. 3.991^^^°^. 

(13') 931^^^. 3.991 


(IIj 2 1) singular or dual. 

(11,, 2) 991^^°. 3.931^^^. 

(11,2 2') 9)1^^"^^°. 3.991^. 
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(ir 1) 

lliiito. 

(11 2) 

2)i . 3 . 

(11 2') 

2,)( . 3 . Di' 

(11 2") 

“(Di . 3 . 


(1 I 8) C;),)! ''3 . 3 . iV /Lt 9 4= *0 • ^ fi 3 p . =)= 0. 

(11 1) (1); 3 'A M 3 y; . 3 . =1= 0) . 3 . m 

(11 ■!') (l)f 3 ;•/ i3. 3 y; . 3 . 4= 0) . D . Di' 

(11 r,) = = ^ 1) 

n 7J 

For a jinit(‘ '']s (u)n(liiions (II .‘i, *1, T, 5) obviously hold. 
Idiat iluT do not hold lor appc^ars from iJu^ oxanij>los : 

ad 11 r> : 111 is tbi‘ c^lass lit' ol* ; 

ad 11 *1, 4': 4)i is th<M‘.lass ol*a.ll polyuoniials 
in j> with iva,l (‘.(X^hioFuits ; 

=»• U r>: J*' {.p); {p). 

•Ihr/. — I)(uiotino; tor a (dass ''^s by'ilJF'’' tiio 

(dass of all t'uiKdions on to ibr a dcnunu'nthle (dass w<‘ 
hav(^ th<‘ two propositions: 

(1) Df . 3.4); ^ 

(2) i).' : 3 : I , = y. . D . I , ^ y. (4^ ; 4);), 

of whi<di tdi(‘ tbrnuu* has Ixxai (‘,onsid(‘r(Hl in § 2»h*r>. ''Fhe 
(pi(‘siion :iris(\s wh(d.h(U' dcauinuu’abh^ (dassc^s '']s arc^ fuiu*,- 
tdonally (diara<d.(‘riz(xl by ilu^ validity of one or botdi ot* th(\se 
propositiiHis. 

W(^ pnxxxxl to proven th(‘ s<‘oond proposition : for a diouunar- 
able rl(fss (in (Ih^udukI vonver(/(oi('(i: 

(d ) I J = ^7 

is uni form us to soma scale function. <j. I n hu'ins ol'aii auxiliary 
se(|U(ai(*(‘ 

(4„ -1,) () < (/») ; Ij = 0, 
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of positive numbers, e. g., e^= 1/m (m), in view of (3) there 
exists a sequence of positive integers satisfying the con¬ 
ditions : 

(5l) ; 

(5,) p^m.n^n^.D . - /x^) S e„, 

and, accordingly there exists a function <t satisfying the con¬ 
ditions : 

(6.) S = 1 (P)’ 

( 62 ) p.n^n^.D . ^ . 

Any such function a is eflPective as such a scale function cr : 

( 7 ) = 


The proof of (7) runs through the relations : 


(«) 

. n S . 3 . ^(^„^ — /a^,) = 

(5y 6,); 

(9) 

p.n^nj,.D . A{fi,^, — /t^,) ^ 

(8); 

(10) 

u 

1 

IIA 

(Q,, 9); 

(11) 

m=p.n.D . A(fj-„p — ju.^) S e,„(7j, 

(10, 40; 

(12) 

_p . w S . 3 . A{p„j, - fJ,^) S 

(8, 11), 

where (8) 

is implied by {5^, 6j), etc., (12) in 

view of ( 42 ) 


implying (7). 

In Part I we have studied certain interrelations of systems: 

(21; ^5; m 

viz., classes 9}i of real- and single-valued functions, having a 
common range — in particular with respect to certain closure 
and dominance properties. 



PART II. 


FUN1)AMKNTA L COMPOSITION 
PROPFRTir^S OF classp:s of functions 

OF A GENERAL VARIABLE. 

Tiitmducti(>)h. § 50. 

50. Part 11 is devoted to tlui stialy of (‘-ertaiii compositioiuil 
interrelations ot* systems : 

; AW). 

on in<l(‘))(aid(mt ran^<‘s 

''riiis study falls into lour seetions. In the first seetion 
(§§ 51-55) \v<‘ d(‘lin(‘ tlu^ <u)m[iosition ol‘ (‘lasses ol* (‘lenumts 
and of (*lasB(‘s AW' of linuW.ions and show that th(‘ two ^(uiera of 
systems (IH ; witli the |)rojH‘rti(‘s /); IAU> are (‘a(‘L 

(dos(‘d urnhu’ x“e.omposition ; luu'e of <M>urs(‘ the first. j*;(‘nns (‘on- 
tains tlu^ sc‘(H)nd whitdi (‘ontains in parti(ailar tln^ systcuns I-l V ; 
and eV(Ty x-(M>mposit(‘ of two systians of th(‘ first ^(unis is a 
system of the s<*(‘ond |i;(‘nus. 

In th<‘ s(‘eond s(‘(‘tion (S§ 50-57) \vi\ rais<‘ (h(‘(|U(‘stion of the 
fune.tional eharai’ttu'izntion of th(‘ x-(‘omposite of* two systems 
(yt; ''|.s; Wi) and obtain (‘.luira<i(‘rizations of tlie K-(‘.omj)osit(‘s of 
the systems I-IV’^ with arbitrary systiuns of the g(mus L(d>. 
Th('S(‘ (‘hara(5t(‘riz:ations ar(‘ of* a unil'orm typc^ (ef. §07) 

depiuidin^ upon e(uiain (hjvelopnuaits A of th(‘ (dassiNs of (d(i- 
numts in tluj eas(*s I-I V. 

In the fourth s(‘etion (§§75-84) in tcuans of the gemwal de- 
velopnuuit A of* th(‘ ^(‘luu’al elass of (dcammts W(‘ define a 
genus of systmns : 

(% ; ; A ; mh 

whose M--(‘omposit(‘s with systems of th(‘ g(‘nuB L(>I> have fmu^.- 
tional ehara(‘I(‘rizations of* typ(‘ Tins genus (contains the 

89 
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systems I-IV and is closed under *-compositioa. The char¬ 
acterizations of type are defined in terms of certain rela¬ 
tions:* which are in turn defined in terms of the 

development A. 

In the third section (§§ 68—74) we introduce general rela¬ 
tions : Aj; and show that the genns of systems : 

(3t; A,, A-; 91), 

with dominance property D whose ^-composites with systems 
•of the genus LCD have functional characterizations of type 
closed under ^-composition. 

The theorems of closure of certain suitably conditioned genera 
of systems : 

(1; 91); (1; K,, 91); (1; A; 91), 

under composition of classes relations develop¬ 

ments A; and ^-composition of classes 91, occur in §§55; 74; 
84. These theorems indicate the scope of the notions under 
investigation. We note that the dominance property D enters 
as a condition on the classes 91 and that relative uniformity of. 
•convergence enters in the definition of the closure and of the 
*-extension and the *-composition of classes 91. 

Composition and reduction of classes of elements, §§ 51-52. 
51. Composition. — From two classes 

cf elements we derive the product class 

= [(p, p")} = [p’p"], 

i. e., the class whose elements p = (p, 2 f) are 

bipartite, the first part p ranging over and the second part 
p" ranging independently over In practice and with 

occasional caution we replace the notation ( p\ p") by p p"- 

* These relations Ki, are properties Z 2 on where ^ de¬ 

notes the class [m] of positive integers, in terms of which are defined in § 72 
the bipartite properties , X 2 of functions and classes of functions on 
and their associated properties. 
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Siniihirly W(‘ obtain fVoni a finite nuiul)er of classes 
• • •, the pnxliK^t (‘lass [ j/p" •. • . 

IA)r |)r(‘S(‘nt purpose's this (‘oniposition of (^lasses of (ilennents 
is associative*. 

'’File* (‘lasse's may he* the* same*. We writer 

and similarly, lor e'xample*, 




[(/'p y'l> p-z^ p"^ ^4)] = [/'i p\ PzP"p'z\- 


dims //, //' are g’eme*ri(*, e*le*me*nls o(‘ the* r(*spe*(d.ive (‘.lasse's 
"'^F, ^I^F' cone‘e*piually distin(‘i hut. not. n(*e‘(‘ssarily ae^t.nally dis~ 
tlne‘.(, while* p„ are* in(le*p(*n<l(*nt. (e^one*.e*p(.nally distinct) <>'e*ne*ric 
<*le*me‘nts of the* e‘lass '’|.F 


oh/. is to he* no(i<*<*d at once* that, the* the'ory 

<>1‘ fnn<‘tions and class(*s of fnne'tions on '’|.s to tH as ele‘V(‘lope*el 
in Pari I is applicable* to fnne^t.ions and c,lasse*s of fnne*,lions 
on ''].F^|.F', (*le‘., to y{, and this is to he* thon^'ht, of in the*, se'iise^ 
that ''j.s in its ^'(‘nerality ine'lueh'S '’|F^]^F', e‘t(‘. 

o2. he*in^* a class of <‘l(*m(*nts, a rcdiK'fion h* 

is the* transfoianation ol‘ '’|,s into a subclass ot* its(‘l(*, in notation 
I y^/,. |i /'//e (./(fss "‘j.s reduerd h\j (hv rvductU>)i IL \\ v may 
si)(*ak of* the* rrduidiHj CDud'dian h\ the* (*lass h(*inp; thei class 
of all e‘h*me*nts /> ot ‘''|n satistyinjj;* the* ceineFitiem //: 

= I /'!: 1 /'/.•] - lallyC'']. 

A re‘dnction // transforms '‘].s into the* rvdKced c/o.s‘.s‘ and a 
fmudion /’’on to a edass '']s' (c,f. § 4) into the^ reduced functUnt 
/'), on to “^F : 

and a class a* oI‘ functions on to ^|.F into the reduced edtrr 
of* t*an<‘tions on h) '‘^F : 

AHS |Cj; \r,]. 

’’rin! r(*dn(‘tion II is said to he <t.pj)(ie(d>Ie to the* e*,lass and 
ae‘.eordint;*ly lei 1‘nnedions and edasse's of' funedions on 
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The reduction R is the identity reduction, in case the reduced 
class is the class ^ itself. 

52a. Propositions. — i? being a reduction applicable to ^ 
and 3)t and © being classes of functions on ^ to 21, we have 
the propositions : 


(1) 

II 

(2) 

(2Jt^)i2 = (91U^- 

(3) 

(2Ri)^=(5!}f^)i. 

(4) 

0® . 3 . 

(5) 

9^"*. 3.9)V- 

(6) 

. 3. 

(7) 

. 3. 

(8) 

3. 

(9) 

(9K2)jj is contained in (9}^J^)^5^,. 

(10) 

(2R^)jj is contained in (2Rjj)*. 

(11) 

TO/ . 3 . ^((TO/x) 

(12) 

TO/ . TO/ . 3 . (iOU)/ . (TO/^ = (TO«)#. 


Here (11) is a corollary and a generalization of § 44a8, in 
view of (1, 3, 4, 9), and (12) is a corollary of (11) in view of 
§ 44al2. 

525. A unipartite property P of classes of functions is in- 
vcmant under reduction of classes in case 

a;) 

where R denotes a reducing substitution applicable to 
Similarly, a bipartite property P is invariant in case 

A,) (3Jl, ©)^.i?.D .(3)2^, 

Thus the properties : 

(1) P= A; P,; D, 

are unipartite invariant properties, and the properties : 

(2) P = contains; dominates; is contained in the L-extension of 
are bipartite invariant properties. 
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(hii}p(h^i(i()}i o/’r/a.svsT,s‘ of JiDicf ions. f);]—55. 

59). Mi(lfiplic((fioiu- —I^'rom two (‘.lasses: 

i);'=Lyj; i)r'=[/x"j, 

<>(‘ funetions : 

/x' = (/x;,,]//); /' = 

on tlu‘ elass(‘s ^]s', ''|s" r(‘s|>(‘(‘tiv(‘ly to arises by inultiplicialion 
of const liiuait I'nnctions i.h<‘ product rhtss : 

mm" ^ [mV'], 

<>{“ {‘unctions: 

rr' = I /*>")> 

on th(‘ product, class 

ddu* similarity ot* notations and th(‘ disparity ol* notions {‘or 
tlu' two produ<‘t. (‘.lass(‘Sj (>{’<^l(am‘nts and o{‘ {‘mn'.tions^ in pra(iti(‘ti 
with o(‘<‘asional (caution (*aus(‘ no <u)n{usion. 

d'his pro(‘(‘ss o{‘mnltipli<‘ation o{‘ two <‘.lass(‘s ol’ {‘un(‘.tions, as 
ext(‘nd(‘d to any {init(* nmnher ol’ <‘lass(‘s, is obviously ass<y(aa~ 
tiv(‘ and (‘onunntatiV(‘, it b(‘in,i*,* nnd(‘rstood tluit in th(i p(‘rmu- 
tations ol' th<‘ <*onstitmmt. (‘lass(*s (‘ac.h class can'i(‘s with it. its 
own variabl(‘. 


59>fL Snpj>os(‘ th(^ two (dass(*s ar<^ th(‘ sanu?: 

== s - I /. I; - I y., 


d1i(‘n a fnm^tion m • 

M -- {/X,, i p), 

may b(‘ (‘.onsid(‘r(‘d as a 1‘unction p on : 

M 2= (m,,;. l/v>) (/W /V (id,)» 

wh(‘r(‘ is H'dinaal by tht‘ r(Mhi(*in^ substitution : 

<!onv(‘rs(‘ly, II r<‘duc(‘s a fum'tion p on to a r(‘du(‘(‘d fune:- 
tion Pi.on whi(‘h may be consid(‘r{‘d as a function on 

A(‘(M)rdin^l}% tin* produ(‘t. Di'Di" in th(‘, s(‘nsc ol’ § M of two 
class(‘s ol‘ functions on may b(‘ <*onsid(‘r(‘d as th(‘ r(Mhi(‘.ed 
product of th(‘ prodmd of th(‘ t wo (9ass(‘s in tlie 
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sense of § 53. In the sequel, in the absence of specification to 
the contrary, the notations SJl'SDi'", etc., are to be understood in 
the sense of § 53. 

54. Composition. — Of the classes of functions arising by 
composition of two classes 9)^', 9}c" of functions on 
respectively we consider the following four: 

a) the product: 9Jr' on ‘ip' ; 

b) the general product: on (ip'^'%; 

c) the ^-composite: (9}c'9}r)^ on ip'‘p"; 

d) the general ^-composite : (9}i;'9)r)i£^ on (^'‘p")_R. 

Here J? denotes the general reduction applicable to the product 
^'^iP", while the ^-composite (simple or general) is the *x-ex- 
tension in the sense of § 44 of the product (simple or general). 
We note by § 52al0 that (93t'9}i'%i2 is contained in (9}r9)r')i?^- 
In case the reduction R is the identity redaction, the general 
product is the simple product and the general ^-composite i& 
the simple 7f-composite. 

54a. Proppositions .—A unipartite property P of classes of 
functions is invariant under multiplication of classes in case 

A) 

A bipartite property P is invariant in case 

A,) (931', S') ^ . (93i", S") ^ . 3 . (931' 931", ©' ©") ' 

Thus the properties : 

(1) P = A-D^-D, 

are unipartite invariant properties, and the properties : 

(2) P = contains; dominates; is contained in the L-extension of 

are bipartite invariant properties. 

Concerning classes 991', ©', 991", ©" of functions and a reduc¬ 
ing substitution R applicable to we note the propositions : 

(3) (9911931';),,= (991'991"),,. 

(4) (931' 991"),, contains (991', 931'^),. 

(5) contains 
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(6) contains (9Jl'. 

(7) t'.t"• contains (3)11,3)4,)^, 

where the conditionsf', Y' that 3)^2// are dominated 
by 31©', 31©" respectively. 

. => . 

(oj 

contains ((3)ll)3i-(3}?x)ffl")i2 = 

(9) 3)i'^‘. 3)J"-®'. 3 . (9Jr3)J")/j* contains (9Jr*9)r'*)je. 

(10) . 3 . (3}r3)r')ij". (9)r9jr)^**=(3)r9jr),e*. 

(11) 3)1'^. sr^. 3 . (9}r9jr0;f* contains (9jr*9)r'j^*. 

(12) . 3. (93r3iro^,.=(9jr,,3jr^)^^=(9jr^9ir'^)^^. 

Here (7) is a corollary of § 24.7. JR being the identity 
reduction, (7) is precisely § 24.7^ and from this special case the- 
general case is securable by reduction in view of § 52a9, 4. 

Further, (7) with §§ 44a2^ implies ( 8 ); ( 8 , 5) implies 

(9); (I 3 ) with § 52a8 implies (lOJ; (lOj) with § 44c/5^ implies 
(IO 2 ); ( 9 , 102 ) (11), since -)f-extension leaves contains 

invariant; (6, 11 ) implies ( 12 J; ( 12 ^) with § 44a5p 5^ implies 
( 12 ,). 

55. ^A-composite of a number of classes, — Omitting now 
further consideration of reduction, in view of §§ 54 al 3 ; 44 a 52 ; 
54al2, we have 

Theorem I. 9)t', 9)^' bemg two classes of functions on 
respectively, having the dominance property D, the -xr-compos-- 
ite (3)r931:'% is linear and closed, has the dominance property D, 
and is exj)ressible in the forms: 

The dominance property D is invariant under ^-extension 
and under multiplication of classes. Hence, as corollaries of 
the preceding theorem, we have the following theorems: 

Theorem II. 3)^, SOt", being three classes of functions on 
respectively, ivith the dominance property JD, the' 
'^-composite (9)t is expressible in the various forms: 
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(wsn'W'X; (mji'jjrx; 

(m'^w'^3)r%; (SJi'jrsrx*; (wmxwx).^; 
(m'jjrjjtxh, 

derived from the original form by the ^-extension of one or more 
of the constituent classes, and also in the various forms derived 
from these by the ^-composition of pairs of constituent classes, 
e. g.,from theforms: 

((a)r*93r'j^3)r)^; ((9jr*gjr%9)z%)^; . 

Theorem III. SOI', • • •, 3)^”^ being classes of functions on 
respectively, loith the dominance property D, the 
^-composite class: 

{mm" 

is linear and closed and has the dominance property D, It is 
expressible in the various forms derivable from the original form 
by a finite sequence of operations of ^—extension of individual 
constituents and of ^^-composition of hvo or more constituents of 
the original form or of a form already derived. 

Theorem IV. The genus LCD of all classes 9Jt linear^ 
closed, and with dominance q^^'oq^eiiy D, is closed under ^-com¬ 
position of classes, that is. 

Characterization of the functions of the ^-composite 
class (3)r9}r),,. § 56. 

56. In the General Analysis of Functional Equations in¬ 
volving several independent variables the *-composite (3)i'3)c'% 
of two classes 9)^, 3)^' enters fundamentally. For instance, 
the class S of all continuous functions of two real variables: 
^'^p, p=\y is the ^-composite of the classes 6', S" 

of all continuous functions of the respective variables : 

There arises the necessity of conditioning the constituent 
classes 3JJ:', 9)1" of functions, perhaps with respect also to the 
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constituent classes of elements, in such a way as to 

secure functional (‘-iKiracterizalions of the functions: 

p = I j>y') = (p, I jy 

of'the •x--(K)in|)osit(‘ class : 
on to 

In Ihirt. I we f'ound that the class{\s have in 

common the (*losurc and the dominance projxu-ties : X, (\J), 
/>,, A, TIhw belong to the g(‘nus LCD of classes linear 
closed and with dominaiUT, property D; this o’cnus is closed 
und(‘r ::-composition ol' (‘lasses (§ ho IV), 

In Part. 11 (S S 2 11 ) wo are to s(‘(^ur(‘ conditions on tlu‘ class 
su(‘h that /hr rrrri/ cJdss o/' the (/etivs LCD the -x-eom- 
posite (lliMir').)-. is fh(‘ (‘.lass ol'all functions cf> on ':|s to IH satis¬ 
fying' (‘(‘rtain t wo (‘ouditions : 

(TO ; ( 2 ^^) 

(('f. 72 . 12 .) The S(*<‘ond (‘ondition is that the fuiH'.tion 

(j) for (‘V(‘ry // Ix'lon^'s to jh(‘ (‘lass "JJt". Th(‘ first condition is 
d(‘fin(‘d in tcaans of''.WP, and (‘crtain postulat(‘d f(‘atuiTs : 

A';; A':, 

of th(‘ (‘lass viz., certain suitably (umditioiuxl relations : K\ ; 
A'', on th(‘(‘.lass(‘s (wh(‘r(‘ is th<‘ (‘Jass ['/aj of 

positiv(*. int(*p^(‘rs), of whic^h metri(ial instauc(‘s an^ : 

K[ : A-',„, . ^ . /!;/> m; 

2 ’ ~ * -“'Kai a«) ’ 

In t(‘rms of the r(‘spe(^tive ndations: K[; A'^, we d(‘ilne 
(§ 72 . 7 , S) two prop(‘rti(‘s : 

A'I; A':, 

of (dass(‘s ''JJfof' fiUK'tions on and have the tluuirem that for 
every c.lass tin* (dass contains the class (Drilf')^ ; 

cf. § 7 : 1 . 2 ,,, 5 ,,. 
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On the other hand, we have the theorem (§81) that for every 
class the class (9)1'contains the class where the 

property A' of classes 9)1' on and the relations : K[] and 
so the property ^'2 9)Z'(9}J") of functions ^ on ^ are defined 
(§§ 75, 77, 79) in terms of a certain postulated development: 

A', 

of the class of elements, of which instances for the cases 
^,iv furnished by the denumeration of and the 
partition by sequential halving of the linear interval 
Accordingly, we have (§82.7, 8) the 

Theorem. being a class of elements and A' a develojnnent 

of%\ 

_ <^i"Lcd ^ 3 _ = [all 

Here the superscripts A' on the notations JiT', are to 

denote that the corresponding properties are those defined in 
terms of the development A' of 5^'. 

As leading up to the general theory which has been sketched, 
we shall consider (§§ 60—67) the cases III and IV in detail, 
after explaining (§§ 57-59) a scheme of notation useful in the 
study of functions of two independent variables. 

Functions and classes of functions of two independent variables. 
General notations for properties involving uniformity 
and relativity, 

§§ 57-59. 

57. Properties of functions of two variables. Uniformity ,— 
Denote functions to 21 by the small Greek letters as usual, for 
instance, 

={4>p'\ p), f' = (C" 1 p")> 4> = (.4>p\p) = {4>p'p" I p'p") 

on the respective classes “ip = 

P' denoting a property of functions on <i>^' denotes a 
function (f>' having the property P'. 
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A function <f> = {4^p'p"\ rediuTs lor every;/' to 

a function ™ 1;/) on ^|s' and for (‘very ]/ to a function 

4>p'={^i.V'\p")'"'V''"- C’f-S-t.) Insi)edal(!ii.ses,o.g., if‘''4.r=^;.r, 
the notations iin) obscure and re<juire inodilication ; in 

general^ liowever, tliey will he found })ersj)icuous. In case the 
context s})ecilit‘s the })arti(udar ;/ or;/' we are at lil)erty to use 
inst(‘ad of oi‘ (f>yAhc notation (f> itself. Thus tlie statement; 
/or rrrr// ;/' tlir fiDicilan <f> qtid fand’ion on Jian ihe 'p^'opcriy 
P\ we write in th(‘ thre(i forms : 

(1) p". =>■<!>’’'; <k‘" on-, 

of which t.h(‘ last two may Ih^ read : fh(\fu:?ir(ioii (f>h(is the. 'prop’- 
eriif P'/or every p\ Now ih(‘ (unction </> may havc^ tluj prop¬ 
erty P' (or (Auuy ;/' o(‘ and in some scmse unifonniy on 
this we indi(^a.t(‘ in th(‘ two forms : 

( 2 ) 

For (‘V<uy ])arti<‘ular us(‘ of this notation the preeire setise of 
the \(i\[fonnily ir to he (Jejhied, Usually •0//n7hr//n77/c?//rr,s tvifh 
exirtentUd pn^pertie.^ and holds in (‘.as(‘ th<‘ ohj(*(^ts (or som(‘ o(‘ 
the ol)j(‘(ds) spe(‘i(i(Hl as (existing (or (Auuy o(‘ (Lxisi imhs 
pend(4itly of;/' on i. <*., uniformly on 
For examph*, s(‘tting (or hnAutV;, 


/>7 ^ w eontauied In ; /f “ Ir domhutted hy^ 


Ave giv(^ to tlu‘ notations : 




</>' 






th(‘ r(‘sp(‘ctivc imxinings: 

'’rh(‘ (hm^tion c// Ix'longs to tlu‘ (‘hiss 9)i'; 
h^)!* (‘V<uy ;/' tin* fuu(‘tion (/), <{ua fumdion on ludongs to 
th(‘ class Alt'; 


The (un(‘(ion (/>, (pia for (Aany ;/' fumdion on is a (iine- 
tion of th(‘ (‘lass !){' unitormly on i. (\y for the 
various ;/' o(‘th(‘ sanu', fuiudion ot‘th<‘ (dass 'JJJ', 
and Ave similarly giv(‘ to tlu' mdations : 


(4) f 

the respecdive nu^anings: 


Cf) 


"Cl I 'o 




* Cf. (>. 
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The function cf)' is dominated by the class i. e., by 
some function {j!' of 9ir. 

For every y the function </>, qua function on is domi¬ 
nated by the class 93^', i. e., by some function fi" of 9)1" 
(perhaps varying with p"). 

The function cj>, qua for every p'' function on is domi¬ 
nated by the class W uniformly on i. e., by some 
function jj!' of 9)1"' the same for the various p"'. 

The definitions (3) generalize those of § 6. 

57a. Relativity. —It is convenient to think of 

as properties of functions on Similarly, 

with reference to a property P' and a class 99^' it is fre¬ 
quently convenient to define a property P'(9)r) of functions on 
^ This property P'(9)t") is relative to the class 9Jr 

as scale ; in practice, it is relative uniformity. 

For example, let be : a' a^, and let P' denote 

uniformly continuous on viz., let <f>' mean 

(1) e:^:3[cl,B A{p[ - p',) < . 3 . A{4>;, - ^ e. 

Then means 

/••• •••«: = •• S'3 

Mp[ — PD < ^ — 4>p,'p") = e, 

and we give to ^ ^ P'C^'o respective meanings : 

e ^ r. 3[ d ? 

(3) 

- P'z) : p" . 3 . A(4>^,^y, - ^ e; 

IK jjl" 3 e .*. "D .\ 3[ d 3 

(4) 

^(pi P 2 ) ' P • ^ • -^(jPpiy' 4^2^'2Y') ~ 

In accordance with § 6, omitting p'' and understanding it as 
implied by the notations involving <^, we may write (3; 4) in 
the compacter forms : * 

* 3^) For every positive number e there exists a positive number de (depend¬ 
ent on e) such that for every two (real numbers) elementsp/, p 2 ^ of the 
absolute value of whose difference is less than de the absolute of the difference 
of the corresponding functions (pp^' is (for every p''^) at most e. 
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(O') r:0 : .V _ jQ ^ ,/ . rj . rS ; 

iV /x" 3 r : 3 : '■/ 9 

(•^') . 

-KPi “ P 2 ) - — ^p,') 

In th(‘ (*us(‘ (.‘>) c/) is said to hirunijorniii/ coiiiiiuiofis on uni- 
fonnlji on and in tho caso (d) (f> is said to he nni/onnlif 
ronhnuon,^ on unlfornPy (is to sinite ou AVe shall 

prove Ixdow (SS <)2, (>(>) that, if (S' is the (dass of‘fniu'iions eon- 
tinuons and so nni(()nnly (uyntinnons on and Dt" is a <dass, 
liiH^ar elos(‘d and wit h doininaiua* properl y />, of f\in(di()ns on 
the <dass ((S ’'.yf") ... is th(‘ class of all fniudions (f> o(*y/y/'siudi that 
(}> for (W'(‘ry // Ixdon^'s to Di" and for oxiny p" h(!lont>*s to (S'^ its 
nnilorni conlinnily on hcin|i; uniionn a,s to nr' on that 
is, in symbols, 

(o) {(iAuf"), == n^ii (/>/"'''"'>• 

/^' d(‘notini>' unifonn!y oonfhnions on 

Fora propto’ly /^\ {h<‘ notions and ar(‘ usually 

<l(‘t(a'niinc<l, as in tlu‘ pHsaxlino' insian<‘(‘, in siudi a way as to 
satisty th(‘ (‘omlitions : 

.1) D;"'''' : 3 : f/,. 3 . (/,/”' ; 

/.’) (f>' .3 . 

<') 3 . 

.IS. Pniprrtioi of r/itssm oj' fiiiirtioiin of two riiridhlcH. _ 

coiivciilions of’ S •'>" .Trc ('.':((‘iisil»l(( (o cliissos 
A, A'", A |■|ln(•tions 011 zs and pr()])(:r(ios . 1 *' 

of’('lassos a” on 'I'lins (‘iilor tin* notafions: 

Aa'"'''"': a'"""’: 

oh. Dio'hnitlon o/*/;roy;c/7,/V.H. — From a prop(U*ty P of fnn(‘,~ 
tions on ''|s W(‘ d(‘riv(‘ (<d*, ^ -) a property P of cIass{‘H of fum^- 
tions : the class yjj has tin* prop(‘rty P (ol‘ (dass(*s) if its {‘V(n*y 
hinetion p has the prop(‘rty (ot‘ fun(*tions), i. (*., 

4') Tlirrc cxistH a function ft'' of the olaHH mich that for every ponitive 
number c • • the absolute of the ditTerence of the eorrenpotulin^ funetiona 
'/V'7 moat v inultipHed by the ahaolute of (for every j/^). 
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( 1 ) 

Thus, from the properties : 

(2) P : is contained in © ; is dominated by 

of functions we derive properties similarly expressed of classes, 
in accordance with the terminology used in Part I. 

Under this derivation of properties equivalence and implica¬ 
tion of properties are invariant, while negation is not invariant. 

The use in this way of the same notation P for closely related 
properties of functions and of classes, according to the context, 
facilitates the argumentation and in practice causes no confusion. 

In general, in the interpretation of notations one is to have 
regard to the chronologies. Thus, whether P' is a property of 
functions or of classes on “p', we have agreed to denote by 
P\p') a definite property of functions or of classes on ^ = 
Hence the notation : 

< 3 ) 

jP' being primarily a property of functions on is interpretable 

in the two senses : 

( 4 ) 3 . 

( 5 ) 

according as the notation is understood to denote pri¬ 

marily a property of functions or of classes. The two inter¬ 
pretations have however the same meaning : 

(6) .p" . 3 . 

But no general definition of the notations; 
as properties of functions or of classes on ^ has been 

given. We agree that in defining the notations primarily as 
properties of functions we define them at once secondarily as 
the derived property of classes, so that the notations : 


( 7 ) 


P'C'U'O . 
O } 


O ? 


have the respective interpretations : 


(8) (^3.3.^ ; </) 5 . D , ^ 
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r//cj,s‘ /> hipff.rtUe on fK.nrf.ions (Did cJcuses of fiDuilons, The 

red 'properiies />, (>Jd*l(im\s'of fiDwtions. §§ ()0—63. 

BiptD'fife j)ro/>('rfies />, — In the runciional characteriza- 
[,() ho s(‘(air(‘(l there enter fnndainentally properties JB 
ite on (or relations /> hetwcTii) linu'.tions and classes of 
)ns on We use the various notations : 

((/>, DO'* or (l>]m or 

h a hipartiii" property /> givers rise in cu>nn(K;tion with 
(‘lass Di to a prop(‘rty ,/>Dt of func^tions cf, and tlie third 
)n (1) (‘xprc‘ss(‘s this ra<*t. (We do not now ikkhI to at- 
o th(‘ pro[)(‘rt.y of (‘.lassies of functions.) ThuSj in 
lancet with prcH^sling convcaitions, we nu‘(‘t the notations : 

0' </) '• ^ ; 

.-v//Mi-'i /r "C( I'/a /C'v'f n,''') 

A 1 A 7 A ) A ? 

/f is a propeu’ty bipartite^ on finud.ions and <‘.lass(‘s of 
ons on whih‘ ^fDr(Dr') are propc^rticts of 

[)ns on ''|s £= suhj(‘(:f. to dc'finition for the various 

dic's If to h(‘ (‘onsid(*r(‘d. 

' (‘xaniph'j th(‘ hipartit(‘ propeudh's /> : 

/>,j: is ('onlained in ; : is doiniiuded />//, 

the prop(‘rti(?s />Dt : 

: is eonlained in Di ; Bf))l : is doniinnti'd hij DO 

ril v ol' riund ions and s(‘<‘ondarily (d' <dass(‘s of fiuu't.ions on 
th(‘ r(‘sp(^(diV(‘ s(‘ns(‘s aln^ady us(‘d. TIk' (‘.orr(‘sponding 
rti(‘s‘^ Bd))l\ /^DO ar(‘ the* propcndicts of § 57.3^ 
‘tivedv. ddiiis tlu‘ pr<ypc‘rti(‘S : 

Dm")-, iimxD> 

rejuly dcliiH'd (i? 1). \V(' <l('lin(‘ 

lolinjr 

IB propftrtiBH It„, /?, nro of gfinenil reference, and for that rennon we do 
ite H/. 
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and, as second definitions, for temporary use in the examples of 
§ 63, we define 

as denoting 

(8^2^) B,mx^"); B^mx^y 

61. The derived properties B, B.^ of classes of functions .— 
A property B' binary on functions and classes of functions on 
gives rise to two properties : 

(1) -S', 

of classes 9}i' of functions on 

A class 9)1' has the property B' in case its every function 
has with 3)1' the bipartite property B\ that is, 

(2) 9)1'= :9J1' 9 
so that 

(3) 9)1'^'. - .9)1'^'"^ 

For example, we have the proposition : 

ajr. 3 

that is, every class 991' is contained in and is dominated by itself. 

A class 991' has the property B\j, in case for every class 
991"^''^^ on every class i]3" the *-composite class (99r99J")^ on 
^ may be characterized as the class of all functions 

on 5p having the properties: 

(4) i?'9Ji'(991"j; BfR'Xpf 
that is, 

: = : 9Jr 3 

(9)rm% = [all <f> . 

Since 391" is linear and closed, so that 9)1"^ = 9)t", it is 
evident that every function of (991'991")^ has for every p' the 
property B^^9)^ : is contained in 991". 

For a particular bipartite property B' there is for every 
determination of the property jS' 991'(991") of functions on a 
precise determination of the property B\^, of classes of functions 
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on and accordingly of the definition of the classes Di' having 
the property /f .,.. liy way of illustration T consider in § G3 the 
])roperties Z)'/-’,;,. 

It is evid(‘nt that a property may he possessed by no 
(existing) (dass Df'. l^^)r instance, // denoting /.s not cont(t.in('(l 
and />*'!){'(''Ilf') (h'noting /,s‘ not coiifcdncd in tlu'ni 

exists no (dass DJ' with the propendy , siiuT (‘very class 
(dirdjr').^^ (‘ontains 

However, as W(^ shall S(‘(‘, the (dasses Df possc'ssing some 
prop(‘i‘ty //.. arc‘ v(‘ry ninn(‘rous, imduding, in particular, the 
(dass(‘s: 

W'; lira’s 

an<l (dass(‘s arising IVom tlunn by s(‘(pi<‘ntial •x-(*,omp()sition. 
(d‘. SS hbl, (KU, 8d. 

()IfL /h’oy>fhs*///o//,y. ~ ~ As c.orollari(‘S of th(‘ (hdinitions of 
prop{‘rti(‘S />, /> |., (d<‘., W(^ notic(t t.h(‘ propositions : 

1 ) If ‘jjL on and on nre two (diiHsoH linear, (dosc'd, bavini^ tln^ 
dominanot^ property /) and with tlH‘ r(‘Hp(‘etiv('propertieH and />\, then 
e-very fiinetion o on the propertien: p*'}, 

h(‘lon|4H to and has Uit‘ propetti(‘H: i (;/*'), and 

e.onvermdy, (‘very fune.tion o having; the proper! ieH I)8^( ■'.llg) ; 
belongH to and has the propertitss : 

\Y) In ('.aH(‘ tlH‘ properties Ii\ <‘t(5., are sueh that 

(<0 for every ftaudion <//aiul elass 1)^^ on ''\V the properties and 

/nil' of o' are e(| id valent; and 

[h) for every fumd.ion o on and pair of elasses dlt' and (3' on 

dip hi'ing; dondnated by \H3', and elass on the 

prop(‘rty />' jjr(lli") of 0 impli(‘H the pr()p(‘rly //'3'(llt") of </<, 
it follows that 

(e) if ;IU' has the property then lli'^ is the elass of all functions *'/ 
with the prop(‘rty and has the propindy and dU' 

has the property H\ and a(‘(^onlingly the two prop(wties: J 

//'dll', of funeiions </ are (‘(pdvalent; and 

((/) if ■'lit' has th(‘dondnaiHU'property /) and llu?! property //'#, then dU' 
has the property //', and dU'/, is linear and has the dondnan(^(‘ prop¬ 
erty /> and the properties: W ; //'^ ; //fildlt', and llfd^. is linear at»d 
elos(‘d and has the dondnanee property /> and tlu^ properties : //' ; 
//',. : //idtiH' ; and accordingly, 

(e) if has the dondnan<M‘ property />, then the property //'^ Ixdongs 
to both or to neither of the elasses: dlf'; dJf'x, and 

(/) if 'Alt' is linear and (dosed and has tb(‘. property //'*, then 'ilj^' has the 
property //', and the properties: ; //'dli', of functions ly are 

e(!uivalent. 
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TjCI) 'jf 


: D : 


2) In case the properties B’, etc., are such that 

/-. \ mi' -> t'S'ill'OO A'-®'®''. 

( 2 a) <^ . 9}i : 3 : 9 . . ~ . 9 , 

(2b) <l>. aiJ'-®*’'"'. : => : (/> . D . 

it follows that 


( 2 c) air^'*. 3.9jr^= [aii . air (i?,aji'^~.B'a3r); 

(2d) air"'^'*. :3. air^'. . 

(2e) air-® : 3 : 911'^'* . . 931'^^'*; 

( 2 /) air . 3 .9ir . (b^ aar ~ f my 

The first proposition is the basis of a body of theorems con¬ 
cerning functions of two variables falling in many cases under 
the general head of the interchange of order of limiting proc¬ 
esses. B" denotes a property bipartite on functions and classes 
of functions on B' and B" may be instances in the cases 

and of properties of general reference^ that is, like B^: 
is dominated by, applicable in general; that they are such 
instances is not assumed ; one or both may be properties of 
special reference, — to the class or of elements or to 
any other features of a particular case. 

As to the second proposition, we notice that the conditions 
(2a, b) on B', etc., implying (cf. 2/) for classes the 

equivalence of the properties : B^^ 33c',* B' 331', of functions (j>' on 
do not imply for such classes 331' the equivalence of the prop¬ 
erties: -Bq 331'(3J1") ,* i3'331'(331"), and so do not imply that such 
classes 331' have the property B ^.^. 


62. An example. — In order to recognize that the functional 
characterization of given in § 57 a5 is an instance of the 

fmctional characterization o/(33r33r)^, given m § 61.5, we need 
merely to notice that the property P' of functions on “jp' (§ 57al) 
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is (or the case = (S' the property /C'Jir arising from a prop¬ 
erty /C bipartite on functions and classes of functions on 
viz., from the property for which ov 

<j>' means 

tY [jb B c : 3 : iV <1 B 

0) 

A{p[ ^?>:) ^ d, . D . .!((/>;, c^;,) ^ . 

For this projxa'ty /r.' we give to meaning: 

iV fjb" B H fjb B e : "D : [^r d b 

C^) 

A{p[ ^ y>:) . 3 . ^ 

These properti(\s : />A)l'j ior I>'= AA^, satisfy the 

r(‘S|)ective ix'lations: 

3 3 

A) 

: => . D . 

Now th(^ prop(‘r(i(‘s /^\ o(‘ S f>7od, *1 nrv. ibr th(‘ c^ase 

Dt'= which fjL ^ 1 is th(‘ only func.tion of tlu^ 

prop(‘rti(*s A"'Dr(‘'lit'') just <l(‘rin(‘(l ; and, by <li(‘ remark 

^•1), for the two cast's: Di'= ; ti'j tht'two propt'rtit's A^'Di' 

art' (Mpiivalent and th(‘. two properties A’’'Di'(Dr') art' t^tpiivalent. 
Thus we may rt'.wrilt'. S OTt/h in tlu^ Ibrm : 

(ll) ((S'Dr'),^, = IA\ (l> ). 

A<‘,(*.()rdingly, as we shall prove in § (Hi, f/w cdiw Dt^^' /nos the 
propvrtu K .,^.. 

(h‘b Other e.r(niip/(*r,— h\)r tlu' bipartitt^ pfopt'riies /> : 

: os eontdined in ; : /.s d.oniitKded ht/j 

of S ()() tlu' notations />Dt'(Dr'), />'“’Dr(Df") havt' been (lefint'd 
(§()().<S, 8*“^). We considtu' the corresponding properties 

'^ TIub bipartite property K./^ (jufi^l^roperty on functiooH and clasHcs of 
functioiiH on the Bpeoial class %V .is is of special reference. It is later 
developed (of. 67, 72, 75, 77) into a property 74^ of more general 

reference, viz. to any class %V with development the notion development 
of (§75) being a generalization of the partition by sequential halving of 
the linear interval 
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1) Sir®"''’’. ~ .9K' = 0^5p'j, 

viz,, the class 9JI' on has the property B if and only if it 
consists of the single function 0(^'). 

For with implies 

== [all 

Now implies 

Take and 3)1" = 3)1" Then 3)1" . More- 

over 3)r contains functions not of Let /x'' be such a 

function ; then is of 3I(^p'') only if a = 0. Now for every 
//' of 93^' /^Vo 3)t'9)r' and so of (9}t'93t"),,, and so of 

2{(‘5P") (p) ; hence /a'= 0 (p'). Accordingly, implies 

9)V = 0(^'). The converse implication is evident. 

2) 3)1'-®''''*. ~ . 9)1' = 0(5p'). 

For 3)1' with 3)1"'^’^^ implies 
(3)1'9)1")* = [all ^ 

and accordingly (9)r9)l")'®i®‘''^, and so, unless 9)1'= 0(1])'), 
9)1"Now 9)1"= 9)1"”^ = the class of all functions on 
has the properties LCD but not the property .Z>j^3l(^^"). Hence 
implies 9}t'= 0(‘)P). The converse implication is 

evident. 

3) 93r^«*. -. 9jr 9 { 3 ^ (at/. b = arX); 

viz., the class 9)1' on ^3' has the property if and only if it 
has the form: 3 [qMo, where 21^^ is a class of real numbers and 
is a function of 931'. 

In this case 9W'‘^°* with 9)3"'^''^^ implies 

(9Ji'93r%= [all _ [-^11 

that is, (93V93l"),j, = 9]T93r', so that 93r,f, = 9}T. We prove that 
in 93i' there is a function />t' of which every function /x' is a 
numerical multiple. Consider any two functions /a', of 93L. 
Then, taking 93t" = 931''^^", since (93V931'% = 9)^9)% we see that 
0) + At'(0, 1) == %(«!, a^), that is, there is a function yw.' 
of which p[ and are numerical multiples: = 



INTROBUCTIOi^ TO GENERAL ANALYSIS. 


109 


Hence, either = 0, so that /jb[ = 0(^'), or every function is 
a numerical multiple of fi[: Thus, 9)^ = 

where /x^ is any function of 9Ji' not everywhere 0, or, if there is 
no such function, /x' = 0(^') is the only function ; hence, in 
either event 9JJ' has the form 31,Conversely, every class 93f 
of the form Sl^^/x' has the property . 

4) with implies 

= [all 

and accordingly 

4a) aK'^ = [all</.'^''™']; 

Hence, since 9Jt^^ contains 31931', 

4b) ^ ^ ^ ^ (j) Jiri’f . 

4c) air . aar/’*. =>. (aai'ajr% = (aar.,a}r).^. air*=aar**. 

Further, by § 54al2 and § 44al, we see that 

4d) aar"':3 :air"'‘*. ~ .air/'*; 

4e) 3)r : 3 : 311'* = 311'= [all <^>''''“] : 4 >' . ~ . 

that is, in effect, (d) a class 931' having the dominance property 
Dy the classes 93i', 93^^^ either both have or both do not have 
the property ; (e) a class 931' linear closed and having the 
dominance j)roperty Z) and the property B^^ contains every 
function it dominates. 

We shall prove in § 65 that the classes 

have the property while by 4e the class 93i'^'^does not have 
the property . 

Classes g coyitaining (931:'93t");i,. § 64. 

64. Theorem. The respective hypotheses : 

(1) 93i'^'^. 931"^^. g = [all ; 

(2) aji'.aai""'"^‘.g = [aii.^^»"‘'"^"]; 

(3) an's ; 
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(4) = [aii 

(5) ^SV 3*= i^g^jj .-So®i'(p''Oj 

imply the simultaneous eondusions: 

(6) (3r3R'5W'y»^ • S g • (a)r2jr%^«»; 

(7) 9K'^“.a)r"“.3. g^“; 

(8) 3JJ"‘. a)r'-‘. 3. g^-. 

Fwrther, in cases (1, 4, 5), 

^9^ g: 

and accordingly y in those cases, 

(10) air^.sir". 3 .g^. 

Further, in case (1), 

( 11 ) e^^K'D . 

As a corollary, we notice that the conclusions (6-11) hold 
as stated, if throughout the hypotheses (1-5) 2)^ be replaced 
by mr and 9)1" by 319)1". 

Besides the five cases (1-5) we take a sixth (2') derived 
from case (2) by interchange of r6les of 9)r, 9)1", and we de¬ 
note the class % for case (z) by (i = 1, 2, 3, 4, 5, 2'). We 
readily prove directly from the specified hypotheses that 
have the specified properties, and then that have 

the specified properties, in view of the relations : 

r = n ST; = n [g^ = n [jyS 

that is, the class defined in terms of certain classes 9)1', 9)1" 
satisfying the hypothesis (3), is the greatest common subclass 
of the classes defined in terms of the same classes 91^, 911"; 

and similarly the classes 3"' the greatest common sub¬ 
classes of the classes indicated. 

Classes on with the prop)erty § 65. 

65. Theorem I. The classes g)ji; ni; nio; ni, 
property J3j^ defined in §§ 61, 63. 
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t these classes !){/ have the property depends upon 
opositions (4, 5) of‘ § 04 and upon the two additional 
orations a), h). 

The rl((ss lir contains the devclopnientdl system. of 
ins : 

K,..= iv' ^ 1 {p' — Oj 

for lh(‘ (‘ases; 1 ; II^^; HI (and HI,,, HI^), k has the 

) nj Ill) *=1,2,3,.... 

7Vo' ('/<!(ss 4)r ia(s the j)rapertif K\ : 

. = .yjt' 3 D iV /x' ^ 

e' : 3 : iV ///^. ^ p n\, . 3 . .4/x', " " O/l/x',^^,). 

)rop(‘rty /v"[ ol‘<4ass(^s ilj' o(‘ (‘un<‘tions on *' is t.he 

’ty A"J <l(‘nve<l in th(‘ s<‘ns(‘ of ^^(>1 from the bipartite 
A';: 

E3 .(</)'. W') . 

(*V pJ .■) e : 3 : .V // ^ n\, . 3 . Aif)',, ‘ 
fn’li \v(‘ at oue(‘ d(4in(* tlu' property A Jl)r('jjr') ol : 

.V {p\ p) B 0:3: ,7 in, b //> ///, . 

! notice that 

iir i'f p «i«*uiu*vp /or.. . 3 . . 3 . c/)' ; 

^ A'.-'M'. . 3 . AV'V _ 3 ^ I ^ ^ 0^ 

// .rj 

§ ‘ioco \v(* saw that, tin* classes 'O.ir'"' on ‘‘I-'* have 

ropcrty !<[. Overy (.lass on has the property 

ae.iiously, in that, for every jjair )x, of fune.tioiis of tlJl' 

li.H hi parti to property K/ and the derived properties are of special 
ce. Cf. §§ 23r, %\d. They arc to be developed into properti(‘H of 
;encral re!er(‘noe, fnndainentol in tlu* ih(‘ory of the ji»"COinpoaition of 
of functions. Cf. §§ t)7, 72, 75, 77. 
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the relation holds for every e and for every 

there being no such elements in 


<7) 


Propositions. — 

% = [all . D . 


I; ir,.; m _ AV _ A„«!, _ . 3 . 

.( 8 ) 

^ g = [all ^ 3 ^ g ^ 

Here the case 11^ is the case I, and for the case II,proposi¬ 
tion ( 8 ) is a corollary of proposition (7). 

In proof of (7) for the case II^^ and of ( 8 ) for the case III, 
consider a function <!> of the class whether of (7) or ( 8 ), and 
set 


(9) 

or, more briefly, 


d, 


Vip'jp* 


VI / 

= S ( 


lint 2, 

III: 77i.-=l, 2, 


<10) 

From the hypotheses : 


VI 

= E K<^p- 


we see that 
<11) 


(m). 



Ful'ther, by the definition of the functions 8 ', we have 

<12) p' -mm. ^ = 0, 

<13) p' > J7i. 3 . = - (jij,,, 

so that 

(14) m.p' .D.A(d^^,„-ct>,,)^A4>^,. 

The desired conclusion of proposition (7) for the case II^^ fol¬ 
lows directly from ( 11 , 12 ) for m = n. 

Proceeding with the proof of proposition ( 8 ) for the case III, 
from the hypothesis : 

(15) ^Bimvw'^ 

we have, for certain a; /x'; fi', 

(15') A^~ Aafi' 
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and lienee, in view of the hypothesis : 

(iG) 

for a certain , 

(17) (1:3: B p' 

Ileiieo, witli refon^noe to (14), wo have 

(18) 0 . m . ]/ > p',. . 3 . ^1(6',,.,,, — = eApl^^,,p'. 

Also, from (12), wc have 

(1 <)) 0. Vi ^ p',. p' :5p;.. 3. = 0. 

Thus, from (l.S, HI), wo havo 

(2(1) 0 . m, -■* A{0,„,,, — c^,,,) Sic/l/x, 

or, omitting oxplio.it montion of the now unconditionocl p', 

(2()') « . VI . 3 . A(0„, — <f>) si e Ap[p', 

and honoo wo havo 

( 21 ) (^vr; W'tir). 

Ac^oordingly, from (1 1, 21) wo havo the (h'sirod oonclusion 

( 22 ) 

of proposition (H). 

d) As a corollary of <•) and proj)osit.ionH (4, 5) of § G4 w 
have' 

Thkorkm 11. In (•(Uic-: 

(24) = 'li' ‘ = *" . . 2)' 

itJoUows tJnd, if 

(24) . yjr'. 7f s [all 
then 

(25) ('K'ajr% = ^v.^^'™’; 

(20) ('j)rajr')""H 3? 

and, if fiu-fliCr 

(2;r; 28") 


air ''; air 
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then respectively 

(27'; 27") ^ ; </>•=>• 

Corollary 1. From (23) it follows that 


(28) 

3)r*= 

r 11 JL /(vw LCDiA 

[all 4> ^ J . 9jL^ ' ; 

(29) 



C 0 E 01 .LARY 2. Ft 

'om 

(30) 


[; 11,1? Ill LCDilCi' ^ 

itjolloios that 


= [all . 3)1' 

(31)* 

a)r = 

(32) 

. a)^" 



The preceding statements hold if in (23, 23', 23") we re¬ 
place 9ji' by mr. 

e) The classes m' = satisfy (23, 23', 23", 

30) and accordingly (28, 31, 32) and for them (24) implies 
(25, 26, 27', 27"). Thus we have, in particular, Theorem I: 
the classes 2)f = have the pro 2 oerty 

Classes on with the property § 66. 

66. Theorem I. The class 91^^^ of all continuous functioiis on 
a linear interval of the real number system has the property 
defined in §§61, 62. 

This theorem for the general interval is readily deduced by 
transformation from the theorem for the interval (01), to the 
proof of which we now proceed, obtaining by the way other 
theorems similarly extensible. 

a) The development A' and its representative system .— 
denotes the interval: 

( 1 ) O^p'^1, 

* (31i) is expressible thus: the class is such that the properties: 
BqW ; RiW, of a function on are equivalent. Evidently (p^ implies 
The force of (31i) is that, conversely, implies i. e., 

the class 9)1^ contains every function (p^ which it dominates. Of this (31 3 ) : 
the class W is absolute, is an immediate consequence. 
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of the real number system. For the system : 

(2) {{ml)) (/^m; m = l,2,3, •••; Z = 0,l,2,---), 

of indices * ml we introduce the corresponding systems : 

(3) ((r""')); 


of rational numbers : 


(4)t 

and of subintervals : 


f ml 

r 


I _ 

m ’ 


/ r-\ CYXf T- / ml-] / 7)1 I—I , 7 )ll c- , 7,1 

(5) ^ =lp r 

where as an additional understanding: 

(4 ) r =0; r =1. 

The system : 

( 6 ) 

is a develojornent of the class the stage m of the develo 2 Wient 
being the system : 

(7) = 

of m + 1 intervals (0 = ^ = m). 

The interval is of length 2/m (0 </^ < m) or 1/m 

(/ = 0, m), and contains the number which is said to 

resent it and its numbers On stage m every number 2 ^' 

has two representative numbers r for adjacent values of I ; 
a number (0 < / < m) however has three representative 
numbers^ viz.^ besides itself both of those with adjacent values 
of the second part of the index. 

The superscript index onl used with notations is used to 
denote the following property : helongifig to the mtey^val of 
the develo2yme7it A', of elements p. Thus we have the nota¬ 
tions : 

/r,\ / ~7nl 

( 8 ) P ■, 2 ^ , 

the latter denoting an element^/ not belonging to 


* Throughout ? 66 an index ml is a pair m, I of integers conditioned as in¬ 
dicated in (2). 

t The superscript ml is merely an index. It is not an exponent. 
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b) The relation'^ — The relation f ^ property f 

on where ^ = [m], viz., a property of pairs p[, p[^ of 

elements of with integers m, having reference to the develop¬ 
ment A' of We write 


to denote that ^ 9 ', are two elements belonging to the same 
interval (say of some stage = m of the development 

A'; in symbols: 

( 9 ') a- K s • ^0 = ^0) ^ (?: • P2 

One understands how questions of infinitesimal nature on 
may be treated in terms of the development A' of , the ex¬ 
pression : 

( 10 ) 3: 3 A{p{-2y^^d^, 

being replaced by 

1 ( 11 ^ 3[ 171 g B 


Thus, with reference to the development A' in terms of con¬ 
ditions definitions to the properties : 


( 12 ) 


jt ;; K'^mxw')-, k, 


defined in § 62 ; the new definitions being equivalent to the 
former definitions. This property is a bipartite property 
of functions and classes of functions on 


c) Developmental systems ®'. — With reference to the devel¬ 
opment A' and its system ((r ”'^)) of representative numbers a 
developmental system J is a system : 

(13) S'= [S'] ^((3'”“)), 

of functions on such that 

* This relation K 2 ^ has reference to the development A^. For the general 
development of the general class (cf. § 77) it is denoted by ^ 2 ^^ • 
fThe term relation is used for this property on since we are 

to he concerned also with a bipartite property Ez'' of functions and classes of 
functions on The property is defined in terms of the relation E^''- 
t Cf. § 78 for the general definition of developmental systems 2)(3Jl) with 
respect to a development A and a class 3Jl. 
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(14) 

ll 

I = VI 

(in) m. D . £;s""'= 1 . 

for overy sta^o '))i at an aro;unient ]/ which is a rcp- 
r(‘senta(iv(‘ nunilxa* r 'the corresponding* develo})nunital func¬ 
tion 8'“^’ takes tlic value 1 and the other developmental func¬ 
tions 8'”* ot‘ stage VI vanish, while at an argument // not itself 
a r(‘pr(‘S('ntat.iv(^ nunilxu* with two representatives r' 
the (‘.orresponding d(‘V(doj>mental fumdions take 

valu(‘s of the interval (01) whose sum is 1, and tlu^ other de- 
vcdopnnmtal tiim't.ions 8"“ of stage in vanish. 

Sue.h a (h^vidopimaital syst(‘m plays a role in the theory of 
func.tions on like tlie role of the d(‘veloprtu'ntal system S' 

of S (>5 in th(^ t.h(M)rv ot‘ functions on 

For th(‘ simplest dev(‘lo})mental syst(un f S' of continuous 
fumdions th(‘ (unction 8 'has on th(‘ following spcHfdica- 

cation : 

,._(-/-/+ 1 ('■""' . 

'■ 1 — + / 4-1 ('■'■ " p' S"). 

d) l)v%)(‘lopmeiif(tl propertij h!, — A (dass dJi' is said to have 

th(‘ (Icnvlopnivnld! p^'o/n'iii/ A' in c,a.se tlnu’c^ (‘xist.s a developmental 
system S', ndativc^ to t.lui <h‘V(do])m(int A' and the n^presenta- 
tiv(‘ sysOun ((r'"*^)), wlfudi belongs to the class ‘'JJt'. ((d‘. § 70.) 

e) I^ro/iositn'oNS. —We noti(‘.(‘ first tlui proposition : 

(17) S' .'=> .'.jjr 

t This HyHtian of contimioufi fiuictioiiH is the. point of (I(‘partur(‘ for lioiucL's 
(letennimition, by the mediation of the known theorem of Wkiichstuahs, of 
a system of polynomials such that for a continuous fumstion </>' the 
sequence of polynomials : 

, , t >Hl 

iz: ::v 0 n- , 

/ 0 

converges on uniformly to <//. Of. Boeicu, iV/e* Pluforju^htdon dvi^fonctwini 
amdniieH p(tr <h'H pdlytuuneSj Verhand 1 ung;en des dritten interna- 
tionalen Mathematiker-Kongresses in neidelberg, 190-1 (1905), 
pp, 224 -232 ; and Lpf^ousHur Ira fonctiona (l<' I'dridhlcs rtudlds et leu dcvdoppeineritH 
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that is, S' hemg a developmental system, * every continuous func¬ 
tion p is expressible as the limit of a uniformly convergent sequence 
of functions of^'j^, the linear extension of 
In proof, let us consider a function (p' on and set 

(18) = (ml); 

m 

( 19 ) = 

J=0 

SO that the sequence {0',,} belongs to Then, from the 

definitional properties (14, 15) of we have the relations : 

(20) y 

(21) p' of (r'’'‘S-'“'+'). 3.of (c„.,c,„;+i), 
from which follows for every p' 

( 22 ) - e:„,) 

^A(ci>;,-4>:^,) + A(cf>:^,-0'„^,) 

^^(4>p> — ^,v) + ^(^-V ~ 4>'r.j) 

^2A(ci>;,-<i>:,) + A(ci>i,-4>:„,), 

where r[, ?•' are two representatives r”^\ of p' of stage m. 

Then, if p' is a continuous function, from (22) and the uni¬ 
formity of continuity of p' follows the desired conclusion : 

(23) ^' = L^; (5P'; 1), 

VI 

of proposition (17). 

It is interesting, and for our purposes essential, to analyze 
the proposition (17) in connection with the properties (12) 
associated with the bipartite property JiT' • The property 
-^ 221(^0 ^ function p[ is the property of uniform conti¬ 
nuity of p' on the interval Accordingly, since 

= [all 

we have as a restatement of (17) the proposition : 

(24) [all <l>' ] . 3 . ?f' , 


* Whose functions are continuous or discontinuous. 
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which is a sjxr.itil case of’ (lie proposition : 

(25) T''. ':)Jr . a' = [all . 3 . 

mulily obluiiiahle hy tlu‘ use of the last inequality of (22). 
Similarly w(‘ obtain the pr()position : 

'-B'''' . . 'Jlc' . '■I'” . : 3 : 

(2(>)^»’ ^ ^ 

and its corollary : 






lliv (27) /.s* /o he voniparvii with § (>r).<S. 


/’) I^rojxhsifionH eampitrdbte with the propoaitioiw of § 64.- 


77i/' r 

espeetire h i/pothe,^e 

ff : 

(2,S) 


T>J 

III 

-e- 

i—J 

(2!)) 


If" . ,v = [ill 1 ^ ; 





^ 'Jy == [all '’CO. 

implij the }^i liiultitn €(>}{$ con.rlusimis : 

(;n) = 

(52) w’'-. => .on'm"),Tie 

We rental 1 the (hdlnition : 


: W B p 


* 2 (>) For <*very de.velopmenUil Hyntcm CD atul class on 4 ^'*^ and claHs 
on the class o! all fniiotions <!> on 4 ^ 4 ^"':}.^" having the properties : 

AVlli't'!!!'') ; tV*l 4 ir'(;/), is a suhchiss of the class ohtoined hy extending 
as to 'lUnU" the class CD'IU'' extended to he linear. 

27) For every tdass ajy on 4^''^* containing a developnientol system CD', 
and class 'iljt" on 4^" tln^ class 7s' ^dl functions (p on 4^ ^ 4^'4^'' having the 
properties : AV'lX '^ auhclass of the class 
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:uul acconliiiixly n‘niark that 

(on) . a' . 1^". . 3. 

'I'heiij in proof of (2>2,.) in (‘itlun* <‘as(‘ (2S ; 20; 2)0), w(‘ 
notii^e that iinpli(\s (2Jr2jr')^‘'-^'aiul houoo, sitUM* 

"'M' lias th(^ doiuinaiaa' projxniy l> and a* dominated hy 
we sta^ that a ^he doiniiKUKa* propin’ty I), h'urther, 
since helon^-s to a we s(x* that (d2j) : (lh'’2}r )j /cAi/c/s 

fo 'Aj (‘orollary of tin' lh<a. atlirincd in {III) that a linear 
and (dostxh Further, (M1 is iinplital l>y (2>lj), ainl (2)l,.)is 
obvious in (dther (ais(* {2S ; 2,0; 2)0). hhullMU* (2)1 for (‘ases 
(20 ; 20) is iinpli<‘d by (21j) for <’ast‘ (2S), in view of* § <>1.1, o. 

\V(» prov(‘ dinx’tly (2>lj) for <’as(‘ (28). "Fhe liiH*nrity of a 
rea<lily proved ; W(‘ pro<H‘(*d to prov(‘ tlu‘ <*losun‘ of 

With tlu‘ hypoth(‘sis (28) w(' <‘onsider a scipieiua* O/i J (d* the 
class A which (‘onver^j^t'S on '‘|v nnibnanly us to scale 

A to a function 0, lly t), pr(>ve 

0 or its (sjuivalent : 

(:m) 

Tlu' (‘onvergtnua* is by hyp(dlu‘sis unifcuan fo some scale </i: 

(3a) n 


and wc^ have for (‘very e a (’(nn‘(‘spondin|j; hhullnn\ </> and 

the hav(^ tin* prop(*rfy Ky})V) ; nia’ordini^Iy ut* huvt* 
/x'/x''. (/> has in(U*(*ov(*r tin* property Ok \ 

with whi(‘h wt* Iiavt* ‘‘^ine(‘ IIF W(‘ may unify 

tlu'. s<adt‘s: jjl' fi\ form: 

ajTfi'Ji' (a), jnid, sin<a‘ V.Orb and 

art’ ecpiivalent, to tlu* tiuin : /xV*\ mV'' f n o/b/x”, 
wh(‘n‘ (i •= sup(*rs('ripts { ) an* (unittml, d‘hls 

is 8UppoH(‘d to bi* dom* in advaia^e, tin* ref4‘rriny to tin* 

unified situation. 

Accordin|j;ly * W(* have: 

( 22 ) // . 3 . ^ 

^ Tilt*, following relatioiJH hold unifonnlj in on %l’*. 
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(:?7) f 

(.“IS) . . R . A';,,,.,,,,. 3 - ^ 

(:19) . . n S R,„ . 3 . A- e^,) ^ eA4>^„. 

Now 

A^,n' - - K,') + AK, - 

Hence, in cuhc: , we have 

and, in case furiher , 

-K^,.,' — + '^Ah],^,Ix")?A. (■(2r + 2).l/4;,_y'. 

A(H^ordingly, taking v//.^ as the greater of vi^ and we 

have the ndation : 


(dO) 


:D: A';,,,,,„,,.3...1(^,,-<?,,,) 


SO that, as desired, 

( 41 ) 


0 K>Ai\.})i\ 


(■A{2(t + 2)^;,,,/4", 


(/) On comparing the results of (27, 20, 2>(), 31,32) we have 
Thkoukm 11. From 
(42) 

it follows (hot from 


(42) 

it follows that 

(44) 

(42) 

(40) _ 

andj if further 

'' 

it follows that 


. A = [all 

AV "r* ’’C" I. /»‘m ’'C'l I'O 3 //i "C . 




!A1 


(40') 


4> 


K.AAt'i 11^^'). p*) 


.o.4> 


III 




(JoROLLARV 1. From (42) it follows that 
. (47) iur, = [all f= 2jr#; 
(48) 
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Corollary 2. From 


(49) 

it follows that 

(50) 




[all 


Under the hypotheses: (42; (42'); 43) on 911', 91t" we 

-obtain (44j; 46; (46')) by observing that (91i'9Ji")* contains 

g03) ^ ^(27) 

which contains which (contains which) 
contains (9)JW%. (44J implies (45J. (31) implies (442; 402 ). 
The class : [all is obviously absolute and accordingly 

the classes : 9)1'^ in (47) and 3)^ in (50) are absolute. Further, 
we notice that, the class (9}Z'3)i'% of (44) is absolute, if the class 
3)1'' is absolute. 

On analysis of the proposition : (42, 43) implies (46), we have 
the following propositions: 


(51) 

(52) 




DiA' 


3I(^') 




5p'^^.9ir^'.3r(5P')' 


. 9jr' 


SO that, since 5u2t9)l"(y) implies ^j2I9)l"(25'), 

^ Ko' 9)i'(91i") . 212)1' iDl" 


(53) 


h) We return finally to the class 3)1:' of all continuous func¬ 
tions on In view of the uniform continuity of its func¬ 

tions II 9)V has the property K '^, and since 311' contains the 
developmental system S)' given by (16) it has the property A'. 
Hence 3)1' satisfies (42, 42', 49) and accordingly (47, 48, 50) 
and for it (43) implies (44, 45, 46, 46'). We have proved, in 
particular. Theorem I: The class 311'^^ has the propeyiy iiT'^ 
defined in § 62 (cf. § 66.12). 

Comparison of the theorems o/§§ 65, 66. §67. 

67. The notions and the propositions of §§ 65, 66 are of 
special reference. Thus, is in § 65 of case I, II^ or III, 



INTIv'oniKTriON TO GExYERAI. ANAT.YSIS. 


123 


tind in § ()() oi‘case IV. As pointings the way to the generali¬ 
zations to 1)0 given suhse(piently we procieed to secure formula¬ 
tions holding unilormly (or th(‘ eases I—IV of 

(f) f\)r (‘.ases 1 — 11 1 o(‘we introduce the (ievvlojymenf: 

(1) A' ™ / 1,2, 3, 

wluu'e lh(‘ (‘lass e.ousists of the single (‘lenient whi(!:h 

is lik(‘wis(‘ ihi^ repnwnfidinuivuinii Stage 'ni : A'"" = 

<)(‘ th(‘ d(‘V(dopm(‘nt. (“onsists o(‘ the '/a (dements said to 

l)(^ dvrelopyd oj ,d(((/e m. 

As (lvvvl(>p)iitiil(tl stfHfeni: 

( 2 ) X' 

W(‘ introdu(U‘ th(‘ syst(‘in : 3)' = [S'] ~ {S[} of § ho rr), setting 
IA)r this syst(‘m §(>().Id holds^ and i^hh.ir) holds 
lor y/* nij viz., (or y/ (I(‘V(dop(‘d ()(’ stag(' hl l^hirther, this 
<l(Aadopmental syst.(‘m is tlui only system 3)' satisfying in 
this way §t)().l 1, lo. Wo d(‘not(‘ hy a class ^IJt' (‘ontain- 

ing this syst(un 3)'. 

In § ()().r2 W(‘ d(din(‘(l aiu'w th(' prop(‘rtI(\s: 

k:; v;^jr; A^3r(^r); v;,, 

of § (>2, hy nH‘ans of th(‘ (‘.ondition : 

A p./„}) 

having ladenaici^ to th(‘ (l(W(dopm(mt A' Similarly th(^ 

prop(U‘t.i(\s: 

K[; /i[W; A^^JJi'OVr'); A^;.m 

of § ho /;) ar(‘ (hdinahh^ with r(‘(er(ai(‘.(‘ to th(‘ (hAadopnumt A' 
in t(‘rins of ih(‘ (‘ondition : 

/i\ , 

on an (d(unent y/ and an int(‘g(‘,r ;/), that at. some stage the 

<d(unent y/ is und(‘veIop(Hl, that is, for the pn'sent (hivelopment, 
y/ > w. 

h) The pr(>perti(‘s A"[ and A"' w(ire originally metri(ially 
de(in(‘d in tcuans of tlu' resp(‘etive (;onditions: j/> m, 

^Hp'i - A) 
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The properties K[ are properties of infinitary nature, in 
that they are relations holding for large values of p', viz., as p 
tends towards oo. In case IV p is limited, and accordingly 
the bipartite property K[ and the derived properties: 

K[, hold vacuously and generally, i. e., 

. 2)r. 3. 4>' . 9)1'. 9)i". 3 . ; 9)1'. 3.9)1' 

The properties iT' are properties of infinitesimal nature, in 
that they are* relations holding for values of p [, p' distinct and 
close together, viz., as p', p' tend to equality. In cases I-III 
p[ andp 2 if distinct differ at least by 1, and the properties 
hold vacuously and generally. 

The properties K[ and Ji' ha-ve been defined also with 
respect to the developments A', the metrical conditions being 
replaced by the conditions: The foregoing 

remarks as to the properties K[ in case IV and the properties 
in cases I-III may be made from this standpoint. At 
every stage m the development A' of is complete, in that 
every element p is an element of a class of stage m; at 
stages m^n the development A' of is complete; however,, 
at no stage m is the development A' of complete. On 
the other hand, at every stage m the developments A' of 
^, 1 , every class consists of a 

single element, while at no stage m is the development A' of 
fine. 

c) Now comparing the theorems II of § § 65 and 66, w'e notice 
that in § 66 the properties: Ji' of 331', li'3}1'(3}1") of fi, enter 
where in § 65 enter the properties : AT' of 931', J?j3Jf'9}l" of 
To remove this discrepancy we notice, for cases I-III of 'ip', that 

(3) 331'. 331"3 . 3 . . 

(4) . 331" : 3 . D . 

(5) 331' . 2)1" 3 . •. (^ Bomnp') :(j) Bimtm" ^ ^ 

* Apart from relations for P\ which hold generally. 
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Ao(U)r(linii;lyj in 5 and § (>5.8^ d) for wc may in 

ihn chara(‘.tc‘rization of cf) ro})laco 7>,5(':l)iADi", ABi'' by 

/v'J4)r(l)t"), in <^ase we impose ih(‘ hypothes(‘s : 

As thus modi(i(Hlj the propositions'*' for (‘,ases I-III are closely 
eomparahle with ihc propositions (or (‘ase IV, in the (‘ormer K[ 
ent('rini>' wlua’e in th(‘ latt<‘r Kl (alters. Iduai, in aeciordanec 
\vith th(‘ rcanarks of h), w<‘ may franu^ propositions holding 
uniformly (dr (^as(‘s I-IV by introducang throughout in place 
of /\[ or J\l t.lu‘ notation (haioting th(MH)mposit,(‘ ])roperty 

I\[ Ik', ; how<‘V<‘r dimotcs t.he propcu'ty of‘(‘.lass(^s 8jr defined 

by nuains of' (<‘f. S (>1.5), a. property whi(di is (piite 

distinct from the (M)niposit(‘ proptaly . 

A//,s‘/<’a/.s (^j(; ; A"; 8){). AV t b/i;.po.s///oa 

of rrldlloioH A .. §§ (>8~71. 

()S. Sifsfcno^ (21; ; A’,, Ad; 2Jt).-"~-In th(‘ first. s<'(^tiont 
^^§51-55) of' Part II wc. have d<‘fin<‘d thc^. <‘omposition of 
classics of ('haiumts and of e,lass(‘s of f*un(‘.tions. In the scaumd 
s(‘(dion 5<)-“tJ7) W(‘ ha,V(M>btain(‘d f'luu't.ional (‘.hanu‘.t(‘rizations 
of‘ th(^ :v-(‘omposit(^ (2)r2Jrd.i' <'biss(‘s ==with 

a.rbitrary (‘,lass(\s 2Jr'; (.h(‘S(‘ <‘hara(‘.t(‘rizations an^ of the typ(i 
If. of § hi and mor<‘ <hos(dy of' fh(‘ typ(‘ A of S 07, relatcal 
to (UM'tain d(‘V(‘lopm(‘nts A' of by tlu^ nualiat.ion of'cau’tain 

ndations A'p Ad' delin(‘d in ((uans of' th(^ d(Aa‘Iopin(mts A'. 
Ihd'or(‘ taking up in th(^ fourth s(‘c.tion (§S 75-8*1) t.h(‘ st.udy of 
th{‘ geiKU'al dev(‘lopin(‘nt A' of th(^ giuHU'al (dass W(‘. (amsidcu' 
in this third s(a‘.tiou (§S h<S-7'l) the gcuHU'al ndations A'j, A"^ of 
th(‘ gctneral (dass 

fit). The rel(({I(>}ii^ h\ , A’d , A\,,^ — For a (dass of (dements a 

* Wd nofcic(j tbt^ tiiconan : 

n„: III A'i'a' _ ^ 

with itH t’-orollary, 

s|ljO : m,; III; ni,,; m, ^ ^ ^ 

t Cf. Ti ^>0, 5(>. 
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relation is a relation* on.^^ and a relation is a relation 
on Here ^ denotes the class [wi] of positive integers. 

Accordingly the notations : 

(idj J OjSj Ko . y 

denote pm; p^m fulfilling certain respective conditions. 
Thus for we had the metrical instances : 

. = ,p'y> m • == • ^(Pi P 2 ) ~ 

We frequently consider simultaneously a relation and a 
relation jSTg for a class ^ ; in such cases we speak of tlie relation 
ATjg. Thus we consider relations if. (i = 1, 2, 12), as we may 
say, on At present we consider individual relations or 
or Ar ^2 on postponing the consideration of classes of rela¬ 
tions on 

70. Properties of relations — In systems 

(2(; ^ ; K^y 3)1) the relations K^y are used to define 
properties of classes 3)1. They are of the type specified; 
other restrictions on generality will be made as needed. We 
notice the extreme instances, in which the conditions 
are (o) never, (□) always fulfilled, viz., 

O ) 3[ (^Py 7)l) 9 S[ {Pv P^f ^ 

( □) p.m,D , Kp,,, ; .p2. 


* These relations Zi, Zg are properties Zj, Z^ on where S de¬ 

notes the class [m] of positive integers, in terms of which are defined in J 72 
the bipartite properties Zj, Z 2 of functions and classes of functions on 
and their associated properties. 

t More generally, if tJ is a nowhere negative function on ipip to 2(, a func¬ 
tion of the general nature of distance, e. g., Freghet’s voisinage or ecart, an 
instance is 

Z = d <1 

■^PiP‘pn • ~ • ^^pipo = 

A relation Z 2 gives rise to numerous relations Z^, e. g., for every element 
of % there is a relation Zi, viz., 

• = • ^ppom • 
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Relations K \, A7 (!i‘t(‘rniine uni(|uely and are uniquely deter- 
ininahh^ from the n^spec'.tive ^laieral systems : 

of siilK‘.lass(‘S <d''']s sn(‘li that 

The suhelasses may Ix^ null-(‘lasses. A non-symmeirie rela¬ 
tion A7 is similarly n^lated to a s(‘(‘ond system : 


sii(‘.h that 


pj*n /'I 


R(‘lations A'j, A"”,, A^^ may have^ for instancH^^ tlu^ following' 


propt‘rti(‘S : 


(. 1) «' • A'i„ 


(2) 

ji , Hi . ^ jijmt • 

(2) 

p . Hi , . A . 

(•1) 

^ * 

{■>) 

’Pi =^^P2’ 


\Vt‘ (hmott^ nTitions having th(‘.se r(‘S|K‘etiv(^ projxn'ties as 
follows : 

(1) A'/; A? ; Ay . (2) A',,/. (:’.) A?. (4) AV. (5) A?. 

Oliviou.sly, ( A'l . AV') iiiiprK'H A',,/. 

'I'lu' principal noliDUS and prupnsitinns of tlu* scapud r(‘,la((‘. to 
relations A'|,/^ that is, to relations A\., having; the prop(*rtie.s 
1, 2. In particular, the ndation A',./, <l<'rived from a devadop- 
inent A (ef. S "1 •>!i« <•«' |>roi)<'rties I, 2, d. 

71. ('(iiDpimilttiii (if A ..— |{(dulion.s A on , A ^ on 

A' on ££ may h(> related in one or nnua' of the fol- 

lowinj^ wavs : 

A • '/I . . A , 

( 1 ) ... 3 

*^2) Every elrniirnt p iiihI intei^t^r m witisfy vitlicr tlu* ooiulition h pm, or 


the condition K,-. 


■ TheHvnibol ^ denoten or. 
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( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

We denote relations etc., so related as follows : 




'p"m 

. D . 

' p' 

jr-ff 

m p"m' 


jr' 

Pi' * 

Pi'^P2'm 

. ^2h'P\'P2'P-"'ni- 



)2"'m ' 

. D . 

jr’ jr" , , 

P\'P2''ni * Pi"p2"Pl * 


D . 

■^PI'P"P2'P' 

^jr jr 

'771 ^^pi'p"7n p^p'hii 3 

p- 

Pi''p^'')n ' 

. ^ . 

' -^^p'pi"p'p' 

'gm ^p'pi"7n^^p'p2"7n • 


( 1 ) ( 2 ) 

(3) (4) Kyf-, 

(5) {K'„ K,,r, {K'', A\,f, (A-;, K;, IQY ; 

or in other ways of obvious interpretation. 

For given relations K'[ (i== 1; 2; 12) there is precisely 
one relation the composite relation^ in notation, or 

\ satisfying the conditions : 

(i== 1) {K[, E'[, K,r-, {i = 2) A", A,f; 

(i=12) (A/^A-^A-.y- 

The propositions of §§ 72~4 having reference to systems 
are available, as indicated in the theorems of § 74, 
for systems {K'i, K'l, K'i"), and also later on for systems of 
relations derived from developments A, the composition of 
developments inducing for those relations a certain composi¬ 
tion. In this composition of relations the composite relation 
is K[", while the composite relation is in general distinct 
from jZTg", the relation (^ 2 ? -^'2 ? -^ 2 )^ holding but the relation 
(iT', IT", in general not holding. Thus this composition 
of relations satisfies the conditions : 


(i = i) (a:,a;',aj-; (i = 2) (A;,A;',A,y; 

(i = i2) (a;,,a-;, A,,r. 

We do not now consider more closely the interrelations of 
these two types of composition of relations derived from 
developments. 
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1\(i. I’rojxisi/ioii,'; conccrninij the comjMniti'. relafiom K'l" in 
CDinii'cfioii irifli l/if propxrlixK 1—5 70) of ir/dfiom .— 


(0 


(■•M 

(•■>.) 

Pr()j>rr(i<\^ A nj (*Ar,s‘.sr,s‘ ''jjf, ( theory of cJanses 

with the jiroperiivr SS 72-74. 

72. I'he j)r(>j)ert}ei< A'j, A",, A" 

." 

A'j , K., on ; I{\, 1{[, on iind (‘Ijishoh of functions: i[)J on 
''I?; 4jr on lir' on \v(‘ (l(4inc projHU’tics: A",; 7^.,, 

oto.y ^(UHU'alizations of* the |>roi)(‘rti(‘s of §§ (>5 and 6(>, as follows : 


• A' 

;; ■ => 

.{K'fK 

::r. 



; • A' 


. (A':, K 




■ A-;;^ 

. D. 

[h'f A':, 

A';:)-’’- 



-r, of 

reUtliom A", ore. 

inraricDit under 

• CU'III- 

(iion.s, 

viz., 





K\ ‘ 

. A":' 

} 

. 3 . K'l"' 

1 

(«■ -1, 

2, 12); 

A';:. 

■ A",',' 

• • A';: 

7 



Kf 

• A';:'' 

. 3. A':" 



, 4, 5). 


M2? relafire, to rehtthms 
A" , A"., — I isin^' th(‘ nottitions " as usual, relative to relations : 


( 1 ) 4 > 

4> 

C-i) 

<p 

(.•>,) 

(-0 


A'l lU' =rr 

■4> 

(;*/ 

fM B e 

: 3 : 

Z 'B 


K~ eApf. 

A’i!”* ^ = 

.cf> 

. ('*/ 

(M B e 

: 3 : :</ 

tu^ 9 

^^inp'ixu ’ ^ * 










/I'jMiOj »U''0 


. <f> ^ 

[''f (m", 

p) 3 

c : 3 : 

i^/ 5 .A • 

3 . 








c/1 /a',/a"). 

/tVi»C, nK'i ^ 

. = 

.4>, 


f) 3 <1 

:3 

// ni>^ 9 A 

. 3 . 




(5) 

((>) ^ ^ ^ ^ ^ hyrei . hvm 

Jleu-e ^ is a function on to and in (3, 4, (>) 

Further in (I, 2, 5) A’^j, A*^,^ bipartite pro})erties 

(of. § (>0j of fuiudions and edasses of functions on prop- 
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erties relative to the relations on in terms of which 

they are defined; the property being the composite of the 
properties K^. Similarly in (3, 4, 6) the notations 
relate to properties and relations on 

The properties are in a sense infinitary properties and the 
properties are in a sense mfinitesimal properties, viz., with 
respect to the relations and the class 3)2:. 

We notice below the extreme instances of the relations 

Other notations are introduced in accordance with §§ 57-61. 


For example. 

cf. § 

1 61.2, 

3, 5 : 



(^) 


9}H’ 

: = : 


JU.D . 


(8) 



''■'2 • • 

: = : 



( 9 ) 


: = 



) . ju ~ : 3)f 

(lU) 


= • 

9jr 9 





W 

■,LCD 

• (SJrair')* 

= [all <f> -S'l'®'!®") 


(11) 


— . 

: aK' 3 





w 

,LCD - 

>. (9)i'a)r% ^ 

= [all ^Avai'(9)i")- 


(12)t 


. _ 

: m' 9 






. (M"),, = 

= [all 



* For the relation every class SOt and function <l> are in the bipartite 

relation For the relation = ^ 2 ^ every class 9JI and function 0 are in 
the bipartite relation The relations hold vacuously. 

For the relation Ei = Z’i° for every class implies <p = 0{'^). 

For the relation for every class implies that (p is of the 

class 

The function (^ = 0($) has for every relation iTj and class the 
property ; and it is the only such function. The functions (p = a($) 
have for every relation Zg and class the property J and there are no 
other such functions. 

t It is to be noticed that the property of classes 93F of functions is 
not the composite of the properties iT/*, For 

=. W 5 . 3 . (3K'3)r)*=: 

= [all 
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7'‘2(f. C())i(rr)ii}i(/ and clasi^c.^ offuncfioin^ 


on ''^s.— 

Thv 

following propositions : 

[ir(‘ for / = 

1 ; 2 : 12 

• 

(1,1 


A',.. A 

• (A'aV 

. C'I a) 



(A) 


A'.. d; 

.A 

3 . 



('">,) 


A'.. 1), 

' . A . 

3. 





A', . aY'-'"'' . 

A,""''''’ . 




(■'.) 


A'.'. ii;". 

. A3.'aA'"''. 



{^) 

A' ' 

1 

’ . ii;" . A. . 



A',.".' 

iVi; 


(<!,) 

' . D 

)n ■>. AV',’,/,vpv 

1 . A 

• ^ • /V//' 

; 'V . //i .n 'U 

AV"J . /> 1 H 

|: 


(“,) 

A', 

1 . s))i nh\ ^ 3 ^ 


/>h', 


A' 

(«.) 

. ' ■ 

1 . A. — [nil </) 

A-.”. I . 3 

:,V'.: 

A; = A; : 


lu ;" 

■ . => . A, '■ : UU 

" ■ => - A, 


D .. 

A; • 

(Hi)’- 

K' . 

.'.u; . A, 

(/.'■'"■'I . 

AVa,~ 


(i),) /i 

' • ■ 

111 " : 3 : on 

. . ''.I't . 

) . ( A’,''.),)i 

A , ), 


(I'L 


AV.,V'' 


.'A 



(11.) 

' . Di 

. 2> . m . - 

[all (/>'•■"' 

1- 






1).' , 

_ s))« A, 



(12.) h\ 

' . ''))! 

. 3 . Hi . 


<0. ■ .. . 

} /JWfAh\h\, 

^ i 

^. /» 1 H 

(i-‘L 

h\ 

' . 'll); " : 3 : ';1){ 

A',. _ . 


. Ill . 



A',' .. =) 

. Di . 

(A’,,1); - Ayjjf). 



^ lU hciiifi a clasH of fuin-tioim on atul A'(/ U 1-) lK‘ing a relation 
lu on having the prop(‘rty 1 of ^ 70, atiO ^y, being the ehiHH of all funetioiiH 
o on -(.I having the property k\ ')U ; the elana a\ ia ahHolute and has the prop- 
erty k\i)l and in eloned under luuHiplieatioti hy the eluHH of coiintantH ; and 
further, if the ehm Ti haa the d<»nnnatie.(‘ propfuty /),, the ehiHH in litiear ; 
if the {‘.laHH ‘ht ban the dominanee- prop(‘rty /), the ehiHH'Js’,. in lin(‘ar and eloH(‘<l ; 
and if tin* ehiHH hi ban the property A*,, theelaHH IK helonga to the elans 
and th(‘ elm ^y, has the property A\. • Further, in tin* ease i I, the prop¬ 
erties: An viz., tht‘ propts'ties: hviotifp'ntf to (/iv rlanH Tii y domtnnied 

hi! the vtam /Y,, whether of funetions or of classes of functions on “'1^, are 
e<Fn valent. 
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726. Propositions concerning relations and classes of functions 
on = 5p'5p". — The following propositions are for 

i=l-, 2; 12. 


‘■). (K'r. 


(1J K..%' . 9K" . 3 . (g'2R") 

^ : D : (2^ 2;'), viz., 

(2;) {K[, K';, 3 . (rar)^^. 

(2;) iK'^, K”, /g ^ 3. (airai") . {%'%") 

(2;^) {K[^, . 3. (gR'air) 

(3,) {K', ^. m'.{K'f . m" : 3 : (3^ S^), viz., 

(s;) 

(3;) (^;, IT'', IP,) ^ 3. (9jraji") ; 

(3;,) (K[,, If-;;, xy ==“. 3 . (si'an") ; 

(3") JT”'’• 


(4J The propositions (1^-6., 8., 8') of § 72a may be generalized 
by the introduction of relativity. E. g., the generaliza¬ 
tion of (6^.) is: 








The general propositions concern classes 93t' on 3)Z" 
on ^ and relations K'. on In 

view of § 72al0^j the original propositions are for the 
special case : 5(3" = i)S"^; ^ ; W = 21. 


73. Classes containing ^ •—The following theorem, 

readily deducible from preceding propositions (§64.1, 2; 
§ 72&4), embraces (for each index i=l ; 2 ; 12) three propo¬ 
sitions comparable with the propositions of § 64.3, 4, 5 and 
§ 66 cZ). JTi ^ denotes a relation K[ or jBT' or JT'g on having 
the property 1 of § 70. 



iN'ruoDucrnoN to general anai.y.sis. 


133 


Theorem. Ihe n^pcclive hi/polhcHvs: 

(1.) A';' . 'inr " . Hi" = [all ^^'Vkvb;"). 

(2.) A" ■' . '’Df ” • ''111" • /V = [all (f) . 

AV lA'i'.MJ"). A'lHj'ii,'". y/) .7A,Hr{ 

implij the sinndtifneods cofirltfsions: 

(T) 

(5.) ?f''; 

((i,,) SIJJ'. Hi". 7? 

/)! i/a: rcs/xvlirr ivf.s-i'.s' (I.; 2.; 


^■■1. siir"' 


. :3 . 'A--' ; Hi"' .Hi'"' . 


7‘1. (flosiire under exlendon anit eornpoddUni of edo^seH .— 
With to nTitions K] on A”'; on ;uul A"-, hi 

particuilar, A'*", on ''],s ^ wo havo tho following 

si lions : 


(>) 

A"' 

.Hi'""''*. 

A'"' 
' 1 

; _ /ac-.", _ 




A';. (A';, A";, a')■-. d . (Hi'Hi")"'‘‘- 


A'.:' 

. ''j)r 

, A":' 

. Hi" . 

(-) 




A'i. (A';, A":, a;)"'. d . (Hi'Hi")'^'‘'=* 



’! . Dr 

*. A’ 

. Hi" 

(12: 

1 


A"' 

. • ( r;,, A'", A',,) . 3. (Hi'Hi") 

(1') 


*. s))r 

. A";‘ 

. Hi" .O . K\"' . (Hi'Hi") 


/v'.: 

^ s))r 

■ r: 

. Hi"- =) . A"". (Hi'Hi") 


(12') A'; . Hi' . A';','-. Hi" . 3. A",".(Hi'Hi")"*. 

n(T(‘j in viovv of pnaiodinji; propositions, tho proposition 
I' is a oorollary of proposition i (/'= 1 ; 2; Ti). 

Ih'oposition I stat(\s iliat its hypothesis iinphn^s the (‘-onoliision : 

Xd' . Dr" = fall ^ . 

(Hi'Hi"Hi'")* = 
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where '\[r denotes a function on and denotes a class 

of functions on “ip'". 

Now the class ®. contains the class ® : 

(g ^ = l^all -yjr ^ 


and by preceding propositions we readily see that the class 
contains the class . 

On the other hand, we are to prove that the class 
contains the class ®.. Now we have 


where 


®^. = [all 'yjr 






for we have 


(50i'aK"a3r"),. = (9)r(dn'%x^ = 

[all = 

[all 'ijr J ^ 

in view of the hypotheses : 

g,V'"/'V'.. 9JV"/'CO^ 


and the remark that (3)r33r'% is dominated by That 

= ©• follows then from the parity of the roles of 
9 )^' and the remark : 

It remains to prove that the class ®^ contains the class ®^., or, 
that 

In view of the hypothesis of proposition this is readily 
proved for the cases i = 1 ; 2. For the case i = 12 we have 
to prove 

^ A'iwm"(m'''). A'o‘^}i'm"(W") 3 ^ Aywim"W") . Ay''m''('}}im''') 

This would be an immediate corollary of the cases i = 1; 2, 
except that in the hypothesis of proposition 12 the condition : 
(J^ 2 J ^2 y -^ 2 )^? hypothesis of proposition 2 is replaced 
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!)V tho l(‘ss (‘oiulitiou : This mine- 

lion in th(‘ hypollu‘sis in<ln<‘t‘s only a sli^'Iii coinplioation in the 
prool*. 

Th(‘ j)ropositions r and (/= 1 ; 2; 12) state that 

corlain R'(‘n(‘ra oi’sysiinns ; K. ; Di) are (dosed undcT certain 

op(‘ralions. Tluna* ar(‘ thus Ihna^ iht^onans of whicdi tlui {‘ollow- 
in<i;' is lor / 1 2. 

TriHoRlOl 1. 77n’ (/t'lias af (til : 

(71; ; AV,f; 7}i 

is (‘hfst'd iuulrr {li(' ('oiiihioj the llirve. opentiions /I, />j, ll„; 
A : A-(\ri('iisi<ni p/ e/o.v.sv.s' 7}f ; 

/> .* sinn(lf((tit'ous (uniipasiiioii aj chtsst's "'j.s (Uid rvlatious A and 
//j.- utaKipHrafian aj e/owe.v 7}i ; 

Ik,: 'i’"(‘(aapasitit))i t>J classi's 

llu' sidx/i’nas of all sj/slcuis ahftfiticd hij (he eoiiihinalionH oj 
opt'rtdioios A (did />., is (he pdiu-s of (dl si/s(enis : 

(71 ; ; AV.; ; . 

(his (ftouis IS i'lost'd under (he opera (ions yl, A2 and (heir coinhi- 
nadons; (o (his i/enus heloia/ (he sifs(nns 1~I \". 

Ueve th(‘ proper(i(‘s { A‘j..), ( d A'j.,) are prop<niies iinphu^d by 
lh(‘ oth(‘r properti(‘S oftln* resptaliv<‘ syslcans ; ei\ § 72(d I, M. 

T1h‘ theonau ol’^S l (‘oinaaaiini!; (‘oinposilion of (h‘V(*lopnuaits 
A is bastal on the pr(p)ositioii (12) of § 74. 

Similarly from §§72o7^, 72/e‘fJ we hav(^ tln‘ 

THKOUKNt n. The (/('nils of ad si/sieins : 

(71 ; f ; a; ; 7Jt 

is e/osi'd undi'r (he (‘(niddnaiions oJ (he operadons />j, ./>\ 
iplejlned aharv), and Jj, .L: 

Jj.’ extension of (d asses 7}t ta 7Ji/, ; 

A„: extension of elasses 7Ji to 7J( . 

The sidn/enus of ad sjisienis ohiained hi/ (he eomhiiadions of (he 
operadons Aj If, is (he (jenus of ad si/sieins : 

(71; A\; 

« Th(* coiabinationH are underHtood to imdude the imlividual operations. 
AVe note that is a tuanhination of A and /?i. 
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this genus is closed under the operations A, A^, A^^B^ and their 
combinations ; to this genus belong the systems I—IV. 

These theorems of closure of genera are comparable with 
theorem IV of § 55 and the theorem of § 84. 

Systems (21; 93; A: 9)3). Developments A. Relations KA- 
Classes §§75-80. 

75. Developments A of classes —A development A of a class 
5]3 of elements is a sequence {A’”| of systems A”' of subclasses 
of each system A”' consisting of a finite number, say of 
subclasses of The system A”^ is stage m of the development 
A. The sequence of positive integers is the sequence of 
the development A. 

There is no question of order but there may be repetitions 
amongst the l^ classes of stage m, and it is to provide for this 
possibility of repetition that we say system A”' instead of class A!‘\ 
With this understanding, we introduce an mdex I*': 

M 1 . o . ... 7 

of stage m, and omit the superscript m of the index when, in 
conjunction with the index m of the stage, it occurs in the 
bipartite index ml. We denote the l^^^ subclasses of stage m 
respectively by the notations : 

(Z = l, 2, 

Then stage m of the development A is the system : 

A“ = (ip”'), 

and the development A is the system : 

A = ((?'“')), 

of subclasses of the class 5p. 

Admitting the possibility of nullclasses we notice as- 
extreme instances the developments A = A° ; A°, where in 

A^ : every class is the nullclass ; 

A° : every class is the class 5]3. 
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Wv nH’all also llu‘ (U‘V{‘lo|)in(‘nts : 

A = A\ A”-s A‘‘‘, A^'^ 

of ns|)(H‘(ively, whic.h were defined in § G6 (t) 

and § (>7 o). 

A n'pr('i<('iii<(firr sifstoii : 

of’ a d(*V(‘lopnuaif A is a, sysftan of’ el(an(!nts of ‘'|s, the ele¬ 
ment l>t‘lon^in|j,‘ to th<‘ class ''j.V'*' of tlu^ d<w(‘lopinent A. The 
(‘hanent is said to rc/;msv7// lln‘ class and its elements 
It is understood howt^vtT tliat only the existent classes 
have n‘pr(‘S(mtative (dements r"'^, 

7t). lo/’/o/os* c/f^s^sc.s (It^rirrd from <( (ierrl(>j)nivnt A. — For a 
(hAndopnumt A flu' r/oss : 

[ //” | — UA"* 

is th(‘ (dass of all tdiamaits (in notation : />”') d(‘vcdop(‘d in staj>;e 
y/i, th(‘ h»ast common supendass of’the (dass(‘s of’sta|>j(^ v/i, and 
tJic rit(}is : 

[yr^l- UAh^U((s|;'"^))= U 

is tin* (dass of all (dianents (in notation : p'^) dc^vtdoped in the 
di‘V(dopm(ait, A, tin* least c‘ommon super(‘lass of’ the (dassc‘s 
of A. 

77/c cl(f$s ^|.s "* : 

1 -' "'=(/' '1 - T> 

is tin* (‘lass of all (*h*m(*nts (in notation : p "*) not (h*veloped in 
Hta<i:(‘ III, and (hr (^hinH : 

=2 U('‘|^ I ;//,, ' “ m), 

is tin* elasH of all eh‘ments (*a(‘h for sonuj sta|>^(^ 'in^^ " '///. not de- 
V(dopc‘d, tin* h*ast (‘ommon snp(‘rclass of tlu* (dass(*s ':|.s 

Js f<i UN rfnnvnt ji (hr huHrrs I af vxii^trnt rldssdH of stage 
in arr (frslgnatrd luj tht' Hotations : 




8 


E. H. MOORE. 


iording as the class contains or does not contain the ele- 
nt p. Then the class : 

the least common superclass of the classes of stage m which 
itain p, the class of all elements each of which is by stage m 
the development directly connected with the element p, in that 
jy belong to the same class of stage m. The class : 

the least common superclass of the classes = m), the 

ss of all elements each of which is by some stage = m of 
5 development directly connected with the element p, 

77. The relations derived from a development 

The corresponding properties K\. — A development A 
7 es rise to a relation and a relation on 

viz.^ the relations for which 

■^^pm • — P } -^^pipom • — • Pi ^ } 

more explicitly, 

= • {p, ^ ^ ^ 

■ = • i2h >('«o = • h = L) ^ (pr ^%, 

it is, 

iT ^ denotes an element p for some stage = m not de¬ 
op ed ; 

denotes two elements p^^ p.^ {not necessarily distinct) 
onging to the same class of some stage m^ = m. 

These relations AT^, are present simultaneously, and we 
;ak of the relation , 

These relations obviously have the properties 1, 2, 4 of §70. 
ey do not necessarily have the properties 3, 5 of § 70 ; they 
y however have either or both of these properties. 

In terms of these relations we have, in accordance 

ih the definitions of § 72, the bipartite properties : 
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i;]J) 

of {‘uiK'tions and (‘lasses of’ f’unefions on wif.h ihoir various 
dvrlvcd projx rtU's (if' j'imrfituis (iiul (if'a/' /'uncfious^ in 
particiilar, tli<‘ prop(a’{i(‘> : 

A-- A-,}; A-.- A-,',; A-,; A'-,, 

of (“lasses of fnnefions. (f d. § 72.) 

7S. ! h'vt'ldpuuiiial siisfttns T'(d)t) rcArZ/rc/o oe/o.s'.s Ilf of fin u)- 
iitnis itnd ({ (Icrtlitjmu'fif A. .- A (U'l't'lojiuu'ntol .si/,sl(')ii : 

( I ) ?(Alt I ■ " 

is a syst(nn of’ f’uin'tions (i"'’ on ''\s for \vhi<'Ji lh(‘r(“ (“xists a, repre- 
s(‘nfativ(‘sy>l(*in di flu‘<l(‘V(dopni(‘ni. A such that 

r ; D ; 7/ up i {11^ ” up . /A • ^ - 

.I)' .1(£ i)-0'; 

•I ,1 

H ,'7 .) <■ : ^ : }l .) {)ii ■ . j)) .'D . 

EV*' ■ rAfXu^,. 

h 

ll(‘r(‘ tin* indlees (/, // an‘ undersfood (o Id \ and the (^ou~ 

difions l(f, Ui ari‘ un<h‘rsf(H)d fo apply only in so f’ar as such in- 
die(“s an* availalde, that is^ for tin* various sta<ij(‘s 'ni tlu^ condition 
1 (/appli(‘s only for thost* (‘h‘nH‘nts p \vhi(“h l)(‘l(aip;to at l(‘ast one 
(“lass orsta|.!;<‘ np and tin* (“ondition I/; appli(*s oidy I’or t.hos(^ eJe- 
nn‘nls p \vhi(“!i hehnpi*; not to (*V(*j*y c*xist(*nt, (dass of sta^c vi. 
d'lnis, for (In* dev(*l(»pinent A‘' then* is only tin* <;ondition Jo,, in- 
d(‘p(‘nd(‘nt of dji, on tin* d(‘V(‘!opiu(‘ntnl syst(‘in so that, 

e. tin* sy.st(*in : c 1 ; fV'“' 0 (/ - 1 ) , is a systcau 

for (‘Very i)i for (his d(*V(*lopnn*nt. For tin* d(Aadopnuait A° 
(‘V(*ry syst«‘in is for (*v<‘ry class Df a d(*v(‘lopnu‘ntal Hyst(an 

T(llf)/ 

ddnis, tin* system rtllJ) ihmmI not a(!tna!ly d(‘p(anl on the 


class dJu Ind(‘<‘(i, a system T : 

( 1') ? r- ((c"'^)), 

sat isfy in^!: fl o ) and 

(17;) /a ,pJi^\D = 
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is a system S(2)t) as to every class 9)t. Such are the develop¬ 
mental systems S) of § 66 o) and § 67 a) for the cases I—IV, the 
condition (la) being satisfied in virtue of the relation : 

(I'a) m . 3 . E 8/^ = Z == 1. 

9 9 

AVe notice that the systems S(9Jt) are the systems S(-.49J1) 
and they are the systems 2)(2l3)t). Also, if belongs to 931 
and 937 is dominated by 31937 q, the systems ®(9Ji) are the sys¬ 
tems S)(93to). Accordingly, 937-^^ implies that the systems 
2)(937) are the systems ®(937x), and 917^ implies that the sys¬ 
tems S)(9J7) are the systems S)(937^). 

79. The 20 VO 2 Derty A of classes 997 relative to a develQ 2 )ment A. 
— By the mediation of the notion of developmental systems 
2)(997) a development A of the class ^ gives rise to an associated 
developmental property * A of classes 997 of functions on ‘ip : 

997^. = . 997 a 2)(997) a 2)(997)^«^ 

viz., a class 997 having the property A is a class 997 such that there 
exists a developmental system 2)(997) (^relative to 997 and A) which 
belongs to 997. 

AVe notice the propositions : 

(1) 997^.3.(9I99t)^; 

(2) 997 3.937/^^^; 

( 3 ) 997 ^‘^. 3 . 997 ^^\ 

80. Theorem I. If 937 is a class of functions on ‘ip having 

the dominance property T>^ and the developmental 2^'>'027erty A 
associated loith a development A of 5p, then a function (j> on ^ 
having the property is dominated by the class 31997 and 

belongs to the class 937,^, viz,, 

5P . A . 937^1^ : 3 : . D . 

Generalizing theorem I in the sense of relativity, we have 
Theorem II. ip'. A'. 997'^^^'. . 937'''^V 3 : 


*Cf. §§66rf), 67a). 
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|)n)(‘(H‘(l to Iho |)r<)(^{‘ot‘the first theorem. 

I h(‘ il(‘V(‘l(t|>nu‘nt A may he sucli that for every m there 
ages ///^, HI (‘oii.si.stiiig ('nlirely of nulhclasses. In this 
or (‘Very p and Hi tlu^ rcdation holds, and accordingly 
et that c/) has tlu^ proinaly 72) implies 

0, and heuee the desired conclusions. 

\\ c suppose tluai that tor a(Hirtain every stage m^vi^ 
>nH‘ i^xistent (‘lass(‘s^ that is, for some elements^ there are 
s ((hi § 7 (k) 

V tdass ''3Ji has th<‘ <l<‘Vi‘lopin(‘ntal property A associated 

tla^ devidopnamt A. 'Tluu’e is a developmental system 
) (((^'”^‘)) whi<*h belongs jo yjj there is a representa- 

yst(an - ((/'"“h) assoidatcnl with ®(9)1) (cf §§ 79, 78,75). 
uiH'tion </) has i!u‘ propiu'ty that is, the properties 

f, (cf. §§ 77, 72). Ihuice for certain functions 

d stages aij, ///.^, ih,^ wh hav(‘ 

A';' ^ • ^U</V, — ^ ■Af^2p^y 

m - m,.;r 

(!>• 

insider a didlnite stagt' vi (/n.9/?.,, Wg) of the develop- 
A and an idenumt p ofIf the elementis in no class 
ige HI, by (1 ) we have 

1 tin* otlicr hand, tin* (*li*in(*nt p is in a class of stage 
r (2) w<‘ have 

d ,1 *1 P^p ^^'0 + ^f^22)} 

V is a <*onstant, indepeinlent ofy), such that A(j>rmi^A.aQ 
In* various in<li<*es / t)t* existcuii classes of stage m. 

has the propelty I>, and the functions of stage m 
ig to 1H\ llen<*e for a <*(‘rtain function p and constant d 
ave 

.l/x, ■ .l-i/x; A Aiifl ] 

A ■ A a/A 


(Z — 1, * * •) Zm). 
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Then, for a constant a, such that + 1) Aa = Aa, we 

have from (3-7) for every element p 

( 8 ) 

Accordingly, ^ is dominated by the class 

?7ow, introducing for the various stages m (m = the func¬ 
tions : 

( 9 ) * 

which evidently belong to we proceed to prove that 

(10) = (5P; au), 

m 

and accordingly that ^ belongs to We are to determine a 

function y and for every e an integer such that 

(11) m ^ m, ,p.D, A{e^,^^ - </>^) ^ eAf.^^. 

The function <j> is dominated by 2l9Jt and has the properties 
Hence, for certain functions fM^, , fju^; positive 

constant a; and, for every e, integers we have: 

(12) p .'D . 

(13) 

(I'l) ^ • A(^p^ — ^Ap'2p^- 

From the properties la, b of the developmental system 
25(911) = ((S“')) (cf. § 78) we have for a certain function /u., and, 
for every e, certain integers the relations : 

( 15 ) p > 

(16) p.m^m^^.3.dL(X;S/^' —l)^e. 

ff 0 

Now, if p is an element of no class of a certain stage m 
(m = mj, we have from (9) 

h 

*In (9) the mark ' on the sign of summation is to restrict the index I 
to the indices of existent classes of stage m. 
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SO that by (13, 12, 15) 

^ • 

A{d -6) ^ /Xi^+a X) = e 


On the other hand, if p is an element of stage m (m = m^), 
it belongs to one or more classes of the classes of stage 
m. Consider the representative elements of these classes, 
denoting by 

two of these representative elements such that 

(19) (g). 

The pair of representative elements 7 \, ?*2 depends on p, m, <f>. 
There is always at least one such pair whose elements however 
are not necessarily distinct. 

Then, for this element p, separating the indices I of stage m 
appearing in (9) into the indices g^ h, we have: 

Ap - = r* +X 

+ {4>n - i) Z V'*" + h (Z - 1)' 

g 9 

so that by (19) 

( 20 ) 

<J 9 

Hence, since 

— (jb,,) = Q,„+l)-^{i>i. — 4>r)+hA[^p — 4>r^> 
we have from (12, 14, 16, 15) the relation: 

f ’’. (m S m„, m,,, m,,). => • 

(21) ^(0„,,-<^.,)^aX 

= + 2(2Z„j + "h 

*If there are no indices h (i. e., if the element j5 belongs to every class of 
stage m) this and the later summations as to h are understood to have the 
value 0. 
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Id (17, 21) the constant a and the functions /x.,, fjL^ 

are four functions of 9)t which are independent of e, m, 
307 has the dominance property ; thus there exists a function 
/X of 9)7 such that 2l/x dominates Accordingly 

from (17, 21) which hold for every e we readily exhibit for this 
function /x and every e an integer such that the required 
relation (11) holds. 

Hence, eve^^y function 4> fi'Civing the property K^^'R is 
dominated hy the class 3t9)7 and belongs to the'class 997^, in 
case the class 997 has the dominance property and the devel¬ 
opmental property A associated with a development A of the 
class with which is associated also the relation K% under¬ 
lying the property of the function 

Theorem I has been proved. The proof of the more gen¬ 
eral theorem II follows precisely the lines of the proof of 
theorem I. We note merely that the representative elements 
^2 corresponding to the representative elements of 

(18), depend not only on 'p but on p \ a fact however which 
does not interfere with the argumentation since they do not 
appear in the relation corresponding to (21). 

Glasses § contained in (997'997'%. Classes 997 ^oith the 

§§81-82. 

81. Classes ^ contained in (9)7'997'%. — As a corollary of the 
second theorem of § 80 we have the 

Theorem. The hypothesis: 

. A'. . % = [all , 

im 2 ylies the conclusion: 

This theorem is essentially a generalization of the theorems 
of §§ 65.8, 66.27 ; cf. § 67 c). 

82. Classes 997 with the property . — From the theorem 
of § 81 and the theorems (2^^, S^g) of § 73 we have 

Theorem I. From 

( 1 ) 
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vs fhdf 

. DJ" . A = 1 all <l> 




f furlI k'v 
iVS fluff 




A- 

</) A-,'.f. 3 . 

1, H) implies ((!) lias heeii proved in § HO. Denoting for 
2 A",:'' (In- <d:isses a "f 1? 7H.2,,,, H,, hy 'a., 'Aj respectively, 
the hypotheses 1, { T), 2 on A', 'lir, ''^1”, yji” wc obtain 
■'), (.‘i', (! ) hy ol)serving thal^ h}' § HI contain.s ^ 

1)V {!)) is A., which {eontiiins A';i which) contains . 

corollaries of theorem 1 we have hy § 72«10, 11 the 

houkm II. Frum. 

. A . Di 

(UVS fluff 

"111 




HI. Frofil 

A . 

uivs fluff 

m - . 2h' - I all cf> ]. (/.‘.'IJi ~ 

u‘si‘ theorems are (hSH(*iitially gttiieralizaiions ol the theorems 
* S IH> ; <‘.L § (m e). 
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Composition of developments A. Composition theory of classes 
with the 2 yroperties §§ 83-84. 

83. Composition of developments A. —Relative to a develop¬ 
ment A of a class ^ of elements we have defined the relations 
JCf (i = 1, 2, 12) on representative systems dl^; develop¬ 
mental systems ®(3)1); the developmental property A of classes 
3K. We postpone the consideration of interrelations of devel¬ 
opments of a class of elements. 

Consider two developments : 

A" ^((r 

with corresponding sequences : 

iU-, {C}> 

of the respective classes: 

r- 

By the composition * for every stage m of the T classes of stage 
771 of A' with the T classes of stage 7n of A" we secure the 

I =vr 

m m m 

classes of stage m of a development A, in notation : 

A'A"or A'", 

of the class: 

the composite development A!A' = A'" of the developments A'^ A". 
For notation it is convenient to use as index or I of stage m 
the double-index T"' I "or I' V, Then 

A'A" = A'" = ((^’^*0) = 

where 

L^u: 

Similarly, from two representative systems : 

*In the sense of J 51. It is understood that the composite of two classes 
is non-existent if either component is non-existent. 
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A" r{\s|)t‘rtiv(4y wo obtain a coinpot^ife : 

))r' = ({/’"')) = ((>*"''' 0 )^ 


wlH‘r<‘ 

in fact, a r(‘|>r(‘S(*ntativ(‘ system of the (composite dovelopinent 
A'A" == A'", tlH‘ roNipoHifr rrp)rsenf>at,ive spsteni ~ ))t"' of 
(Ih^ n‘pr(‘S(‘ntativ(‘ systcans 

Similarly, tVom two dcvt^lopnumial systems: 

V.l'f') ((S' ’“'')); 3)" = = {{ 8 "”“")), 

relativ(‘ to (A', Ih''), (A'", llj'') r(^spcct.iv(4y wo obtain by multi¬ 
plication a couijxhsift' ,s‘//.s'/cc/ : 

{(S^'O) - ((S'""''")), 


win‘ 1*0 

(m/r), 

in fa<‘t, a dov(‘lopnnmial systian : 

as to (A'A"', DiAVr*), the eoynpoaift'. developvmyftd Hpdem 
= T^"'of‘ih(‘ dcnT^lopunadal gysbans 3)', S". 

W(‘ naidily obtain tln^ propositions: 

,,jj, A' _ A" _ ^ ; 

i){' . iti" ")^ ", 

wb(‘r(* the prop<*rtios: A'; A'"; A'" ol‘classes of fun(‘.iions on 
class(‘s : ; ''|.s == of (‘banonts ar(^ the developincaital 

propea*ii(NS assocaatcal with d(‘V(‘Iopm(mts : A'; A''; A'~ A'A'% 
of th<‘ r(‘sp(*(diV(i <’lass(*s of <‘l(an<aits- 

An (‘kaneni /> <»f has tln^ notation ;///. .B(‘aring 

ill mind the notations of §§ 7(), 77 an<l (kaioting by A"-; A"''; A7 
the relations on ‘'|.f; r(\sp(‘c.tiv(‘ly dot(a*minodl>yA'; A"; 


* It in to be noticed that, as to (aanpoHition of relations Ki (cf. J 71), 


Kf 


for i I, but not neccsaiirily for i 2, 12, since the relation 3 of 2 71 does not 
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A'A'" = we see that 

{PP) *P ^ {PP) P ; 

aad that the relations: -ST-; satisfy the conditions: 

1; 2; 4; 5 of §71. 

84. Closure under extension and eomposition of classes, — By 
collating preceding propositions, we obtain the following 
theorem of closure comparable with the theorems I, II of § 74 
and theorem IV of § 55. 

Theorem. The respective genera of all systems: 

(3t;g5;A;a}iO, 

where 

P^DKt,- DA; DJrf,A(D'f,.^); 

•are closed under the three operations A, (7^, C^: 

A : ^-extension of classes 3)1; 

C: simultaneous composition of classes ^ and develop)ments A 
and 

: multiplication of classes 3)1: 

C^: ^-composition of classes 3)1, 
and the combinations * of these operations. 

The respective subgenera of all systems obtained by operations 
Ay and their combinations are f the respective genera of all sys¬ 
tems : 

(1; A; 

where 

LCD/^-, LCD{A)KtA{^^»y, 

LCD{AK^,)Kt,.^. 

These genera are closed under the operations A, and their com¬ 
binations ; to these genera belong the systems I—IV. 

* The operation is a combination of the operations A, (Ji. The closure 
of the genera under A, Ci is in view of the propositions : 

ad M ; § 79.3 ; § 72a7i2, § 79.3 ; ?72al2i2, 

ad Cl: § 7263 i 2 ; § 83 ; § 7263,2, ? 83 ; ? 74.12. 
fin view of I Mai. 
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Here the properties: 




AITf,, 


appearing in parentheses in the specification of various com¬ 
posite properties JP, are implied, in view of the propositions: 
§ 82 II; § 72al lj 2 ; § 82 II, III; § 72al4j2, by the other con¬ 
stituent properties of the respective composite properties. 


In this introductory memoir we have considered in particular 
the following eight fundamental properties : 

i; C-, D; A; K,; JC; A; 

of classes 9)t of functions on ranges ^. The first four 
properties are of general reference; the last four properties 
are with reference to a general development A of the range . 

In §§ 46-48 we developed the complete existential theory 
of the first four properties, proving their complete indepen¬ 
dence and securing functional characterizations of ^ singular; 
singular or dual; finite. We have found (§ 82 II) that a 
class 2Jc having the properties i, C, D, A has the 

properties A, In his Chicago dissertation of 1010 

Mr. A. D. Pitcher is developing the complete existential 
theory of the eight properties, securing characterizations of 
ranges 5p, developments A, and classes 2)^. 
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List of logical signs loith interpretations. 


D . 


. D . 


D 


a- 

9 


• * > * * ; 


[ ] 

[all ] 
U[^] 

n[^] 


logical identity 

logical diversity 

definitional identity 

(for every ..) it is true that 

( ) implies ( ) 

if ( ), then ( ) 

( ) is implied by ( ) 

( ) is equivalent to ( ) 

( ) implies and is implied by ( ) 
implies; is implied by ; is equivalent to 
(as relations of properties) 
there exists a (system; class; element; 
etc.) 

such that; where 
and 

signs of punctuation in connection with 
signs of implication, etc.; the principal 
implication of a sentence has its sign 
accompanied with the largest number 
of punctuation dots 
or 
not 

a class of (elements; functions ; etc.) 
the class consisting of all (elements ; func¬ 
tions ; etc., having a specified property 
or satisfying a specified condition) 
the least common superclass of the classes 
^ of the class [ ^ ] of classes 
the greatest common subclass of the classes 
“ip of the class [^] of classes 


These signs, with the exception of 4 =; = ; taken 

from and are used approximately in the sense of G. Peano’s 
Formulario Mathematico, editio fascicule I, 1906. 
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BY 

E. J. WILCZYNSKI. 

First Lecture. 

The groii]) concept, which has become so fundamental in the 
whole domain of mathematics, furnishes the most convenient 
basis for the classification of the various kinds of geometry 
which have arisen. Tlie geometry of the ancients and its 
modern developments arc characterized by the fact that the 
properties which they discuss are unaltered by any motion in 
space. These are the so-called metric ])ro})ertics, such as the 
length of a line, the magnitude of an angle, etc. Projective 
geometry is based upon a larger group of transformations, 
which does not leave lengths and angles unchanged, but which 
does convert every ])lane into a plane. I intend to confine my 
attention to the (onsideration of these two kinds of geometry, 
although there is at least one other, that of the birational trans¬ 
formations, which is of the utmost importance, and to which 
the following remarks may also be applied. 

The classification of gcjometries according to tluiir fundamental 
groups is not the only one which is possible. There are certain 
properties, l(‘t us sp(‘ak for example of plane curves, which de¬ 
pend meixdy upon the fact that certain conditions of continuity 
are fulfilled, that derivatives of a certain order exist, etc. Such 
are, for example, the |)rop(a'ties of the tangent, the osculating 
circle, etc,. These properti(‘s, which, since the invention of the 
calculus, have been studiiid by the m(‘,thods which it affords, are 
known as differential or infinitesimal |)roperties. The infini¬ 
tesimal properties of a ciurve do not depend upon the course of 
a curve as a whole, but merely upon its nature in the immediate 
vicinity of one of its points. On the other hand a curve may 
be considered as a whole, as for example, when it is re(|uired to 
find the total number of points in which it intersects a straight 
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line. Let us, for the sake of convenience, speak of such ques¬ 
tions as belonging to the realm of integral geometry. We ob¬ 
tain in this way, with our two fundamental groups, four kinds 
of geometry: dijfferential and integral projective, and differential 
and integral metrical geometry. Of these only two have been 
systematically developed, viz.: integral projective and differ¬ 
ential metrical geometry. In the nature of things differential 
geometry is more easily accessible than integral geometry. For, 
the relation between the two is precisely that of the differential 
to the integral calculus. From the properties of differential 
geometry those of integral geometry may be obtained by inte¬ 
gration, a process which requires the invention of special 
methods for every particular case. If, therefore, we can speak 
of an integral projective geometry as existing it is nevertheless 
only in a very special sense. In fact, the configurations of pro¬ 
jective geometry have in almost all cases, been assumed to be 
algebraic, a restriction which amounts to an a priori integration. 
Leaving the algebraic cases aside, it is clear, therefore, that 
integral geometry, taken in the general sense, must be preceded 
by differential geometry. The metric half of this latter subject 
has been occupying the attention of mathematicians since the 
days of Monge and Gauss, and, in the hands of their successors, 
has reached a high degree of perfection. But the same cannot 
be said for projective differential geometry, which is the subject 
of these lectures. Of course we find, in the papers devoted to 
metrical differential geometry, also some results which are of a 
projective character. A systematic treatment, however, of ques¬ 
tions of projective differential geometry has been given so far 
only for curves and ruled surfaces. In this first lecture I shall 
give a brief account of the theory of curves from this point of 
view, confining myself to generalities. In the remaining three 
lectures I shall treat, somewhat more in detail, the theory of 
ruled surfaces, both on account of the greater novelty and the 
greater interest of this latter theory. 

Consider a homogeneous linear differential equation of the 
nth order 
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( 1 ) 2/00 

where 

( 2 ) 


+ (i +■■■ +p,p = 

(n{n — l)(n — 2) • • • {n — /c + 1) 

1,/.;= k\ 


0, 


represents the coefficient of in the expansion of (1 + and 
where 


y 


“ dx^’ 


while pp • • are functions of x. The transformation 
( 3 ) y == 

where X(;r) is an arbitrary function of x, transforms (1) into 
another e(|nation of the same form. A function of the 
coefficients and of their derivatives^ which has the same value 
for (1) as for any e(|uation obtained from it by a transforma¬ 
tion of form (d), shall be (billed a mnhivanant. If such an 
invariant function contains not mercily the coefficients but also 
?/; V: • ‘ it shall be (tailed a finni’-coaarianL It is not 

difficult to show that all seminvariants are functions of the 
following — 1, and of their derivatives : 



the hrst two of which are, explicitly, 

(5) J>., = p.^ - p- - p\, = p., - 3p,p, + 2p'J - p['. 

Then^ are — 1 iiuh^pendent semi-covariants, besides y itself,, 
viz.: 

(<0 ;'4 = 2/"''' + ( 1) + (2 ) + • • • + 

(/c l, 2, •• •, 71 - 1). 

These semi-covariants are (iharacterized by the property that if 
y be transformed by a transformation of form (l\), and if the 
corresponding functions for the transfornujd ecjuation be denoted 
by the relation between and y^^ is given by the e(piation. 

y,c = 
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which corresponds to (3), so that 2 / 1 / 2 /? 2 / 2 / 2 /? * ‘ *? Vn-ilv are 
absolute semi-covariants. 

An arbitrary transformation of the independent variable 

0 ) ^ 

converts ( 1 ) into a linear differential equation of the same form. 
Lie and Stackel have shown that the combination of (3) and 
(7) constitutes the most general point transformation which does 
not change the form or order of the equation. Such combinations 
of seminvariants and semi-covariants which are left invariant 
by the transformation (7) are known as invariants and covariants 
respectively. For instance ^3 = P 3 — IP' is an invariant. 

Let be the elements of a fundamental system of 

solutions of equation ( 1 ). This equation, being integrated, 
Pi? • will be known as functions of x. Interpret p^ * • p,^ 
as the homogeneous coordinates of a point P^ in a space of 
n — 1 dimensions. As x changes, will describe a curve (7^, 
an integral-curve of the differential equation. The equation, 
however, has an infinity of such integral-curves. For, the n 
functions 

n 

(* = 1 , 2 , •••,«), 

1=1 

where the determinant of the constants is different from 
zero, will also constitute a fundamental system of ( 1 ); and any 
fundamental system of ( 1 ) may thus be expressed in terms of 
any other. The properties of the curve which are expressed 
by the coefficients of ( 1 ), are not, therefore, characteristic of 
any particular integral-curve ; they are common to them all. 
Since the transition from one integral-curve to another is made 
by means of the most general projective transformation of the 
space considered, these properties are, therefore, common to a 
curve and all of its projective transformations ; they are projec¬ 
tive properties. 

But the representation 

(fc = l, 2, 

for a curve of a space of — 1 dimensions contains two 
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arbitniry (uon-essciitial) elements. In the fii'st place, since the 
coordinates are homogeneous, only tlie ratios Pi : !).> : * * * * 
have a geometrical significance. These ratios are not changed 
by the transformation (3), i. c., y = X(x)rj, In the second 
place, the independent variable may be arbitrarily transformed 
without changing the curve. In other words, the integral- 
curve of (1) is not changed by the combination of the trans¬ 
formations (3) and (7); these transformations only alter the 
form of its analytical representation. If it be required, there¬ 
fore, to characterize analytically a geometrical })ropcrty of the 
curve in a manner which shall be independent of any 
special represcaitation, it becomes necessary to investigate the 
riUHU'ianfs of equation (1). Any projective property of the curve 
wilt t)e e.r/>re,^.^e(l by an invariant e<juation or ,^ydem of e(pudion.^y 
and any invariant equation or r,ydem of equations will be iheade- 
qu(de an((lytic(d e.v})re,^,^ion of projective <f Ihe 

curve. 

For n ~ 3 and 7i = 4 we obtain in this way a theory of 
j)lan(‘ and space curves, wliic-h contains a great deal of inierest- 
iug detail which time will not jxu-mit us to expound. The geo¬ 
metrical interpretation of the semi-covariants is essential for 
this theory. Imudentally it may be nuMitioiKHl thai- then' is 
obtained an adexjuate geonudrical interpretation for the reduc¬ 
tion of ('(juation (1) to the K()RSYa'n-LA(;uEiU{,E canonical form, 
which is charact(a’iz(xl by th('. conditions that the (‘.oenicients of 
tlu^ n — 1th and n — 2th (hu’ivatives are ('(pia,l to zero, a reduc¬ 
tion which may always be a.ccom})lish(‘d in an iniinity of ways 
by transformations of the form (3) and (7). 

IIalphen’s investigations on the dinerential invariants of 
plane and s])ace curves an^ g(X)m(‘trically id<'ntical with the 
theory which has just been outlined. Jf we confine ourself to 
the case of plane curves, the analytical relation between the 
two tlutories may be descril)ed as follows : Consider the linear 
diflerential eejuation oi‘the third order 
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and let y.,, y,^ be the eleuuMits (){‘a liuuIanuMdal systiMu. In¬ 
troduce non-liomogeneoiis coordinates by }uittin<»; 

Hi !/\ 

and clioosc x as independent variable^ so that 

y =./■(■'•) 

will be the ecjiiation ol* the plane e.nrv(‘. The invariants will 
becorae functions of y, y\ y\ etc., and tlH‘S(‘ ar(‘ the dilfenaitial 
invariants of Halphkn. It. is (‘asy, tlunad’orc^, to d(n*iv(^ 
irAianiEN’s differential invariants from th(‘ invariants of' tlu^ 
differential expiation. IIaIjPHEN how<‘V(‘r obtains tlH‘m in a 
different way. starts with tlu^ (‘(piation y— /’(.r) of' the? 

curvCj and determines functions of y, (lyjdx, (Fjfjd.r^ etc.., 
which are l(^^t invariant wIhmi x and y ar(‘ subj(‘<*ted to the 
most |i;eneral pro'paTive transformation 

« ____ 4" <(df ^ 4 

~ (•„ + r,.): + (•„;(/ ’ r,.c -j- r.,i/' 

This unsymmetri(^al and nnhomo^'tnu^ous formulation of' the 
j)rol)lem is manifestly a disadvantajj^tt. It is <‘asy <mon<rh to 
obtain the unhomog(nu‘ous form wlnm th(‘ homo|;*(m(‘ous is 
knowti, but the invau'se proe,(^ss is far monMliffieult, If, at tlui 
time of IIalphion’s first r(\s(‘ar<T(*s, lu^ had Ix^m awan^ of tlui 
connection betw(‘en his diffenmtial invariants and tin* invariants 
of linear diffenmtial (ujuations, h(i would probably hav(‘ put 
tluan into the hornogeiuious form. As In* did not noti<x» tliis 
connection until later, when liis point of vit‘W had be(*ome ana¬ 
lytical rather than geonH‘tri(‘.al, it was htft to th(‘ hs'tunn* to 
recast these researches into tlu^ more ad(M|uat(‘ and (*I(‘gant f'orm. 
ft should be mentiom^d mon^over that, for this purpose*, the 
geometrical theory of the s(nni-(;ovariants is essential and 
Halphen does not seem to pay any attention to tlu‘m. Moni- 
over, for the theory of spa(H^ (airves, a g<meral proj(‘cti\a‘ theory 
of ruled surfaces is a pr(‘r(*<juisit(‘, a tlu'ory not them in exist¬ 
ence. These remarks will suffici* to (‘xplain tin* r(‘lations Ix*- 
tween H alphen and myself in the (‘onstnu'tion of this theory. 
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Second Lecture. 


Tho iliGory of ruled surfaces is based upon the consideration 
of a system of diflenintial equations of'tlie form 

y" + VuV + Pi-r + + <Jvf = 0 , 

Z + yq,7/ + yq/j + 7 ,^ 7 / + = 0, 

whicdi shall l)e spoken of as ihv, .^i/stcm (^ 1 ), for the sake of 
hr(‘vity. In connection with this system of equations, consider 
the iulinite ^rou]) of transformations 

^{■>')y + ? = y('<-)y + ^ =/(- 0 > 

aS — /3y 4 = 0 , 


wh(‘re ot, /i, 7 , 8 and / are, arbitrary fum^tions of .r. The trans- 
Ibrmations oi‘ this group transibrm (/I) into another system of 
tlu^ sam(‘ kind. Tlu' problem presents itself: to find the invari¬ 
ants and (invariants of tlui sysbnn (/I) under the transformations 
of th(i group (/. 

\V(i divid(‘ tlui probhmi of* finding tluise invariant fuiuitions 
into two parts, by (ionsidering first a sub-group of f/, namely 
that one in which only thedepemhmt variables are transfonmid, 
\vhil(‘ th(.i indep(ind(int variabhi .r is l(‘f't unaltercid. The corni- 
sponding invariant f'uiKitions shall Ixi (ialled and 

sei)u-r()r<(ri(itifs. Th(‘S(i having IxHiU (hitermiiuid, it remains to 
find su(ih (iombinations of* thenn as nanain uiuilianged wluai the 
ind(ip(md(int variabhi too is tj’ansf'ornuid in a,n arbitrary fashion. 

Idle s(aninvariants ani obtaiiux! as follows. Ihii 


7/j, 2y7j, •— 'b/j, +yq, + 

^ j ^ "'ll! = - ■•7,2 + Pi-XPn + i'y> 

“ -‘Vai + P -<1 Pn + 

'"'22 = ‘•^/4 — -‘722 -I- v"22 + PnlP■>^ ; 

llicn 

{'!) I = 4- .1 = 22 — 

are seminvariants, i. e., have the same value for systian (A) as 

for any system obtaiiuid f*rom it by a transformation of the form 

V = «(.(:)'/ + ? = 7(:«)?/ + ^(-'0“) 
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where ix, • • • S are arbitrary functions of x. Put further 
^11 “ 4 * Pi^2l ^ 21 ^^ 12 ? 

“^12 ~ ^^^12 "b (Pll ^22)^12 Pl2('^ll "^22)^ 

^21 = - (Pn ~P22)^^21 +P 21 K 1 ^^ 22 )? 

^22 ” ^^^22 Pi 2^^21 "f ^ 21^12 i 

and form a third set of four quantities from the 

quantities v.^ and p.j^ in tbe same way as the quantities are 
formed from and Then 

(4) E = ”■ ^12^2P ^ = ^11^22 “ ^^2^^2l 

are two further seminvariants, and all seminvariants are func¬ 
tions of Z J, E, L and of the derivatives of these quantities. 

The invariants are functions of the seminvariants. Those 
which are fundamental are : 


4j; 0,, = 80X “ mr + 

( 0 ) + 

^9=^> 

where 

( 6 ) 


w,. 


Wo. 


the expression of which in terms of f J, E, L is not rational. 
All other invariants ma>y be expressed as functions of these four 
and of certain others obtained from them by a certain process 
which involves differentiation. The index, in the above notation^ 
indicates the weight of the invariant, except in the case of 6^^ 
which is of weight ten. If 6^^^ denotes the result of the general 
transformation of the group G upon an invariant 6^^ of weight 
we have 


(7) 



The fundamental covariants may be obtained as follows. 
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Put 


( 8 ) p=:2y' + + p^^, <y=2z + p^^y + p^,z ; 

then 


(9) 0, = P=zp-y<y 

is a covariant of weight one. Put further 


( 10 ) 


C = + (Ml, - u^^)yz, 

E = Vj/ - + (Mil — M22)y!«- 


Then 

( 11 ) c ,^ c , c ,^ e , E - e[c 

are two further covariants. Put finally 


( 12 ) 

then 

( 13 ) 


a = 2(itjj — u^p + + K«u — %i)y H- «i2*; 

/3 = Au^p — 2(Wij — u^^a- + v^{y - i(M,i — ■, 

O3 = ari — ^y 


is a fourth covariant. All of these covariants are quadratic 
their weight is indicated by their index. All other covariants 
may be expressed in terms of these four and of invariants. 

'We proceed to consider the solutions of a system of form 
(A). Let the functions and (j.^^ be analytic in the vicinity 
of a: = Then, there will exist two functions y and 25 , ana¬ 
lytic in the vicinity of x = which satisfy the differential 
equations, and which, together with their first derivatives^ 
assume arbitrarily prescribed values for x = Such a system 
of two functions, involving four arbitrary constants, shall be 
said to constitute a system of general solutions of system (A)* 
Now let (y., for (i = 1, 2, 3, 4) be any four systems of 
solutions of (A). Then, denoting by Cj, c^, % four arbitrary 
constants, 

4 4 

( 14 ) y = 2 = 

1 = 1 't = l 


will also form a simultaneous system of solutions, 
from (14) and 


( 15 ) 


y=H Cjy ■, 

i = l 



i=l 


Moreover,, 
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the constants • • • C 4 can be determined in such a way as to give 
arbitrary constant values to y, z, y\ z for x = x^, provided that 
the determinant 

Vi vi yl 

/ / f / 

^2 ^3 ^4 

Vl ^2 2/3 2/4 

^1 ^2 ^3 h 

does not vanish for x = x^. If, therefore, D is not identically 
zero, we can express a general system of solutions in terms of 
yv Vi ’ "y ^4 means of (14). We shall, there¬ 

fore, speak of four pairs of solutions (y., 0 .), for which the de¬ 
terminant D does not vanish, as 2 i fundamental system of simul¬ 
taneous solutions. 

We may express the condition D ^ 0 m another way. If 
jD = 0 it is possible to find four functions X, ja, v, p of x, so 
that the four equations 

(17) Xy^^ -f fiy'^ + = 0 {k = l, 2 , 3 , )4 

may be verified. If ( 3 /^, Zj^ form a fundamental system of solu¬ 
tions, it must therefore be impossible to find functions X, p-, z^, p 
so as to satisfy (17). 

It may be shown, without any difficulty, that conversely any 
four pairs of functions {y^^, z^^ determine uniquely a system of 
form (^A), of which they are a fundamental system of solutions, 
provided that their determinant D does not vanish identically, 
i. e., provided that they do not satisfy a system of equations of 
the form (17). 

We are now prepared to see what all this has to do with the 
theory of ruled surfaces. Let us interpret ( 3 /^, • • •, yj and 
(z^, • • •, as the homogeneous coordinates of two points 
and P^ of space. As x changes, P^ and describe two curves 

and the points of these curves, moreover, are put into 
a definite correspondence with one another, those being cor¬ 
responding points which belong to the same value of x. Con¬ 
struct the tangents of these two curves at corresponding points. 


( 16 ) D = 
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111 genenil they will not intersect; they will, if, and only if, 
the determinant I) is equal to zero. In order, then, that the 
carves and maij he the integral curves of a system of form 
(^•1), it is necessary and sufficient tiuit the tangents of the two 
curves, constructed, at corresponding 2 ')olnts, shall not intersecL 

floin the points jP^ and by a straight line The locus 
of these lines is a ruled surface S, the integrating ruled surface 
oi‘system (^1). The transformation 

V = ^ = ry{x)y + S(x)z, aS — /37 4= 0, 

which is contained in the group O, transforms the points P^ 
and P^ into two other points P^^ and P^ of the line Since 
the functions a, • • •, S are arbitrary, it is possible in this way 
to convert the curves and into any other two curves upon 
the integrating ruled surface jS. The correspondence of the 
points P^ and remains such that the line joining correspond¬ 
ing ])oiiits is a generator of the ruled surface 

A transformation of the form 

where f(x) is an arbitrary limetion, changes the parametric 
r(ipr(‘sentation of the curves in the most geiuu’al way, without 
alt(U*ing either the curves tlu'mselves or their point to point 
corresi>()ndence. The transformations of the group 0, there¬ 
fore, leave the ruled surface H invariant. 

The ruled surfac‘-e ht, however, is not uni(pie. For, on 
account of th(‘ fa(‘<t tliat (/I) is a system of linear homogeneous 
equations, it is (wident that any projective transformation of 
will be an integrating ruled surtace of the system. Ijct us 
S})eak of two systxuns of form (A.) as equivalent if they can be 
transformed into each otlnu' by a transformation of the group G. 
Then we may make the following statement: 

If tiro systems of dijferentiid. equations of form (A) 
equJvident, their mtegrathig ruled surfaces are projective trans- 
formations of each other. Moreover, if the fundamental systmm 
of solutions he properly selected, the ruled surfaces coincide. 
Conversely, if the ruled surfaces of two such systems coincide, 
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the systems are equivalent The integrating ruled surface of a 
system of form (J.) is never a developable. 

It is easy to show that any non-developable ruled surface 
may be defined by a system of form (J.). The general theory 
of such systems of differential equations is, therefore, equivalent 
to the general theory of ruled surfaces. 

Any equation or system of equations between p.j^, q.^^, pij., etc., 
tvhich remains invariant for all transformations of the group G, 
expresses a pt^ojecUve property of the integrating ruled surface. 
For, such equations remain unchanged whatever may be the 
two curves (7^ and upon S which are taken as fundamental 
curves, and whatever may be the independent variable. They 
express, therefore, properties of the surface itself, independent 
of any special method of representation. These properties are 
projective because the coefficients of (JL) are left invariant 
by any projective transformation. Conversely, any projective 
property of a ruled surface can be expressed by an invariant 
equation, or system of equations. 

It remains to introduce the principle of duality. At cor¬ 
responding points and P^ of the two fundamental curves 
and (7^, let us construct the planes and p^ which are tangent 
to the ruled surface S, They will intersect along the straight 
line which joins P^ and P^. The four pairs of coordinates, 
determining these planes and p^, will form a simultaneous 
fundamental system of solutions for a new system of differential 
equations, which shall be called the adjoint of (A), This 
system may be written as follows : 

(loj 

P 2 I + P 22 + (?21 + 2%}) [?22+ iOS2“"^ll)] 

The invariants of even weight are identical for (18) and for 
(A), while those of odd weight differ in sign only. 

Systems (A) and (18) are identical if 

(19) u^^ == ^2, = u,, - U 22 = 0. 

From the relations between the solutions of the two systems it 
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follows that, in this case, the ruled surface is a quadric. TIi 
co)i(lifiovs (19) are, therefore, characterirtic of such si/ste}iis (A 
whose integratimj ruled surfaces are (juadrics. Such si/ste'm 
coincide with their adjoints. 

A iiirther result of fundamental importance, which is 
sinqde consequence of the relations between the solutions c 
a system of* form (A) and of its adjoint, is the following. 

If, in o. sifsteni of form. (A), = 0, its hdegrcd eurvi 

are ((sj/mptofic li)ies on its integrating ruled, surface. 

From this result may be deduced the theorem of Paxi 
Serret : The douhle-ndio of the four points, in which a. movin 
generator Intersects four Ji,red asijmptotic curves of a> ruled surftCi 
is CO )islant. 

The system (/I) being given, its invariants may, of coiirs< 
be computed. Jhit, with a certain restriction, the converse i 
also true. Upon this fact is based the proof of‘ the fbllowin 
theorem which, from our point of view, is the fundamenti 
theorem of* the theory of'rulcMl surf*a(^es. 

If j, and are given, as arbitrary functions of : 

provided hoivever that 6^ and are not idoitieally e(jual to zen 
they determine a ruled surface uidupiely except J’or projective train 
formations. 

We shall not stop to dcHluee furflnn* consiujiunuus from th 
theorcjn. It may b(‘ noted, howev(‘r, that it (umresponds i 
th(i fiinda,mental th(M)rem of the metrical theory of* surfacj 
whi(‘.h states that the two fundanumtal quadratic*- forms sullu 
to determine a surface exc(;pt f‘or its position in spacae 

Third Lecture. 

Important new ideas are suggested by the problem of ])rovi( 
ing a suitable* geometrical interpretation for the covariants an 
semi-covariants. Let us begin with the covariant 

/> ^ 

p = W + pnH + Vvh + p.ni + Vi't- 


( 1 ) 

wliere 

( 2 ) 
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If we substitute y = z ^ Zj^ {h=l, 2, 3, 4) into these 
expressions^ the two sets of four quantities and may again 
be interpreted as the homogeneous coordinates of two points 
Pp and P^. It is at once apparent that P^ and P^ will be 
points of the planes tangent to the ruled surface S at and P, 
respectively. But we may describe the position of these points 
more completely. 

In the first place it maj^ be shown, that, if P^ and P^ are 
converted into two other points Py and Pz of the line by 
the equations 

y = + /3i, a = + Si, 

then Pp and P^ are transformed cogrediently into P- and P-, 
where 

p == ap 4- /3a, a = 7p + ha, 

i. e., into two points of the line which joins P^ to P^. 
We find, therefore, a line P^P^ which has a definite point-to- 
point correspondence with the line PyP„, the generator of S, 

This point-to-point correspondence is a very simple one. 
Suppose that the system (A) has been reduced to such a form 
that 2^12 ~ P 21 = curves Cy and are asymptotic 

curves on S, Equations (2) show that P^ and P^ will then be 
points upon the tangents of th.ese curves. Let us speak of the 
tangents to the asymptotic curves of S as its asymptotic tcmgents. 
The totality of these lines along a given generator g of a ruled 
surface constitutes a set of generators of a hyperboloid H, the 
osculating hyjoerboloid of S along g. This hyperboloid may also 
be defined as passing through g and two other generators of 8 
infinitesimally close to it. The generators of PL which belong 
to the same set as g or may be called generators of the first 
kind. The asymptotic tangents of 8 along g will then consti¬ 
tute the second set of generators of JT. We may now say that 
the line is a generator of the first hind upon the hyperboloid 
H which osculates S along The correspondence between the 

points of Ly^ and is such that the lines which join corres 2 )ond- 
ing points are the generators of the second kind on the osculating 
hyperboloid. 
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It is tlie totality of the generators of the first set upon 
rather than a particular one, which is of importance in this 
connection. In fact, if the independent variable be changed 
by ])utting 

p and a are converted into 

(3) p = ^, (^ + r;,/), 5^ = ^, (o- + 7iz), 

where 

( 3.0 ., = 1 '. 

The factor 1 is of no importance, siiu^) w(i arc concerned 
only with the ratios p^ ' p.y‘ • Pp By elioosing ?; conven¬ 

iently as a function of .r, we may clearly make L~~ coincide with 
any generator of the first kind on Jf excc})ting only g itself*. 

As X changes, the line describes a rul(‘d suri*ace S'. The 
generators of this snrfiice belong to the (congruence V, which is 
f‘ormed by tluc generators of* the first kind on the single infinity 
of hyperboloids whi(‘li oscnilate S. Tlucre is oiuc generator of 
S' upon each of these hyjKcrboloids. (^hmly, by an appropriate 
choi(ce of the inde})endent variable, the surface S' may be made 
to (coincide with any ruhed surface of the (congnuciuce F whicch 
has one of its geiuu'ators on eacch of the os(culating hyperl)oloids. 
We, therefonc, sp(cak of* S' as being the derimdive of S with re- 
to X. ''Fhe derivative ruled surfiuce may s(‘rve as an image 
of the independeent variabhe. This image chang(cs, in general, 
whenever the independent variable is transf*orm(‘(L It does not 
(ihang(c, how(cver, when x is mad(c to umhu’go a liiu'ar transfor¬ 
mation 

I = ax + 6, 

since siuch a transformation does not change the value of 7j as 
defined by (.‘hi). A liiu^ar transformation of tluc independent 
variable is, therefonc, without any g(cometri(cal signifucaiuce. 

We leave the covariant P and the congruencce F which it 
defines, in order to return to it a little later. The (iovariant 

(4) O = z' - ■».„ I/' + (m„ - yz 
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may be decomposed into two factors linear and homogeneous in 
y and It defines, therefore, two points on every generator 
of the ruled surface /S. If the locus of these points be chosen 
as fundamental curves, the corresponding system (A) is charac¬ 
terized by the conditions = 0 . Geometrically these 

two curves are characterized as follows. Four lines in space 
have two real, imaginary or coincident straight line intersectors. 
Consider a fixed generator g, and three other generators g^, g^y 
g^j of the ruled surface Sy together with their two intersectors. 
Let the generators g^, g^, g^ approach g as a limit. The inter¬ 
sectors of g, g^y g.,y g^ will, in general, approach limits f and/", 
which will determine two points upon g. We may say briefly 
that these are the points of g at which tangents to 8 may be 
constructed which have four consecutive points in common with 
the surface. Following a nomenclature due to Cayley, we shall 
call these points the flecnodes of g. The four-point-tangents 
shall be called the flecnode tangents; the locus of the flecnodes 
on S is its flecnode curve and the locus of the flecnode tangents, 
a ruled surface of two sheets, is the flecnode surface of 8, It 
may be remarked at once that the flecnode tangent is not, in 
general, tangent to the flecnode curve, never, in fact, unless the 
latter degenerate into a straight line. 

Since the discriminant of the covariant C is equal to 0^, the 
significance of the condition ^ 4 = 0 becomes apparent. We may 
recapitulate as follows: 

The flecnode curve is determined by factoring the covariant C, 
Its tiDO intersections with the generators of the ruled suiface are dis¬ 
tinct if ^4 =j= 0 i (coincide if 6^=0. If the integral curves 0^ 
and of a system of form (A) are the two branches of the flecnode 
curve, this system of differential equations is characterized by the 
conditions 

It is important for many purposes to establish the relations 
which exist between a ruled surface and the fundamental con¬ 
figurations of line geometry. This may be accomplished by 
setting up the linear homogeneous differential equation of the 


PUOJKCTIVE DIFFERENTIAL GEOMETRY. 


167 


sixth order which is satisfied by the Pliickerian coordinates of 
the generators of the surface. The result may be recapitulated 
in the following theorem. 

The necessdri/ and SHfficiod condition for a ruled surface he- 
lonyiny to a sim/le fi)ie(tr complex, which is not special, are 

6^ =1= 0, A = 0^ 6^^ =1= 0, 

while, all of the minors of the second order in A do not vanish. If 

= {)j while the other conditions remain the same, the comjdex is 
sj)eei((L The snrffce belongs to a. linear congruence loith distinct 
<li reef rices if all of the minors of the second, order in A vanish, 
while 0^ is different from zero. The directrices of the congruence 
coincide if 0,^ also iHinishes. In this latter case the surface is, or 
is not a (juadric according as the equations 

''hi ~ '"'22 “ " l 2 “ '"'21 == ^ 
arc, or arc not sfdisjied. 

\Yc. rectum to th(‘ consideration of the congruence T. The 
first (|U(‘stion, which suggests itself^ concerns its developables 
and its (bcal surfiiex^. The diHerential e(iuations of the surface 
H', ihc (l(‘rivativ(‘ ofhS' with respect to x, show that this surface 
is (lev(‘lo|)al)l(‘ if and only if the seininvariant J is e(jual to zero. 
Th(‘ (u)inpl(d(‘ answer to the ((uestion in regard to the develop- 
al)l(‘s of the eongru(‘ne,e liased upon this remark is as follows. 

The congruence contains two families of oo^ developables, which 
coincide if and onli/ if 0^ = {),i. e., if and onhj if the two branches 
of the fteenode curve (f S coincide. To determine any developable 
surftce of the congruence, it is necessary and. sufficient to find a 
solution (f the eipiation 

.i;|, + + ./ = (), 

■irhnr \ .rj- dcnolcn Ihr ,‘<chir(t.rzi<ni derivative of^ with rcipcet to x, 
and to take tkk Kohdiaa | = ^(.f ) an the independent variahle of the 
dejiniiKj .sj/slein of dif'erentitd e.padiomt. The derivative of S with 
rexpeel to ^ mill Ihen. he a, developable fairfaee, ami all developables 
of the eoiifp-aence map he ohiained in this way. Moreover, any 
four dere/op(d)les of the ..^ame family intersect all of the asymptotic 
lani/enis of S in point-roms of the same cross-ratio. 
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The locus of the cuspidal edges of these two families of de- 
velopables is the focal surface of the congruence. It may be 
easily shown that the focal surface of the congruence coincides 
with the flecnode surface of 8, For this reason we shall speak 
of the congruence T as the flecnode congruence of S. 

Each sheet of the flecnode surface of S, has 8 itself as one of 
the sheets of its flecnode surface. The second sheet of its flec¬ 
node surface, however, is never a surface of the congruence F 
except in degenerate cases. It is possible, nevertheless, to find 
two families of oo^ non-developable surfaces of the congruence 
r each of which has one of the branches of its flecnode curve 
on one of the sheets of the flecnode surface of 8, Both branches 
of the flecnode curve of a surface of F can be situated upon the 
flecnode surface of 8 only if 8 belongs to a linear complex. 

Foueth Lecture. 

If we trace any curve on a ruled surface 8, there will corre¬ 
spond to it a perfectly definite curve on the derivative S' ; the 
lines joining corresponding points being the asymptotic tangents 
of 8. The investigation of such correspondences gives rise to 
a number of important results. It may be shown that there 
exists a single infinity of ruled surfaces in the flecnode congru¬ 
ence two of whose asymptotic lines correspond in this way to 
the flecnode curve on 8, In other words this may be expressed 
as follows : 

If 8 is a ruled surface with two distinct branches to its flec¬ 
node curve and not belonging to a linear congruence^ there exists 
just a single infinity of ruled surfaces in the congruence F, tvhose 
intersections loith the two sheets of the flecnode surface of 8 are 
asymptotic lines upon them. They axe the derivatives of 8, ivhen 
the independent variable is so chosen as to make the seminvariant 
I vanish. Moreover, the point-rows, in which any four of these 
swfaces intersect the asymptotic tangents of 8, all have the same 
anharmonic ratio, 

A system of form (A) may always be reduced to the so-called 
oanonical form, for which 

Pik = 0. 


^ll ?22 — 
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The significance of this reduction is now apparent. The funda¬ 
mental curves and are any two asymptotic curves on 
and the independent variable x is chosen in such a way that the 
llecnode surface of S intersects the derivative S' of S with 
respect to x along a ])air of asymptotic curves. 

If = 0 the family of surfaces just characterized coincides 
with the (single) family of developablcs of the congruence. 

If the ruled surface S has two straight line directrices; the 
reduction to the canonical form has a dilferent significance. 
There exist; in that case, oo“ ruled surfaces of the congruence T 
whose asymptotic lines correspond to those of /S'. These may 
be arranged in oo^ families of oo^ surfaces. One of these 
families; not very essentially distinguished however from any of 
the otherS; is obtained by the reduction to the canonical form. 

The process oi* forming the derivative oi‘a ruled surface with 
res])ect to an independent variable may be repeated. We thus 
obtain S" the second derivative of/S^ with respect to x. This 
may coincide with S itself. We then have the following result: 
Fjvcnj ruled surf (tee taliich has a second derivalire cohicldluf/ viit/i 
S Itself may he defined hy a system of form (yl) for which, = 0; 
and for whieh the qiaintitles 7 .,^ are constants. Jf the, Independent 
vari(d)!e is so ehoseii that the second derivative. S" coincides with 
/S; the Jirst derivative S' is a 2 }r(yjeclive transformation of the 
oriyinal sarface^ and its asymptotic lines correspond to those of S. 

Su(‘h surfacx^s arc eitluT ot'the form 

where X and p are (M)nstantS; or of the ibrm 

MV-i - == -Vi ~ > 

‘^'-1 

where 7 is a constant. All (f the asymptotic lines of such a sur¬ 
face are anharmonic curves with the same invari<ints. 

We have seen that th(‘ diuivative /S"', of S with respect to .t, 
is cut by the fieemode surface of H along a pair of asymptotic 
lines if /= 0. But this relation turns out to be reciprocal; i. e.; 
the surface /V cuts out an asymptotic curve upon each sheet of 
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the flecnode surface of S. The asymptotic lines upon the two 
sheets of the flecnode surface^ therefore; correspond to each 
other. Since the flecnode surface is also the focal surface of 
the congruence F, w-e see that the flecnode congrnence is a so- 
called W-congruence, 

It will be clear without lengthy explanation what we mean 
by the osculating linear complex of a ruled surface. Every 
linear complex gives rise to a point-plane correspondence. 
ThuS; there corresponds, in the osculating linear complex, to 
every point of the generator ^ of a ruled surface, a plane con¬ 
taining g. There corresponds to every point of g another plane 
containing g, namely the plane which is tangent to 8 at that 
point. There will be two points on g (in general) at which 
these two planes coincide. We shall speak of these as the 
complex points of g, and of their locus on S as the comi^lex 
curve. The complex curve, like the flecnode curve, intersects every 
generator in two points. These four points form a harmo7iic 
group on every generator. Of course the complex curve may 
be determined by factoring a quadratic covariant, viz.: 

[K-W22)«’i2-Ki-^’22)“i2] [Ki-“22K-(«U-®22)“2i] 2/' 

+ 2(^‘i2^21-«2i'"i2)2/2- 

The complex curve becomes an asymp)totic curve if the surface S 
belongs to a linear complex. The covariant of Lecture II 
determines a pair of points which divides both flecnodes and 
complex points harmonically. Of course not all three point- 
pairs can be real simultaneously. 

Let H be the hyperboloid which osculates the ruled surface 
8 along one of its generators g. Let g, a generator of the first 
set on H, be the corresponding generator of the deifived ruled sur¬ 
face S', and let H' be the hyperboloid which osculates 8' along 
Since g is situated entirely upon H' as well as upon H, the rest of 
the intersection of these two hyperboloids is, in general, a space 
cubic. This cubic is called the derivative cubic. We obtain, 
in this way, associated with every ruled surface, surfaces con¬ 
taining a single infinity of space cubics. The derivative cubic 
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ilegenerates only if the two branches of the flecnocle curve of S 
eoincide, if /S' has a straight-line directrix, or if the derivative 
surface /S' is one of the devel()])ables of the congruence F. 
The relations of the derivative cubic to the ruled surface are 
munerous and of considerable interest. We shall mention only 
the following theorem. 

I^et the derivative surface /S' be one of the co^ surfaces of 
the congruences F which intersects the flecnode surface along an 
asymptotic curve. The derivative cubic will then intersect the 
generator of/S in its complex points. 

If the two branches of the flecnode curve of S coincide, there 
is a derivative conic to consider instead of a derivative cubic. 

The ilecnodc curve being ol‘ fundamental im])ortance for the 
projective theory of ruled surfaces, it becomes essential to find 
out to what extent it may be arbitrarily assigned. We find 
the (‘ollowing results: An arbUrary space carve being it 

can be consUlered as one branch of the flecnode carve of an in¬ 
finity of ra.led surfaces info ‘whose generid. expression there enters 
<t)i arbitrary fa,net ion. Two carves taken at random cannot be 
co'nnceted, point to pohU, in sa.ch a way as to constitate the eom- 
])!etc flecnode ca,rve ‘apon, the raJed, snjfaee tiuis r/oierafed. 

From any ruled surfa(‘e a single infinity of others can be 
derived, ea(*Ji ol‘whi(‘Ji has one branch of its flecnode curve in 
common with it. This gives rise to an inten^sting configura¬ 
tion whicJi W(^ proc(Hjd to d(\scrib(i. 

Let (J b(‘ a branch oi‘ the flecnode curve of a ruled surface 
/S', and h‘t the dcvclo})able surfa(‘,e formed by its tangents be 
<udled its primary develojxtbfe. TIunai exists another important 
<levelopabl<j surfa(i(i containing C\ whic-h we shall call its second¬ 
ary devclopidde, as indic'ated in the following theorem. 

If at every point of the flecnode carve of /S tlicre be drawn the 
generator (f the sanfacCj the flecnode tangent, the tangent of the 
flecnode curve, and finally the line which is the harmonic cmijagate 
of the hdter with respect to the other livo, the locMS of these last 
lines is a, developable sarface, the secondary developable of the 
jlecnode carve. 
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We can find a single infinity of ruled surfaces^ each having one 
branch of its flecnode curve in common with that of S. This- 
family of oo^ surfaces may he described as an involution^ of 
which any surface of the family and its flecnode surface form a 
pair. The primary and secondary develoj^ables of the branch of 
the flecnode surface considered^ are the double surfaces of this 
involution. In fact, the generators of these surfaces, at every 
point of their common flecnode curve, form an involution in the 
usual sense. 

In the course of these few lectures I have been able to touch 
merely the most important points of this new theory. Many 
problems remain to be solved. The field is a fruitful one whose 
cultivation promises further valuable results. I am, at present,, 
occupied with the construction of a general theory of surfaces from 
the point of view of projective differential geometry. I hope 
that I may be in a position to discuss that more general subject 
with you upon a future occasion. For the present I must close,, 
thanking the Society and all of you for the precious oppor¬ 
tunity of explaining this theory to an audience of competent 
mathematicians. 
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The title of these lectures may;, I hope, ho sultlcient upology 
for their fraj^mentary character. Tlu^ theory of boundary value 
problems is a field too extended to admit of systematic discus¬ 
sion in four lectures.'^' But the iuter(\stino’ nature of the prob¬ 
lems and their importance in the ap])lieations form ])erhaps a 
suifieiimt reason (‘or a presentation of even a fragmentary treat¬ 
ment. I havci (diosen the topics and IIkj methods of treatment 
entirely aceiording to my individual interest, feeling that a per¬ 
sonal |)oint of view is (expected, and perhaps desirable, in the 
Colloepnnm Lectures of the Soeiety.f I have attempted how- 

Excellent syatemiatio accounts of the progress in this field up to the year 
1900 are given by Hucanca and SoMmeefeld in the Kncyklopddie der Maihe- 
maiiHcheM WinnenHchaften. 

11 regret that the application of integral eciuations of the Feediiolm 
type, with the results of Hilbert and others, finds no place in these lec¬ 
tures. This phase of the subject constitutes an extended field, and demands 
more adecpiate treatment than could be given here. 
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ever to link the separate topics together as far as possible^ and 
to produce some mild degree of homogeneity, even though this 
course necessitates the discussion of some very familiar topics. 

The solution of functional equations of a certain type is first 
considered, and the result is afterwards used freely to unify the 
treatment of different problems. The method is essentially 
that of successive approximations, but may have some advan¬ 
tage over the usual form in directness of application. It is 
applied in § 2 to prove the fundamental existence theorem for 
the ordinary linear differential equation of second order; in 
§ 5 to solve a new boundary value problem for the linear par¬ 
tial differential equation of hyperbolic type—a problem which 
includes as special cases a number of those previously studied; 
in § 6 to present Neumann^s method of solution of Dirich- 
let’s problem, and in § 9 to discuss the boundary value 
problem for the equation Au = cu -f/ for a small region. 

In § 8 the existence of doubly periodic solutions of the equa¬ 
tion Au —/is treated. The method illustrates the construction 
and application of a Greenes function for cases other than those 
well known in the potential theory. 

The concluding sections contain a discussion of the ordinary 
linear differential equation of second order, which includes the 
first boundary value problem, the existence of normal functions 
for the equation y" -(- XAy = 0, and the expansion of an arbitrary 
function in term of normal functions. The properties of the 
normal functions as solutions of minimum problems are made 
prominent by the method which is employed. 

§ 1. The solution op certain functional equations.^ 

Consider the equation 

( 1 ) f^g + sf, 

where ^ is a known continuous function for values of its 

*The method presented in this section has been employed in several par¬ 
ticular cases, probably for the first time by Liouville. See Bocher, An In¬ 
troduction to the Study of Integral Eguaiions (Cambridge Mathematical 
Tracts), 1909. 
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arguments in a region B, and 8 a linear operator, so that 
S(u + v) = 8u + 8v. It will be shown that a continuous solu¬ 
tion / may be found in a simple manner if the operator 8 is of 
a certain type — is namely convergent according to the follow¬ 
ing definition. Let be any function continuous in the region 
R considered : The operator 8 will be called convergent if the 
following conditions are satisfied: 

1 °. 84> is a continuous function in R, 

2°. The infinite series -h -h 8^<j) + • • • converges in R 
and represents a continuous function in R, 

3°. The result of the operation 8 on the function represented 
by this series is equal to the result of the term by teimi oqoeration 
on the series. 

Suppose that 8 is convergent, and that a solution* / of ( 1 ) 
exists. Then 

/= 9 + 9 + ^{9 + ^f) = ^ + 'Sy 

— 9 ^ 8g + 8^g -f- 8f, 
the equation 

f=,gj^8g + 8"-g+ -f- 8^^g -f- 

being obtained after n substitutions of g Sf for /. If 8 is 
convergent, the limit for n = 00 may be taken. It follows 
that if a solution of ( 1 ) exists it has the form 

( 2 ) / = ^ + + + •••. 

Conversely, if /S is a convergent operator the function defined 
by equation ( 2 ) is a solution of equation ( 1 ), for 

/% + SV + /S'V + • • • = 9- 

To summarize : If 8 is a convergent operator, the equation 

( 1 ) f = 9-^S9 

admits a unique continuous solution, given by the equation 

(2) f^g + Sg + 8^g + 8hj^^^^, 


* Continuous solutions are alone considered. 
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A simple example is furnished by the equation ^ 
( 3 ) f{x)=g{x)+ f :K{x,y)f{y)dy. 

tJa 


The functions g and JT are assumed to be continuous for all 
values of the variabldfe in an interval R, and a continuous solu¬ 
tion f is required. The operator S is convergent. For if 7 
be the maximum of the absolute value of a function cj), and fc 
the maximum of | iT | in then 




X — a 

n ! 


7- 


The series ( 2 ) therefore converges uniformly^ and since the 
operation S consists of multiplication by the function AT and 
integration, it may be preformed term by term. The operation 
S is therefore convergent and the series ( 2 ) gives the unique 
solution of the equation. 


§ 2. Fundamental existence theorem for the 
ORDINARY differential EQUATION. 

The fundamental existence theorem for the differential equa¬ 
tion 

(1) y" + p{x)y' + g{x)y = f{x) 

may be proved in a simple manner by the aid of the method of 
the preceding section. The coefficients are supposed to be con¬ 
tinuous in a closed interval i?. Let a be a point in this inter¬ 
val. Then the following theorem holds : 

They^e exists a unique solution f of the diffey'ential equatio7i ( 1 ) 
in the interval R which satisfies the initial conditions 

( 2 ) y{u) = a, y{a) = a', 

where a and a! are given constants. 

Let y' = V. If equations (2) are satisfied, then 

*This is an integral equation of a type considered by Volterra^ see 
BOcher, loo. cit. 

t By a solution in the interval B is meant a function wbiob satisfies the 
differential equation at all points of the interval B. This definition demands 
the existence of at each point, and hence implies the continuity of y'. 
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( 3 ) 


yi?^) = + 0-, 

X X 

dx J v(i)d^ + a(x — a) +[(a 
= j" (a; — ^)v{^)d^ + a(x ^ a) + a. 


If V is any continuous function this equation defines a function 
y continuous together with y and y\ which satisfies the initial 
conditions (2). The necessary and sufficient condition that this 
function be a solution of the differential equation (1) is the fol¬ 
lowing functional equation for v, found by substituting the 
above values of y^ y, y' in equation (1): 

v{x) =f(x) — p(x)a’- q{x) [pL{x — a) + 

- r [p(^) + (^- M^)] v(i)di. 

a 

Now this equation has the form of equation (3), § 1. There 
exists, therefore, in the interval R, a unique solution v{x) of 
equation (4) and hence a unique solution y{x) of equations (1) 
and (2), which is defined in terms of v by equation (3). This 
solution, if a and d are regarded as arbitrary constants, is the 
general solution’^ of equation (1). 

If the homogeneous equation 

(Iq) y" + P 2 /' + = 0 

be solved, first under the conditions y{a) == 0, y (a) = 1, and 
second under the conditions y{a) == 1, yid) = 0, two solutions 
r]^ and 7}^ are obtained, which are linearly independent and are 
connected by the relation 

f f ~J'%dz 

The general solution of (1^) may then be written in the form 


y == ^ 1^1 + 

when Cj and Cg are arbitrary constants. The general solution 
of the non-homogeneous equation (l) is expressed in terms of 
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these solutions of the homogeneous equation by the well-known 
form 

y = CiT?! + 

obtained by the method of variation of parameters. 

If the coefiScients in equation (1) are analytic 2 it x = a, i. e., 
are expressible as power series in (.t — a), then the solution of 
the differential equation (1) under the initial conditions (2) may 
be obtained by the power series method as an analytic function. 
On account of the uniqueness of the solution it is evident that 
every solution of equation (1) is analytic if the coefficients are 
analytic. 

§ 3. The Cauchy-Kowalewski existence theorem for 

THE PARTIAL DIFFERENTIAL EQUATION. 

The general linear partial differential equation of second 
order is 

(1) -f -t- Eu^ -f + G = 0, 

A problem analogous to that of the preceding section is to de¬ 
termine a solution u of this equation such that along a given 
curve in the (x, y) plane u and dujdn, where n is the normal 
to the given curve, take on assigned values — in other words, 
to determine an integral surface u^u(x^y) of the equation (1), 
which passes through a given space curve and is tangent along 
this curve to a given strip. In case the coefficients of the dif¬ 
ferential equation and all functions which enter into the initial 
conditions are analytic the power series method as used by 
Cauchy, and extended by Kowalewski, gives the following 
solution of the problem.* 

Analytic case: There exists a unique analytic solution of the 
qyroblem, exGe 2 )t in case the given curve in the (x, y) jqlane {pro¬ 
jection of the given space curve) satisfies the differential equation 

Ady"^ — 2Bdxdy + Cdx^ = 0, 

* See, e. g,, Hedrick, On the characteristics of differential equations^ Annals 
of Mathematics, 2d series, 4 (1903), p,' 145. 
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i. e., except for cw'ves tfx, y) = const, where f satisfies the 
eqvxition 

( 2 ) AV+2B^X,+ C^f = 0. 

Can a solution of the differential equation (1) be found which 
satisfies the initial conditions if the functions involved in these 
conditions are not analytic ? For some equations this may be 
done, as will be seen in § 5. On the other hand, for the 
equation 

U 4- = 0, 

arx * 2/2/ 

the values of lo and dujdn can not be assigned arbitrarily along 
a given curve.* There is therefore a real difference between 
the cases of analytic and non-analytic initial conditions, and 
the limitation of the Cauchy-Kowalewski existence theorem to 
the analytic case is not caused by the method of proof alone. 

In the further developments no restriction as to the analytical 
character of the functions which occur will be assumed unless 
the fact is expressly stated. These functions will however be 
assumed to be continuous in the region under consideration. 

§ 4. Classification of the partial differential 
EQUATIONS, t 

Let the independent variables in the general equation 

(1) d" + (? = 0 

be replaced by the new variables rj, the equations of trans¬ 
formation being 

^ y), V = y)- 

Then 

w, = 

+ “Ax. 

■with similar equations for u^, u^, After substitution of 

these values equation (1) takes the form 

* This was pointed out by Had AM AED, Bulletin of Princeton Uni¬ 
versity, April, 1902. So far as I know no general treatment of this ques¬ 
tion has been made. 

t Laplace, (Euvresy 9, p. 21. DuBois-Reymond, Crelle, 104 (1889), 
p. 241. 
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(2) «U|| + 2^M|^ + + Bu^ + eu^ + + yfr = 0, 

where 

a=.A^: + 2BU^+C^;, 

^ + IjV.) + Cljn,j, 

7 = + Cl?/, 

8 = + JO?, + 

e = + 2^’?.^ + Gv^y + Dv. + 

cj>=.F, 

yjr = G. 

The discriminant J. C — SMs a covariant, since 
ay-^^^=^(tVy-vJyr(AC-B% 
and equations of the form (1) may be classified according to its 
value. 

If AC — <0 in the region considered, the equation is 

said to belong to the kyjoey^bolic type. In this case the first 
member of the equation 
,(3) = 0 

may be resolved into distinct real linear factors. Hence two 
independent functions y), v(p, y) may be found which 

satisfy this equation.* Choose these functions for t] in 
the equations of transformation. Then a = 0, 7 = 0. Now 
0 ^ ^7 — /3^ = —- /3^ and therefore /3 does not vanish. The 
•equation (2) may then be divided by 2/3, the result being 

+ 9^ €10^ + cf)U + yjr) = 0, 

On changing the notation this equation takes the form 
u = au^ + bu + GU -jrf, 

the normal form for equations of liyj)erboliG type. 

If AC — — 0 in the region considered, the equation (1) 

is said to belong to the parabolio type. In this case the first 

* According to the elementary theory of partial differential equations of 
the first order these solutions are obtained by the integration of ordinary 
differential equations. Their functional independence is readily seen as a 
consequence of the fact that AQ — 
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nieinl)(‘r of equation (l^)) is the square of a linear expression. 
One f'uiu^tion 7 ;(.r, y/) may he found wliidi satislles (3)^ but no 
other solution functionally independent of?;. In the equations 
of transformation choose ?; as this solution. The coefficient 7 
is tluai zero. Now 'zy — /3‘- = 0 ^ and iherelore /3 = 0 also. 
On (*han<i;in^* the notation as before^ the equation takes the form 

/q,, = H/q + /Rq + cu +/, 

//o’ iKHDKil form for rfpKdion,^ of parabolic, type. 

If A f/— />“ > 0 , the equation belongs to the elliptic type. 
In this (‘.as(‘. two complex solutions 'yjr, of (3) are to be found; 
of th<‘ form 

^> = ^ + ^ ^ — h], 

(Hioosci th(‘ fumdions ?; to define the translbrmation. Now (f) 
satisfh's (‘(|nation (3)^ that is, 

/1{|/ + — v) + — v,V,, + + ’ 7 I,,)] 

+ - j;,;) = 0 . 

Th(‘r(‘fore f’i = 0 , and a = 7 . But ay — = ^7 > 0 , so that 

a 4 = 0 . Aft(‘r dividing by a and changing the notatioiq the 
(Mpiation (3) takers th<^ form 

a. -f 1 (. = ai(. 4- bn, + ci(> •+ f. 

(he normal form, for eqii.aJlonH of the elliptic type- 

It is t‘vid<‘nt that this classification ai)[)lies as well to e(|ua- 
tions of th(‘ Ibrm 

Ah.,, + 2/>*»■„,„ + ('ll-,,,, = /'’(«!, ?/, '«•, ■((.,„ 7^, 

wliicli arc not Iin<‘:ir with rcspc'ct to h, h,, Jn an important 
naanoir on tho Kuhjoot of tlic analytical characKn- of solutions 
of partial (lilforcntial ('(piations, Skiiok Bkrns'I'kin * has made 
a similar classifuaition of the general non-linear differential 
(‘iptation of.scM'iind ordca*, 

r{-r, y, It,, n,, u,,,., h,,,, h,J = 0 , 

based npon the value of the determinant 


A F P F f P F \ 



* \T !» f h at.i Htsll e AiiiHilcn. 59 (1904), p. 20. 
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§ 5. The boundary value problems of the equations 

OF HYPERBOLIC TYPE. 

The different boundary value problems which arise in con¬ 
nection with the partial differential equation of hyperbolic type, 

(1) M^^ = m«^ + H + CM+/, 

have been treated by distinct methods, based for the most part 
on successive approximations and on Eiemann^s method.* A 
new boundary value problem will be treated in this section, 
which includes as special cases many of those previously 
studied. 

Consider a rectangle R containing a point (x^, and bounded 
by the lines 

Let and be two curves intersecting at (x^, yj, represent¬ 
able in the form 

C^: y=^(x), C^: x = -^y), 

where it is assumed that for = = the func¬ 

tions and ''/^(y) are continuous and single-valued, that the 
derivative <l>\x) is continuous, and that the inequalities 

(2) y^ ^ ^ y^, ^ ■f(y) ^ 

are satisfied. 



*See for example Sommeefbld, loo. cit., and R. d’Adbmae, Les equations 
aux derivees partielles d caracterisiiques reelles^ Paris, 1907. 
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It is re<jt(,ired to ddermhie a solution* of the cquatioyi 
(1) n +/ 

which .sfitir^Jics the conditions 

(^) - ~ ^^(‘^ 0 ? (’ 0 «'='//Lv) ~ ^ iy)' 

The cocdicieiits of equation ( 1 ) are sii])p()se(l contiiuious in i?, 
r 7 (:r), y(^i/) are ^iven fiinctions continuous in the intervals 
and (;i/p y.^ respectively, and the derivative is continuous 

in (.F„ ng. 

Ijct = IK Then if 7 ^ satisfies the conditions (3), 

'^/ == \ n¥^+ yiiu), 

■»•= r r <1 ■,^)d^d.q ^ r y(v)dv+r(.r), 

+ r - <^>'0*0 iT<#>0«)] + 

«/</>(.K) 

Tf V is any continuous (‘unction in //, the fuiudion Hy defined by 
the s<‘cou(l oF th(‘ ahov<i e<iuations, is continuous in K tog'ether 
with the derivatives and satisfies the conditions ( 3 ). 

The necessary and sulficient condition that //.satisfies the differ- 
ential eejuation (I) is the following fiuKdional (‘([nation for r, 
i‘ound by suhHtituting the above expressions for//., u^.y 7 /.^, in 
( 1 ): 

n 

v{t., y)=;1/) 4- ni-u, y) I y)dy 

( 4 ) —<r('.r.,y)4>'(x)f r[^,<f>(r)]dS+if^-,y) f i{S,y)di 

/•// /*J’ 

+ '•(•'■.;'/) I I 

dtlfird *•' i/v( n) 1 

*1. e., a finiotioii u which mitis/ies (1) at each point of K. This assumes 
the existence of Uxy at each point, and hence implies the continuity of w, 
«x, np in E. 
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where 

g(x, y) = a{x, y){ TJ'{x) — <l)'ix)Yl<j>{x)] } + b{x, y)Y{y) 

+ 0(0,, y) \ r Y(v)dv + ? 7 (a:)l +/(x, y). 
This equation has the form 

V=: ff + SV, 

where ^ is a known continuous function and S a linear operator. 
There exists a unique solution 

v=^-i- S^ + -i - 

if the operator S is convergent, as defined in § 1, i. e., if the 
series 

(5) ^ H-, 

formed for any function z which is continuous in converges 
uniformly, and if the operation S may be preformed on this 
series term by term. From the definition of the operator S by 
equation (4) it is seen at once that 

limit = 0, 

n~<x> 

if approaches zero uniformly in i? as increases indefinitely. 
It follows that the operation S may be preformed term by term 
on the series, if the convergence is uniform. The operator S 
is therefore convergent, and a unique solution of equation (4) 
exists, if the series (5) converges uniformly. That this is the 
fact, will be shown by forming a majorant operator to S, 
i. e., an operator which gives rise to a series of the form (5), 
each term of which is positive and greater than the absolute 
value of the corresponding term of (5). This new series will 
be shown to be uniformly convergent. 

Let 7 be the greatest of the maxima of 

I a |, 2 I acj)' |, 2 I 6 1"^ I ^ I 

in B, and write 


a = x^-(x,-x^), ^ = yi-{y^~y,). 
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Then it follows on account of the inequalities (2), that for all 

;>•, y in R, 

I X — ir(y) I = 03, — cCj = X — a, 

I;'/ — <^(»0 ~ A 

Define three operators S.,, by the equations 

= 7 J 'ir{^, y)(I^, Rjw = yj w(x, y)dy, 

S^iv = 7' J* j‘ «’(§, y)d^dy, 

where y) is a fiinction defined for all values of x, y in the 
intervals (a, x,,), (/3, y,,), Tjct z(;Xy y) he any function continu¬ 
ous in Jiy and suppose that y)^0 in its region of defini¬ 
tion, and that 

ir{a + 1 x\, + I y I ) r:, | -(.i:, y) | = | z[->/^(v/) + X, 4>(x) + ?/] |, 

when' ir'= x — '^{y), y = y — l()r all values of x, y, in R. 
Then the fiun^t-ions (A'j + -f and Rz satisfy this same 
iiUMjuality,'^' i. 


[('% + '% + «>]. 


... M-f'i 


\Rz 


It. follows, therefore, that 


[( 


'S+ '% + >%)""’] 


a-i Ir'l 
^-M/l 




Siiua; 0 the function (A', -f + R.y'ir is an increasing func- 


proof of this fact is obtained at once by comparing the values of the 
integrals wbicb occur in Sz 'svith tlui integrals of aS'^w, ; for ex¬ 

ample, the integrals 

f z[!;,y)(ly | zii,y)tlS f zlf{y)yjdx' 

and 

j * /M w(a4™ |;r^|, /^-b |/|)dr/. 


The considtfration of the second integral in Sz is reduced to the one above, 
since 


r 

i//l 







i/= 


<Hx{ 
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tion of both x and y, and therefore 

for all points (x, y) in J2. Choose for w the maximum S of 
\z \ in R. Then the following statement is justified : 

The series (5) converges absolutely and uniformly in JR, if the 
series of positive terms 

( 6 ) + + 

&=0 

converges uniformly in R. 

The operators S^, are commutative and associative, so 
that in the series (6) each term of the form occurs 

with the factor 

(^1 + K + ^ 3 ) ■ 

Now S^w = S^S^w = S^S^w. Then 

j:{S, + 8,+ 8,yB^ ± 

A =0 m , n =0 

where 

A _ (^1 d- k^ + ^3) ! 

kf k^l k^l ’ 

the summation being extended over all positive integers (in¬ 
cluding zero) which satisfy the equations 

kj^ -f“ k^ = 771, k^ “f“ k^ = n, 

n is increased if these two conditions be replaced by the 
single equation 

+ ^2 + == ^^ + 

Now A^^n is increased if each value of k^ is replaced by a 
greater value, and is therefore increased if the above equation 
be replaced by 

kj^ -f- k^ -f- k^ = m -j- n» 

The summation under the last condition gives 
(1 1 q- 1)”^"^’^ = 3”^+^. 


Therefore 
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Now 

-VS'-a = 

^ " 'ill ! n! ^ 

and tlierefore tlic terms of tlie series 

m, /( =() 

ar<^ less than the terms of the series 

- «)] [;}7(;y ~ /3)] '■ g _ 

7 rt, n 0 'HI I‘ill 

The Herivs ((>) and (5) f.hmforiu^.on/iHnr/e nnifor77ib/ an absolutely 
m liy and the opera,ton S of eqwitum (4) is eo7iverge.nL The 
following existence theorem is therefore proved : 

There exists a, ‘unique solutiou of the diferentlal equation 

+/ 

hi the reef angle udileh salisfies the eAmdUions 

(«■%-<!,u; == fK^)> 0'',/)..=>(-..v) = ^T?/)- 

This solution is gheu by the equations 

"'= f f v)<f^<iv + j yivyv + e(:-0> 

75 =g + /Sy/+ iS'7/ + • ■ 

where g is gire’n by equation (4') (end H is the operator which occurs 
in e<jU(dion (4). 

By specnali/ing the boundary (conditions in this problem 
solnlions anc obiaiiuKl for various boundary ])roblems which 
hav(i r(‘ei(‘ved spcHcial attention in the past. The following are 
examples : 

1 The. v(due (f u, is given on the hitersectvng enrves y 
X, '.r I 

The seccond condition may be rejdaced by the e(|iiation 
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siiir.e ilu' value o{’ u is known at one piant oi tin* line .e - 

nanu‘ly at. tlu' int(‘rst‘(‘ti(ui of’ // t/Ha') with .e * 'The 

j)rol)lenr^' is tli(‘rc‘fore inehided in the n-tuKU’al (*a-e Inr 

ro/) = r'(//). 

The Vdfue of i( is (/inn iot ilo' ///o ' .r 

y =: ddiis <dassi(‘al prohhnn is iinduded in I for ifix \ 

Idle lirst rigorous solution oi* this prohiem <tli!ained hv 

IdoARDf l^y the method of su(M‘e-sive approvitnatiun 

llie vdfue of u (tnd tf its nornui! dt hraiivt oe* tjirt'o alotifj 
(t nionofonie eurre Sin(*(‘ th(‘ eurvi' i'^ monoionie ihe-r i‘ou~ 
ditions an* i‘(piivah‘nt ti> oivint!: alnna; the eiir\e. l\y 

Itd.tina; th<‘(‘urv(‘S and (f <*oin('ide in the nnmotonie etii-ve 
(/ tluj o(*n(n*aI problem is rtMiueed to fhi*H impnrfant peeial 
ease, din* i'ornmlas are sirnplitied by tla* f:ni that and 

'^(//) an* lu'n* invers(‘ lum-tious. 'rids pruldem wa- al u -olved 
by Pi(\\un. I' 

(\)mhinations of these speeial ea^es mav br joad** tn -olve 
f‘urth(‘r boundary probhaus ; Ibr examph^ II \ i»\ m \ uif ^ “ mi\(’d 
problem/’§ is obtaiited by eombiniuR 1 ' and r» . 

S <i. Tin-: lau'KN'riAi, Kt,u viio\. 

TIh* pot<‘ntial equation 

(I) A^/ :™ f U 

is tin* most important as well as thi' *dmph-l tiitlbnauiai rqua - 
tiou ol ellipti(! typix 'Fhe solution of the i»oma!ar\ \alue pn»b 
h'lus for this e(piation play an imporfatit par! in flie tri-afment 
ot the similar problems for tht‘ ifeneral etpiatiiin of tdlipfie f\p«‘, 

Diriehlet’s problem c*on.si*-.t,s in <ieterminim/ a ^Mbifi»ai cU* the 
potential (‘c|uati()n within a Ldven repdon I* bunnd«*d bv a rtuMa! 
(uirvt* (/y whieh assumes ixiveii valuer., on the IjnimdaiA 

M'Xrrtt Holv(*(i Ijy iUeAEU for tlir HprrsiU rant- - i Srr Nnfr I in 

DarHOUX, Tho>riv ghurnit' tlrn hurftu't. h, 4, |» USa. M(nr oti piohlmtH 
of tluH iiatiire !aiv(‘rwrnt 1V tiH'rtatijni of on mneAt lojifi to not u*- vt 

Hro Annales <lr la Fiun dt* 'roulou«i% *.!• M/iir, t. V ant! \ t. 

I’Note I in DAiUioex, Thf^rif t/ui/ d*- -.tOM*,- . .y p 

I JonnuU (Ir. 4' U * I*^an . 

df* la Soe. Math, dr loainrr. lootr 
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A^arious methods have been devised for the solution of the 
])rol)lem^ the simplest of whicl^ in case the region R is convex, 
is that of Neumann.'^' The results of § 1 arc used in the fol¬ 
lowing pres(aitation of Neuman ids method. 

The region R is hounded by the closed curve C 

= ^{>), y = 

where / is the h'ugth of arc and varies irom 0 to L It will be 
assumed for sim])lie,ity that the functions ^ and ?/ have continu¬ 
ous first and secH>nd derivatives.'!’ The function 


wlu'Hi 


«(•'•, y) 


(" I 

I m 


y(0] 


Dt 


< 11 , 


y, v) = 


arc tan 



V 

p 


is a solution of A//, == 0 at all points not on the boundary, what- 
(‘ver b(‘ /, This may be verified immediately, since at all 
points not on (J the integrand is continuous together with all 
its d(‘rivatlv(^s, and iho dillerentiation may be preformed under 
tlH‘ sign of integration. The function v, is a “j)otential of a 
donbl(‘ distribution.^’ As the poird, {x, y) in the interior of R 
approach(‘s a point on the boundary, corresponding to the 
paramel(‘r valiue t. = .s‘, the value of ‘i(< approaches a definite 
value ind(‘[Hmdent of the dir(‘ction of approadi. These 
valu(‘s form a continuous function ol‘ .s‘, and satisfy the 
<M{uation I 





where 


% o = m,ym- 


Th<‘ n(‘C(‘ssary and suffuaent c.ondition that the function ?/, as- 
K Lci pzigt*r iDu'ielite, 1H7(), p. 50. 

j It, luuy be readily Hcea from this assumption that the function Cjjdt 
which oce.urB below is continuous. 

I Se<‘ e. ^ , C. Neumann, UaYcr.Hac/uc/yca liher das logarithmische und New- 
ioidsckv PotvnliaU Leipzig, 1H77, p. 139. 
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Slime the given continuous boundary values g(s) is therefore 
the following functional equation for /: 

(2) f(s) = - ~ £f(t) — dt. 

On account of the fact that 




dd(s, t) 

dt ttJj, dt 

this equation may be written in the form 


dt, 


( 3 ) 

or 


/(«) = 


< 7 ( 5 ) 


2 27r 




. \ ^ 6(s, t) - 


/-! + « 


where /S' is a linear operator, and is of the type considered in 
§ 1. The operator 8 is in this case convergent, according to the 
definition of § 1, if the series 

(f> -f- S(p -f“ S (p -f- ‘ ‘ } 


where is any function of s continuous in the interval (0, Z), 
is uniformly convergent. From the form of S it is seen that 
each term in this series depends only on the variation of the 
preceding term. If m and M are the minimum and maximum 
respective!}’’ of then 


I1 < 


M — m 


Consider now the function 



dt 


dt. 


Following Neumann, let a be that part of the interval (0, 1) 
within which cj) lies between its minimum m and its mean value 
{31 + m)/2, and let /3 be the remainder of the interval (0, 1), 
W rite 


/ 

•/(a 


dd{s, t) 


dt 


dt = 6' 


!- 


dd{s, t) 


dt = e/. 
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is the sum of the angles subtended at the point s of the 
curve by those portions of the curve which belong to a, and 
similarly for Furthermore 

= tt. 


Since the region is assumed to be convex, d6jdt = 0^ and 
therefore : 


fm 

Ji) 


1 

TT 


/) 

Df, 




1 r'.,.oe(.s,/) 

Tl.ereforo 


'uh -f- j\r lif . jtjT — 711 
^ L ^ == --0 — ^s% 

JLir TT 27 r * ^ 

<?/. > - = - 77 i + - - 6 /^ 

TT ^TT 27r * 



Now the (juuntity 4* 0/ is always included between 0 and 
1. In fa(!t it may easily b(‘ shown that there exists a fixed 
positive niuuher p, such that for all points .s and s on the- 
boundary, aiul for any division of the interval (0, 1) into the- 
parts rtj (S 


0 ) 


27r 


<p 


: 1. 


i)(*not<‘ by th(‘ variation of in the interval (0, Z), i. e., the 
dilfenaice betw(‘(‘n its maxinunn and its minimum : then, from' 
(4) :ui(l (5), 

(0 

Now 

j‘ {<>e) - </>(/)} 

and 


C/)(.S) ^ 4>{t) 


= 
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Then 


SS<p<p-^. 


Furthermore^ as has been seen^ 


so that 

I I < • S<^. 


Since /) < 1 it follows that the series in question converges uni¬ 
formly, and that aS is a convergent operator. The following 
theorems may therefore be stated: 

There exists a unique solution 


f=l{9 + Sg+S'^g+---} 

of the equation 

/(»)- f -/(„ 

The funotion 


satisfies the potential equation in the region R and assumes the 
values g(s) on the boundary of R, 

A solution of Dirichlet^s problem is thus obtained for a con¬ 
vex region, when the assigned boundary values g{s) are con¬ 
tinuous. 

It was pointed out by Schwarz that if the function g{s) is 
in general continuous, but suffers a finite number of finite dis¬ 
continuities, the problem may easily be reduced to the previous 
case. Suppose, for example, the function g has the discon¬ 
tinuity d at the point (a, /3) of the boundary, but is elsewhere 
continuous. Now the function 

d 2/ “ 

— arctan- 

TT X — a 


is a solution of the potential equation within R and assumes 
values on the boundary which are continuous except at (a, 0) 
where they have the discontinuity d. Therefore, if v{x, y) is 
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the solution of I)irichIet^s problem for the continuous boundary 
values 


- 


d 

IT 


arctaii 


/3 . 

^(s) a’ 


the iLHjuired solution of the original problem is 


n(;r. 9/) = v(x, ?/) + 


d 

arctan 

TT 


aj — a* 


As the point (a;, y) approaches the point (a, jS) along the 
l)oundary, from one or the other side, the function u{x, y) 
aj>proaches one or the other of the values 


where 6 is the angle which the tangent to the curve at (a, /3) 
mak('s with the avaxis. If (a*, y) approaches (a, /3) from an 
interior point, the limiting value of x depends on the direction 
6' of ap|)roa(‘h, and is equal to 

v{a, ^ 9', 


a value whi(ih is included between the limiting values approached 
along the boundary. 

T1h‘ fact last state<l plays an important part in the method of 
alternation of S(!irwARZ,* whieli makes it possible to pass from 
<‘on\U‘X n^gions to those of more general character. Jf JHrich’- 
Id's prohlvm, c.(tn he mlved- for two re(/lo7is II, K havmg a part 
in. eo})iiiion, if. can t>e solved for the co'hihmed reqimi Jt + Ji\ 

Suppose the rc‘gion <!onsid(‘red can be decomposed into two 
regions l>ounded by the convex curves (ta, 6/3. The values of 
If. livo givtm on a and 6. Form the solution u, of Au = 0 
whic'h assumes the given values on a, and values on a which 
join e.oniinuously onto the given values at rn and n. This 
fuiK'tion will have c(uiain values on /3. Form the solu¬ 
tion r, of Aa = {) which assumes the given values on b, and 
tlui values on /3. This function will take on certain values 


*8e6 his (h'Hdmnuite, AbhamlliuKjen, vol. 2, p. 167. 
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m a. Form the solution of Au = 0^ which assumes 
'ven values on a, and the values on a, etc. Two 
of functions are thus obtained. The proof is com- 

[ hy showing that and approach definite limits^ as n 
Lses indefinitely^ and that these limits are solutions of 
0, which coincide in the area bounded by a and /S, and 
le the given boundary values on a and 6. The solution 
richlet’s problem is thus obtained for the combined region. 
)sely allied to Neumaxx^s method of solution of 
:hlet’s problem are those of Kikchoff/ Robin, f and 
LOFF. X In the method of Poincakj^ § a series of func- 
is formed, each of which satisfies the boundary condition, 
7hose limit satisfies the differential equation as well. The 
recent method is that of Fkedholm, || whereby the 
lonal equation (2) of this section is solved by a new 
)d. This as well as the older methods has been applied 
Ive the other linear boundary problems of the potential 


5 7. The equation Au = f; Geeen’s functions. 

account of the existence of a solution of Dirichlet^s prob- 
here exists a function g which satisfies the potential equa- 
iic == 0 at all points within the region H and assumes the 
s 

— log = log + {y — vf 

Pin 

e boundary C, where (|, »;) is a point in the interior of 
rhe function 

eta Mathematica, 14 (1890), p. 180. 
omptu Eendus, 104 (1887), p. 1834. 
lid., 125 (1897), p. 1026. 

le his Theorie du potential Newtonien^ Paris, 1899, p. 260. 
versigt of Kongl. Vetenskaps Akad. Forhandlinger, 1900. 

3r the application of the Fkedholm method see in particular Plemelj, 
tshef te fiir Mathematik und Physik, 15 (1904), p. 337, and 18 
, p. 180. For the older methods see, in particular, Kokn, Ahhand- 
zuT Potentialtheorie, Berlin, 1901. 
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'Ih h V) = log ],,, + (/(x, y, 7]) 

P^'y] 

is callod tlie GreoPs fiuidloii for the region 72. It satisfies 
the (‘(juation At/ = 0 at all points of 72 except the point y) 
and vanish(‘s id(nilically in ?;) when the point (x, y) lies on 
the boundary (1 This function is symmetrical, that is, 

V) = 7], X, y). 

This is shown by the aid of (Ireeifs theorem, 

( 1 ) j {vA,, - vAv),l,<hf = 

wh(‘re n is tlu^ dir(;(d.ion of the normal to the curve C, taken 
as posiiiv(‘ wlum pointing outward. In this equation take 
u = t/(.c, //, I, 7}) and v = t/(ir, ;/y, f', ?/), and apply to the 
region foruKHl by exeluding IVom // the points (|^, 7]) and 97 ') 
by small eire.hss. In the limit, when the radii of these circles 
api)roa<‘h z<u*o, th(‘ e<(uation 

V, ?') v) = rj', ■})) 

is obtain(‘d. 

r>y a similar pnxTss an inb^gral re[)resentation of the solution 
ol* th(‘ (‘(juation 

(t>) Aii.=/(x,y) 

whi(‘h vanisln^s on tlu^ boundary C is derived. The solution 
K. is substilut(‘d in e(piation ( 1 ), and the (Jreeifs function 
//, 7 }) is taken for 'c. Kquation (1) is apjdied to the 

r(*giou fornusl by ex(duding from /2 the point (^, ?;) l)y a small 
(!ir(T‘. In th(‘ limit, wlum ilui radius of the circle approaches 
ziU’o, tin* <‘(juation 

7j) = - I* y, yyixdy 

is obtaimul, or, since (i is symmetrical, 

(;{) n{.v., y) = - I 
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Conversely^* the function u defined by equation (3) vanishes 
on the boundary: It is continuous together with its first de¬ 
rivatives Uy in the interior of i? if / is continuous^ and it 
possesses second derivatives if the function / satisfies the follow¬ 
ing condition of so-called regularcontinuity; there exists 
for each point (x, y) of a pair of positive constants A, X in¬ 
dependent of Ax and Ay, such that for all values of Ax are Ay 
sufficiently small^ 

(4) 1 f(x + Ax, y + Ay) - /(x, y) | = ^ [(Ax)" + (Ay)"] 

If this condition is satisfied the second derivatives of it are con¬ 
tinuous and satisfy the equation (2). The following theorem 
is an immediate consequence : 

The solution of the equation 

(2) Aw=/, 

where f satisfies condition (4), which assumes given values on the 
boundary, is given by the equation 

(5) u{x, y) = ulx, 2/) - ^ J* y> v)d^<Jv, 

where ufx, y) is the solution of Au = 0 which assumes the given 
boundary values, 

§ 8. Doubly periodic solutions of the equation Au=f-\ 
The only doubly periodic solution | of the potential equation^ 
Au = 0^ is u — G, where c is a constant. For if u were such a 
solution, and v the conjugate potential to u, then u + iv would 

*The following statements regarding the first derivatives of u are proved 
in any treatise on potential theory. The statement regarding the second 
derivatives is generally proved under the assumption that the function/has 
continuous first derivatives. The statement in the form given here was 
proved by Holder {Dissertation, Tubingen, 1882). 

tThis section is a reprint, with minor changes, of an article by the writer 
in the Transactions of the American Mathematical Society, 
6 (1905), p. 159. 

J By a doubly periodic solution is meant a doubly periodic function which 
is a solution of the equation in the period rectangle, and therefore in the 
entire plane- Such a function, in particular, has a value less than a fixed 
finite number for all values of x, y. 
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l>(^ 11 ooiuplox iuuilyti<‘- function which has a, value uiuler a fixed 
finit(‘ limit for all values of .r, y. Ihit, as is well known, such 
a fuiH’lioii is n(‘(‘('ssarily a (U)nslant. It will be shown, how¬ 
ever, that the (‘(juation 
( 1 ) 

wh(U’(‘ ?/) is periodic in :v and in ?/ with the periods a and 

h r(‘spe(‘t i v(^ly, has p(‘rio(li(‘ solutions if/’satisfies a certain inte¬ 
gral <*ou<lition. A ‘•‘doubly p(u*i()di(‘, Orffn’s function,(?, 
will be (onn<‘<l from known functions, and the desired solution 
of (I) found by (juadratun^ from (f and f. Idie function / is 
suppos(Ml to be r(‘gularly continuous, that is, to satisfy condition 
(•1) ofth<‘ pnuH'ding scclion. 

!j(^t d(‘not(‘ th(' r(‘al part of the term before which it is 
%vntt(ur, and consid(‘r the fumdion 

_ ry) ’ ~ + ‘‘'h 7 = « 4- 

w 1 hu*(* <T(.r) is tlnuSigma fumotion of W Fi frs'prass, formed with 
th(‘ p('rio<ls o, U ); and 7 au^ two points in th<‘ interior of the 
p<‘ri<Hl rindangh^ H bound(‘(l l>y tlu‘ limvs a; = 0, y = a, = 0, 
y = 6. ''rids fum‘tion is a solution of the potential ecpiation 
within 12, ex<‘(‘pt at. tlie points (^, y) and (a, yi?), and has the 
form 


loir . — h>g , -4- 7 , 

^ V(a* •— |)“ + {'!/ — v f + ( 1 / — 

wlien*// is a solution of the pottmtial ecpiation throughout O. 
Siiuu‘ for anv ititi‘g<‘rH //i, a, tlui function a obeys the law 

a(z + ma + iuh) = (- 1 m .mrl 

wIhuh^ •y/.j ar<‘ ccudain complex constants,* we have 
(t(z + ma + aif> — cr{z — f) 

( 2 ) ■ ' + ''a ~ 7 ) ~ ■' 4" - 7 ) 


— — 7 ) — ?iSi27?3(f — 7 ). 

Ddiiut a mil function V by the c(iuat.i<»n 

See Burk ha hot, FAHpimhv. Funatiunm^ p. 53. 
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y, V, «, /3) = log 


- ?) 


’ — 7 ) 

CC V 

+ -312^X?-7)+f5«27,3(r-7). 
Since the last two terms are linear in x and y, V has the form 
r(a3, y, h V, = log 


— log 


V(x — + (y — vf 

%; y, V, «; /S), 


V(a: — «)=“ + ( 2 / — jS)^ 
where / 8 ^ is a known solution of 
d^8 

+ df ^ ® 

within H. Furthermore F is doubly periodic in x, y with the 
periods a, b since from ( 2 ) the equation results : 


V(x -f ma, y -f nb, 77 , /?) = ^^ log 


+ 


X + ma 


(t(z + + inb — 

a(z 4- ma + inb — 7 ) 

3t277,(^— 7) + ^ — 9 t 27 j 3 (^ —7) 


= log _ + ^3 3i2»7^(r - 7) + 19127 j 3 (r - 7) 

= V{x, y, V, a, P).*- 
The fundion 

‘G{x, y, f, V, a, = V(x, y, y, a, — S{a, y, a, 

will be Galled the doubly periodic Green/s function for the periods 
a, b. This function has the following characteristics: 

1 ®. Except at y) and (a, /3)^ G is^ within fl, a solution 
of the equation At^ = 0 . 

*In the same manner may be formed a doubly periodic function 
V{X, y, ^ 1 , • • •, Vj = S Cilog V{x-Q^+{y-v,y 

i=l 

+ 'S'(a:, y, fi, • • •, f„, V^) 

with any number of logarithmic singularities, where is a solution of 
Laplace's equation in with respect to the variables a:, y, provided that 

4 C 2 +- 1 - = 0 . 
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‘2‘’. (i has tlu“ ionu 

^/ = loP- _ loir ——-- - -- 

» + (.'/ - vf i/(* - af + (7/ - 

+ y, V, a, /3), 

wh(‘r(‘ li is a known fund ion, which, with respect to the vari¬ 
ables . 1 % y/, is a solution of Laplacf^s equation within fl, and 
whi(‘h satisfi(‘H for all values of ?; in SI, the equation 

/^, I, V, / 3 ) = 0 . 

(r is doubly p(u*io(lic in ;r, y/ with the periods a, h, 

Thr fuNcfioiis (/ (Old li oheij the following hmis of reciprocity: 

I!!’> ‘‘^1 /^) "b . \'» , / I)v» ” ^^(^7 ^7 ?A /^) 

+ loe: . : ., 

//> /^) “ yj a'j ‘t/^ cCy 

'I'o |>niv»‘ (hese laws apply (Ireen’s t.heomn, 



to (la* rcfiioii iV foniu'il hy (E\(;lu(lin}>; from 11 (Jm caniles c(^, y), 
'•(f, '•(■’f, r) '»f radius r about. Uio points (f, y), (f, y), (a, /3) 

respectively, and choose 

H 6'(.r, //, I, y, o:, ft), a = 6'(a-., y, »/, «, ^). 

Sinei> a and a are solutions of tlu^ potemtial o(iuat,ion within H', 
tlu' double intcfiiral over 11' is zero. Kurtlun-mon;, sinc(3 u and 
■(' are doubly periodic in a-, ?/, (‘aeh assumos ('.qual values at op¬ 
posite points of the houndiiif!; liiuis of th(> r(u‘,tangle 11, while at 
these points the normal derivative' of (uieh assumes values 
numerically e(pial hut. oppositi' in sign. Therefore the line in¬ 
tegral over the sides of tlu; re(dangh; H is zero, and we have. 
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rdO 


replacing d$ by rdd^ 

f - &(x, y, I', V, a, ^)rde - f G(x, y, y, a, /3)r 
+ f -JG(x, y, f, y, a, ^)— G{x, y, y, a, ^)}rde+h=0, 

dc(a,B) ^ 


where 


But 


lim h = 0. 

r=.0 


G{x, y, I, y, a, B) — G(x, y, y, a, f3) 
1 


= log; 


log 


and 


V{x - + {y — yf i/(x — ^7 + {y — yj 

-f- R{x, y, y, a, /3) Ii(x, yi ^ i y} ^} B); 

B{a, /3, y, a, B) == 0, R{a, B, y, B) = 0. 

We obtain therefore in the limit r = 0, by well known methods, 
V, «, B) — G{^, y, I, y, a, /3) 

1 , 1 


+ log; 


log- 


T/(a - '^y + (^ - yy l/(a- ff + (yS - y) 

or writing y for r{^ 

fffe J, f, % «, «) + log 

= (?(!, y, X, y, a, B) + log - 


TTs 


'V{^-<^y+(v-By 

which is the law of reciprocity for G, If we replace G in this 
equation by its expression from 2 ° we have immediately, 

JR(x^ 2/, 7}j oc, /3) = 'f}) Xy oc, /3). 

Thus It is symmetrical with respect to cc, y and 97 and is 
therefore a solution of 


R,, + R, 


0 


within fl. 

Suppose a doubly periodic solution u of equation ( 1 ) exists, 
for the periods a, 6 , where/is regularly continuous and doubly 
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periodic with the same periods. If a second solution of the 
same nature existed, tlie difierence of the two would be a 
doubly pia'iodic solution of the potential equation, and therefore 
a constant. It follows that a doubly periodic solution of ( 1 ) 
t'or the periods o., b is uniquely determined if its value at a 
point is ^iven. 

Apply (.} keen’s theorem to the period rectangle fl, choosing 
for a a doubly periodic solution of ( 1 ) and taking - 1 ;== 1 . Since 
th(^ integral over the boundary vanishes, the following equation 
results : 



At( <l‘X<Jif = ( ( f(^Xy y)dx(hj = 0. 

*/() « 7 () 


'‘Fins cipiation is a necessary condition for the existence of a 
doubly periodi(‘. solution of ( 1 ). Wo shall now show that it is 
also suilicient. ( bnsider the function 


— |)-+ (y — v)- 


v) = — 1 <''(•'■> y> 1 '/)'^^=% 

=-i.fi; 

+ i,r.f ,/(„= - 

-..,11 ;'A 

Jo 

,Sinc(! 

+ -Kv = 

W(; sec at, once, from the polontial theory, that y) is a solu- 

tiou of 

«f£ + =M> y)- 

Furthermore, putting ^ = a, 97 = we have 

u(ay 0) = 0 , 


Hin<*c 

V ) ^7 ^7 ^7 ^ 0 } 2/7 ^7 ~ 

From the law of reciprocity for (r it follows that 
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G(x, y,% + ma,t) + nb) — G(x, y, y, a., /3) 

_ _1__L_ 

^ '/(f+ma—af + {y+nb—^f ^ l/(| —a)^+ (i?— ySf ’ 

and therefore 


u(f + ma, v + 77) 


Therefore, if 

r r f{x,y)dxdy = 0 , 

Jq Jo 


the function u possesses the periods a, b. We have therefore 
proved the theorems: 

The necessary and sufficient condition for the existence of a 
doubly periodic solution (periods a, b) of the equation 

(1) Au=f{x,y), 

where f is a regularly continuous doubly periodic function with 
the periods ci, 6, is that f satisfy the equation 

t, 

f{x, y)dxdy = 0. 



If this condition is satisfied^ then the doubly periodic solution 
of (l)y with periods a, b, which assumes the value C at cc = a, 
y = IB is uniquely determined, and is given by the formula: 

^ pa 

v) = — G{x, y, I, y, a, B)f(x, y)dxdy + C, 

lohere G is a known function, expressible in terms of Sigma 
functions. 


§ 9. The equation I^u = cu+f.^ 

The coefficients c and / of the equation 

(1) Au = cw4'/ 

^Schwarz (1885), see Ms Gesammelte Ahhandlungen 1, p. 241. Picard, 
Journal de Math4matiques (ser. 4), 6 (1890), p. 145. The following 
presentation is based on the result of § 1 above. 
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are supposed, to be regularly coBtiniious, i. e., to satisfy condi¬ 
tion (4) of § 7. Suppose a solution u exists^ within the region 
J2, which assumes the values g(s) on the boundary C of i2. Let 
V be the solution of the equation 

Av==f 

which assumes the values g(^s) on (Z Then 

— ?;)== cUj 

and the function u — v vanishes on the boundary. This func¬ 
tion may therefore be represented in the form 

y) —v(x, y) = ~^ Jv)d^d7], 
or 

(2) u{x, y) == v{x, y) _ A jy> S, v)o(^, v)u(^, v)d^d7], 

where G is the Greenes function of § 7. Conversely, a con¬ 
tinuous solution u of this functional equation takes on the 
boundary values g{s), since the integral vanishes on the bound¬ 
ary, and it satisfies the differential equation (1) provided that 
cu is regularly continuous. The function v has continuous 
second derivatives inside of R, and c is regularly continuous by 
assumption. Now the function 

Jy, I, vy^d-t], 

where cf) is continuous^ has continuous first derivatives and is 
therefore regularly continuous. It follows that a continuous 
solution u of (2) has continuous first derivatives, and hence, 
since cu will then be regularly continuous, that u has continu¬ 
ous second derivatives u^^ which satisfy the equation 

Au = A'u -|- cu = cu + f. 

The solution of the boundary value prohlem of the differential 
equation (1) is equivalent to finding a continuous solution u of the 
functional equation 


u = V + Su^ 
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here 

*5“ = - ^ J "Vy ^y 'ny{^, V)u(^y V)d^dr). 

The operation 5 may be preformed term by term on the 
sries 

here (j> is any function continuous in It, if the series is uni- 
rmly convergent; the operator will then be convergent ac- 
►rding to the definition of § and there will exist a unique 
Jution of the boundary value problem. 

Let the maxima of | ^ | and | c | in jK be S and 7 respectively, 
ow the Greenes function is positively infinite at the point 
\ 97 ) and is zero on the boundary. It follows that G is not 
jgative in R, for a solution of the potential equation in a 
sed region [in this case the region formed by excluding the 
)int {x, y) from J? by a circle so small that G is positive on 
5 circumference] has its maxima and minima on the boundary, 
herefore 

The convergence of the operator S' is a consequence of the 
llowing lemma : The region R may be taken so small (in area) 
at the value of the integi'al 

f j Gd^dv 

less than a preassigned 2')ositive quantity e, hoivever small. Sup- 
)se G' is the Green’s function for a region R! lying entirely 
Lthin R. Then, since G is positive in R, as has been seen,, 
[d G' vanishes on the boundary of R', the difference G — G\ 
lich satisfies Au = 0 at all points within R' is positive at all 
►ints of the boundary of R'. This difference is therefore posi- 
xe at all points of R', since it cannot have a minimum in R\ 
G' <C G. That is, if JS is replaced by a region R' lying 
thin R the value of the Green’s function is decreased in each 
dnt. 
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Now, since G becomes only logarithmicaly infinite at |^ = cc, 
7 ; = y, the point (a?, y) may be included in a circle /c, so small 
that 

f 

and on account of the above developed property of G, this 
inequality remains satisfied if the region R is replaced by a 
region R' lying within R, Outside this circle the function G 
has a finite maximum if, which is decreased if R be replaced 
by R'. Let the region R be decreased in this manner. Then 
the area may be taken so small that 

ff &d^dv<M f f didv<^. 

J JjR-k J Jn-k ^ 

The circle /c, by this decrease in J?, is to remain fixed. The 
lemma above stated is therefore proved. 

Let this quantity e be chosen so small that 


Then, since 


7^ 

27r 


< 1 . 



i«-^i <(-£)■«, 

it follows that the series 

<5f> + + 5^2^ 4. ... 

is uniformly convergent in R. 

The operator S is therefore convergent, and there exists one and 
only one solution of the boundary value problem if the region R 
be taken sufficiently small in area. 

This theorem regarding the existence of a unique solution 
of the boundary value problem for the difiFerential equation 
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Au = Gu ■+ f holds true also for the most general equation of 
elliptic type^ 

Au = ai6 + bic + cw + 6. 

X y 

The proof is however complicated by the presence of the terms 
in and and an investigation is necessitated regarding the 
behavior of the derivatives of a potential function in approach¬ 
ing the boundary of its region of definition.* 

§ 10. The analytical character of solutions. 

It was Du Bois Reymonu who characterized the three types 
of differential equations — elliptic, hyperbolic and parabolic, as 
himmelweit verschieden.^^ Their difference appears the more 
striking in view of later knowledge regarding the analytical 
character of their solutions.f To Picard J is due the remark¬ 
able theorem that every sohition of a differential equation of 
elliptic type whose coefficients are analytic is itself analytic. Even 
though the solution be required to assume non-analytic values 
on the boundary of a closed region it remains analytic in the 
interior of the region. In an important article, cited in § 4, 
Serge Bernstein has derived far-reaching results along these 
lines. He has shown that every differential equation of hyper¬ 
bolic type 

= r{x, y, u, u^, u^) 

possesses non-analytic solutions. That the solutions of the dif¬ 
ferential equation of parabolic type 

_ y, u, uj, __ 

*In PiCAED’s first proof of the theorem [Journal deMath<5ma- 
tiques, aer. 4, 6 (1890), p. 145] this investigation was omitted, and the proof 
was criticised on this account by Dini [Acta Mathematica, 25 (1902), 
p. 185] who supplied a discussion of the point in question. In a later article 
[Journal de Math6matiques, ser. 5, 6 (1906), p. 129] Picakd revises 
his former proof, restricting the nature of the hounding curve to be analytic. 
A more recent discussion of the behavior of the derivatives of a potential 
function in approaching the boundary of its region of definition is given by 
Kellogg [Transactions of the American Mathematical Society, 
9 (1908), p. 39]. 

t A function is analytic in a region if it may be expressed as a converging 
power series about every point of the region. 

i Journal de I’Ecole Poly technique, cah. 60 (1890), §?l-4. 
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in which the first derivative of with respect to y does not 
occur, are analytic with respect to cc. Finally that the general 
non-linear equation 

F{x, y, u, u^, u j = 0 

possesses only analytic solutions, provided that 

, dF 8F ( dFV 

aw j >0. 

XX yy \ xy J 

The coefficients of these equations are of course supposed to 
be analytic. 


§11. The boundary value problem for the equation 

y" + =/(*)• 

The general linear equation of second order considered in 
§ 2 may always be reduced to the form 

( 1 ) / + 

by a change in the dependent variable. For simplicity this 
form will be used. In connection with the existence proof of 
§ 2 it was remarked that the general solution of this equatioi 
has the form 

f x n>b 

-njdx + J 

where c, and are arbitrary constants, and are linearlj 
independent solutions of the homogeneous equation 

(lo) y" + K^)y = 

and are connected by the relation 
(3) 

JTt is required to determine a solution of the equation 

(1) y" + 4>{^)y’=J{^) 

in the iiderval (a, 6) which satisfies the boundary conditions 

(I) via) = yQ>) = 

On substituting the general solution (2) in equations (I) th 
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following; (H|uati<)ns for ami are (>l>taine<l: 

4- -•= -1 ~ j 

-{^ ly/.j/') -■= /> — I ’ij'lr. 


A iniiipie af the f^oundarji ralut^ pnJilfni 

if the (leieriniiKint 

/.S’ 7jo/ zero. 

The e(p{({iioii S-- () is thr tit'n'ssorji mu! sojfu'i, af t'nndititin 
for the e,ristt'iiee (fa soiaihai (ifher than yen oj /Ae hniunf/tiit atis 
problem 

(\f if + (I,.) //f/O H. 

Suppose ^ ~ () and ehon.^t* rp thf solution of t!ir homo- 
gjaH‘ouH prol)l(*m. Then a solution of' the non honn»^n‘netius 
prolyhun (1), (1) <aH*xists witli this soltifion \\hen ami onlv when 

“*" '/TO I n^fij% 

— IL 


On a<*<’ount ijf etpnitton ('!) ami ttie t^quatituiH r/pui ui, ?|jA| u 
these (‘([nations may he giv(*n the form 


7hr ftpatiion 


(' 


e 








p,fij‘ 


w therefore the neersmtrp and Mnjihdfnf f.r fhr i.risfenre 

oj a sfdiditni oj the ndudituiiopfuetni:', pr*d}b m | | |^ ll) udifu a 
Solutaat t]j oJ the homopenenun ^o’oA/na l!,p» {I ] tj-isKn^ i. e., 
'when S » 0. 
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If this condition is satisfied the solution of (]), (I) is not 
uniquely determined, but has the form 

y = y + cvv 

zohere y is one such solution and c is an arbitrary constant 
If A =: 0, B = 0 the above condition becomes 

r Vifdx = 0. 

•y a 

This case is of special importance for the developments of § 13. 
Similar theorems hold for the general equation 

y" ■^p^)y' + =/(«)> 

and the boundary conditions 

+ “2y(^2) + «3y'(a=i) + «y(a^2) = 

\y{^^ + ^2J'(=»2) + 

provided that certain relations are satisfied by the coefficients 
a., 6..* 

§ 12. The transverse vibrations of a cord. 

The small transverse vibrations of a stretched cord are to be 
determined as the solution u of the differential equation 

d^u 

( 1 ) 

where t is the time, x the distance along the cord in its position 
of equilibrium, and A(x) a function depending on the nature of 
the cord and on the tension. Suppose the cord is fixed at its 
ends, X = a, X — b, is initially distorted so that u(x, 0) = f(x) 
is given, and is then allowed to vibrate freely from rest. Then 
the function u must satisfy the further conditions 

(2) u(x, 0) =/(x), (3) u^x, 0) = 0, 

(4) ifia, t) = 0, (5) u{b, t) = 0. 

In accordance with the usual method, assume that w is the 

*Seean article by the writer in the Transactions of the American 
Mathematical Society, 7 (1906), p. 337, 
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product of a function of x alone and a function of t alone, 
u{x, t) = y(x)T(t), 

Then the differential equation becomes 




df " 


dx^' 


After separating the variables by division each member of the 
equation must be a constant, say — X, and the equations 

T" + \T= 0 , y" ■+ \A(x)y = 0 
result. On account of (3 the solution 

T= cos l/X 

is to be chosen for the first equation. The second equation is 
to be solved under the conditions 


y(a) = 0 , y{b) = 0. 

A first problem is then to determine the constant X so that such 
a solution exists. Suppose X^, X 3 , • • • form a set of such 

values, and 2 / 2 ? corresponding solutions. 

Then the function 

u = cos t VX. 

is a solution of (1), (3), (4), (5), where c. are arbitrary constants. 
The original problem will then be solved, if the constants c. 
may be so determined that 

1o.ylx) =f{x). 


§ 13. The existence of normal functions foe the 
EQUATION y" + Xj.(x)2/ = 0.* 

We shall consider the problem indicated in the preceding 
section. It is required to determine the parameter X in such a 
way that a solution, not identically zero, of the equation 

(1) y''+XA(x)y=0 

*The developments of this section are included in the article cited at the 
end of § 11. This differential equation has formed the subject of many inves¬ 
tigations, the more important of which are cited in the article mentioned 
above. 
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will exist, which satisfies the conditions 
(2) y{a) = 0, y{b) = 0. 

It was seen in § 11 that a solution of this problem exists pro¬ 
vided that the determinant 

g ^ via) via) 

Vi^) Vlb) 

is zero. In this case the solutions r)., of (1) are functions of 
X, expressed as power series in X which converge for all values 
of X. This is seen at once from the form of solution obtained 
in § 2. The same is then true of S = 8(X). A solution of the 
required type is possible only if X is a zero of this function. 
These zeros will be called normal parameter values^ and the 
corresponding solutions of equations (1), (2) normal functions^ 
It will be shown that to a known set of independent normal 
functions an additional normal function, linearly independent 
of those in the known set, may always be found. It is to be 
noticed that the proof requires no modification for the case 
where the known set consists of no functions at all. With a 
complete induction proof it then combines the proof of the ex¬ 
istence of the first function, and the existence of an infinite 
series of normal functions is thus assured. 

Suppose the functions 

Vv ’ * *? Vn—l 

are normal functions for the positive parameter values 


Xi < X^ < Xg •. • < X^_i. 

Let the arbitrary constant factor of each function 3 /. be so deter¬ 
mined that 

(3) f Ayhlr. = 1. 

•J a 

This is possible, since from the equations (2) and 

( 4 ) y- + \Ay, = 0 

it follows that 

X. r Ay^dx = - r Viy'/Aai = f y’^dx > 0, 

Ja J a. 
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and l)y assuinpiion, lun*inor<\ irom «M|uatiun (d) 

and (lu‘ similar (‘(juation (dr tin* ind(‘X /;, (In* (*<|tiatiuns 

(X. — X,) I At/j/,_i/.r I 

“ I - U.h'A'I-'' *> 

art* d(‘duc(Hl, and tlu*rt‘ldrn (In* (‘(ptatiun 

(r>) I Aiijijlx {) 


Imhls (<H* ninujutd valims ol'/ and /;. 

TIh' (‘xis(<‘nc«* <d’ a n{*\v normal inindion // uill now In* 
proV(‘d in tin* (dllowini»; mannor:* Iji A^ dr' dti'nuti ^ts the 
/()ir('r liiiuf oj the rd/iit s ttf the intef/eni 


A .- !/'hLr 


Jurmed Jar Jtdietions i/ trhieh safisj)/ //oy/d/Anr/zn/ nmdifieiis: 
(•d) {//(^^) - !/i^n ■ td 



Siinn* tin' valtn*s of J an* all po^itivt* sindi a lowor limit ium4 
<*?cist, <*vc‘n though it is md h pehtet nvidonf that a ftmrlion 
nxists \vhi(‘h satisfies <*om!ition ( /| and i^ivos to thi* int<‘|,^ral J 
tin* valin* A . !t will In* shown (liat hir A A a Hnlufinn »>f 
tin* houndarv prohlom exists ulii<di is indopoinlf'iit of tin* kin»\*^n 
solution //^, i. <*., tlnit A^^ is a mnanal parameter vahie, a root of 
B{X)-r.i\. It v\ill al^o appiair that this new mnauat fnnefiou 
//, vahn* A^ to the inle^u^ral J and satisfios eondifiMiis 

(^), so that if is the solution of a inininnim protdem. din* 
proof of the former statemt*n! will eoioist in showin|,^ fltat on 

MUwol uperi nn iirtieli* by H. Wkisuk | Xfatlirnuito<eltr AniifUno I 
IlHUa), p 1 I, en tin* piirtaU ihlTertaitiiil <’<|t«anin Aii 0, \%\mr 

miHniHng miaiinr tez that nf luinem.m’fi pniinplr is riii|iloyrtl. 
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assiimptioii of the contrary a function may be found which 
satisfies conditions (a) and gives to Ja value which is less than 
its least possible value consistent with these conditions. 

Let 


be an infinite series of approximating functions for the problem 
of giving J its least value consistent with conditions (a), i. e., 
the u. form a set of functions which satisfy conditions (a)^ and 
for which* 

(8) limit/(wj = 

-£=30 

Define a set of functions f. by the equations 

( 9 ) u'^ + X_^Au. =/.. 

Multiply these equations by u. and integrate from a to 6. On 
account of conditions (a) the result is 

\ =r 

V a 

It therefore follows from (8), that 

(10) limit r fudx = 0. 

i=X) tJ a 


^ 1 ? ^ 2 ’ 


Suppose now that X^ is not a normal value distinct from 
j \-r Then either it is not any normal value, or 
else it coincides with one of the known set. In the first case a 
solution of the equation 

if + XAy =/ 

under the boundary condition (aj exists, whatever be/; in the 
second case such a solution exists, according to § 2, if/satisfies 
the condition 


/ 


where h is the index of the normal value Avith which X^ coin- 

*It may be assumed without restriction that the functions Ui have con¬ 
tinuous second derivatives. ' 
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cides. Now on account of condition the equations 


r AyM,(J.x = 

U a 


{i = l, 2 , ^- 1 ) 


hold for all values of h. There therefore exists a solution of 
the equation 

( 12 ) vl + \Avj^ = 

under conditions (aj for each value of h. It is these solutions 
which, when combined with the approximating functions of 
the minimum problem, show the impossibility of the assump¬ 
tion that is not a new normal parameter value. 

From (12) and the equations 

y'i + \Ayi = 0 

it follows, on account of ( 11 ) and the boundary conditions, that 

X b 

Av,yfix= I ( 2 /;\ - = 0, 

fj a 

and therefore each function satisfies the condition ( 0 : 3 ), unless 
= X.. But if X^ = X. the functions are not uniquely 
determined by equations ( 12 ) and (a.^ but have the form (see 
§ 2 ), 

where are arbitrary constants, and some particular solu¬ 
tions of ( 12 ) and (aj. The value of may be so determined 
that 

I Av,^y,dx= I AV^ydx + o^=0. 

%J a *J a 

The functions will then satisfy condition {a^ in all cases. 
Consider the functions 


where c is a constant. These functions satisfy (aj and {a.^. 
On multiplying the equation 

K + = fn + 

a consequence of the equations (9) and (12), by 
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iuid inicgniting ironi a to h, the equation 


V, Aw/dx - JOrJ = f^a^dx + c (/,«, + Au,;yh 

^ I Aic^Vfdx 

a. 


+ r 


is ohtaiiKHl. From e(|Uiitions (9)^ (11) and the boundary con- 
<1 it ions it follows that 


1 lence 


f = r («>,,-mXM* = 0 , 

«/a */<£ 

h 

I = 

/ a *J a 


and tlun’c'fore that 


= 1. 


K j .d'/’.-da: - ,/(a'J = f J,n,<lx + 2 c + c“ C 

•'a. *Ja 


A u^^VfiJx, 


Consider the integral in the last term of the second member. 
It will be shown that the absolute value of these integrals for 
all valuers of h are less than a fixed number B, independent of 
A. This is manifestly true if it holds for the maxima of 
and I The (expression ibr as solutions of ecjuations (12) 
obtaimnl by tine method ol‘ variation of parameters shows that 
th(‘ maxima o(* j nnnain under a fixcnl limit if this is true of 


fh(t maxima of | |. Now 


I 1 == ■ I I { I "v, I < I 0''A + ^ )Ax=J(uJ+(/j-a). 


Sine(* the valiuss of J(uJ approach the limit it follows that 
there exists a fix(Hl number B su(;h that 


U 


A < B 


for all values of/u Therefore 

kI Air,y/x-J(irJ i: f f,u,<lx+‘i<i-c\B. 
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2c — = S". Then on account of (10) h maybe taken so 

large that 

and therefore 

(13) ^K)<\ r 

tJ a 

We may therefore write 

/: 


AiOjhlx = 


where m is a real number^ for is positive and \ is not 

negative. Put 


Then 


= AWjHx=\, 


and therefore y satisfies all conditions (a). Furthermore from 
equation (13) 

J{y) < 

But this is impossible^ since \ is the lower limit of the values 
of J under conditions (oc). It follows that the assumption, 
under which the functions and were shown to exist, is 
false, and is therefore a normal parameter value, distinct from 
the known values • • •, The corresponding normal 

function y^^ may be multiplied by a constant so that the equation 

r AyMx == 1 

*Ja 


holds — as was seen before in the case of the known function 
y.. Furthermore from the equations 

Vi + == 0^ 

y'n + K^Vn = 0; 

it follows, since =|= X. that the function y^ satisfies conditions 
(a ). On multiplying the second of the above equations by y^ 
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=£ yy^ = An,)- 


Th(\ normal fu.}irH()n saf'mjivn conclUions (a) (tvd r/ives the value 
lo the iiife(/r((J J. 

<‘xist(‘n(‘e ()i‘ an infinite sei> of normal fnnetions y. corre- 
spondino* to positives normal |)arameier values is thus proved. 
ll‘ /I (‘.han^’(‘s si^ni in the interval (u., b) an exactly similar con- 
si(It‘rafi(»n, wlnna^by tlu^ <‘ondition 

( Ay'alx = 1 

is r(‘plaee(l l>y 

I .-1//■(/;»;=— 1, 

shows the (‘xisteuee of an infinite series of normal functions 
eorr<*spon(lin<j;’ to n<‘gativ(‘ normal paranu^ter vahuxs. Since the 
normal paranu'b'r valuers X, are the roots of‘ an iint(‘^ral tran- 
se(‘n(l(ai(a! fum^tion S(X) = 0 tiny can have no linitii limiting 
point, Tlui following tlu^onun may tlnn'efon!: he stated : 

There au in finite ,s‘cr/V,^ of ‘normal paranicfer values X^^ 

((11(1 eorrespondiny sohdi(nis {^nornud fu'^ictioits) y,pif the differen¬ 
tial e(ju<ttio)t 

(1) y" + X.t//= 0, 

and the boundary rondilions 


(2) v/0) = 0, y(t>) = 0. 

If A rluDH/ctt si</n. ill (<i, h) III!' rdliii'.H iiii'liiihuin iiijhiilc tii’.rit'K 
nf jHixilhr frniis X, < X„ < X,, ■„, • ■ iiiririiHiiu/ without ti'iiiit, 
anil an in/iiiili‘ .'tcrii'n of layalivi’- tcriiin X , T'' X_j > X__,, 
ihrmisiia/ irillioiil limit. I'lic fnmctimi. salisjics the eoialitiona * 


j r A if (lx = rh 1, I PAyyx = 0 

“[i ' 1, -1-2, ':{» 1)], 

and i/inrs to the integral 

t /a 


^ The upper or lower signs are to he taken according as 7i is positive or 

tHMmf ivC- 
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its least possible value consistent with these conditions and with 
■equations (2). This minimum value of J is da 

§ 14. The expansiox of a funotiox ix terms of 

XORMAL FUXCTIONS.* 

On the basis of the theorem stated at the end of the preced¬ 
ing section the following theorem will be proved: 

A function f (x) which vanishes at a and b, is continuous in 
{a, b) and has a derivative which is continuous except at a finite 
number of qooints, may be expanded in a uniformly and. absolutely 
converging series of the form 



.Ja 


A lemma regarding the constants c. will first be proved, 
namely, that the series of numbers 

i-1 i=—l 

are convergent.f The following equation is a result of the 

* Recent articles of special importance on this subject are those of Hil¬ 
bert, Qrundzuge einer allgemeinen Theorie der linearen Integralgleichungeny 
Nachrichten der K. Gesellschaft der Wissenschaften zu Got¬ 
tingen, 1904, 1905, 1906, and Kneser, Mathematische Annalen, 
vol. 63 (1907), p. 477. These articles are based on the theory of integral 
equations, as developed by Hilbert and Schmidt. Kneser removes the 
restrictions imposed by Hilbert, that the function be continuous with its 
first and second derivatives, and satisfy the same boundary conditions as the 
normal functions. In all work on this subject the boundary conditions for 
the normal functions are special cases of equations (2), above, except in the 
important case of singularities of the differential equation. The function A 
is supposed positive in all previous work, except in the fifth memoir of Hil¬ 
bert’s series, in which, by considering a new class of integral equations, the 
restriction is removed. This restriction will not he made in the following 
treatment, which is a special case of the discussion given by the writer in the 
Transactions of the American Mathematical Society, vol. 8 
(1907), p. 427. A very general expansion problem is treated by Birkhoff, 
ibid., vol. 9, (1908), p. 373. 

fCf. Schmidt, Mathematische Annalen, vol. 63 (1907), pp. 439, 
440. 
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i'fi(‘s of (h(‘ fniiolions : 

a n \ ,i 

./■- Z <‘;V^ <l->- = + Z 


II, r*h n 

* 1:1 r 

* ^ */it tJa 




lit A:) 


tlH‘ (HiFeri^niia.1 ('([nation for ?/. and tlui boundary condi- 
it follows that 


I — f = \ f Vo 

«'<t «./(t t/a 

/•'' /*'' 

I yly/^-*'= — j y/.-:/Ad:r== x.| === (). 

tlu' first nnanbcn* of (a|uation (r^) is ]>ositive^ it follows 
this and t.lu' above (H[nations, that 

f *it ?i 

I J"'<lx ■ Z <'i%- 

*'a i 1 


holds for all value's of ;/, and siina; lh(i t(‘nns of the series 
n|j; tlie s(‘<u>nd member aw. all positives, this series is cou¬ 
nt. Idu' <Mmv(n*g(m<‘.(^ of th(‘. s(n*i(‘s with lu'gative sub- 
s is prov(Hl in th(^ sam<^ way. 

(' (M)nv(‘r|i;i'n(u^ of the s(n*i(is of fun(‘,tions may now be (easily 
I. <!onsid('r the ti'rms with positive subscripts, and write 

<f>n.m = Z i <\!/i I = Z 1 I ;'//'■»■ • 

I n t // j nJa 1 

ot- .p /:)- “ 2nLf3 for any numbers a, Furthermore, since 
IlllH* of 


I (/X 4" //— ^0^** d" ^ ^ y/i 


Vfe 


;itiv(‘ for all values of /x, the dis(5riminant is no^t negative, 


and tlu‘r(‘{<)r(‘ 




^ I ' [j'— a) I ' (A— a)X^. 

til 

i (/>,■ l'^' -■ ”) ]l 


and it follows from tlu' proca'din^' lonuiia that tho s(*ri(‘s 
'■i/Zi d ^y/-*d *•■ 

(*onver^'('s unildnnly aiul ahsointoly. Tlit‘ <‘onv(‘r^'(‘iH‘(‘ ol* tln^ 
H(‘ri(‘s of t(‘rins with n(‘i»'ativ(‘ subscripts is proved in th<‘ same 
way. 

It will now b<‘ shown, by tlic aid of tin* minimum prop(‘rtics 
of th(‘ normal functions, that the s(‘rit‘s represtaUs the fuiu'tion. 
Siiua' tin* s(‘rii\s eonv(‘r|i,’es uniformly, the dillenauH^ 


/- i: 


is a continuous function. < hi multiplying^ this ecpiution by 
.!//. and int<‘gnitin|i; from a to tlu^ (‘(piation 

( 2 ) I 0 

*' ii 

n'snlts, what<‘V(a* b(t /. d'his e<|uation is sutlieient to insure tliat 
(/ is iihmticailly zero. It will be shown that on assumption of* 
the contrary a fumhion // may bt‘ formed whiidi lias a con¬ 
tinuous d(a*ivativ(‘ anti satistit‘S tlu^ boundary (‘onditions ami 
th(‘ (‘(juations ^ 

(d) I Jf/J/(f,r (i ' I, ' 2, - 3, •••), 


(d) 



.i 1. 


Suppos(‘ such a function (^xists. ddit' valut* tif tlu‘ intt^^ral 


J 


(/'(Lr 


■**■1. e., 1 / will mtisfj (3), (4) either with the upper ftigan tiirouithout, or 
else with the lower «igii8. 



TIIiCORY OP BOUNDARY VALUE PROBLEMS. 


221 


certaii'i^y less than and — X_^ if n be taken sufficiently 
la rge.y siii<-'*e these values increase beyond limit with n. Now y 
satisfies all the conditions of the minimum problem of which 
<3iither ar else is the solution, according as (4) holds with. 
upper or lower sign. But it gives to the integral *7a value less 
than the smallest value X or — X consistent with the con- 

n —11 

<litions. Such a function can therefore not exist. 

It remains to show that if the difference g is not identically 
^sero a function y satisfying the conditions y{a) — 0, y(b) == 0 
and ecpiations (3) and (4) can be found. Consider the func¬ 
tion u satisfying the equation 

u" = Ay 

and vanishing at a and at h. This function has a continuous 
secoiul derivative. Now 


y" -f- XiAyi = 0, 

and therefore, on account of (2), 



The left member vanishes after an integration by parts, since 
and vanish at a and 6, and therefore u satisfies (3). On 
multiplying n by a constant equation (4) may be satisfied also, 


unless 



Auhlx = 0. 


jSiippoHC however that this equation holds. Solve the equation 

v” == Au 


under the boundary conditions. This function satisfies (3), the 
proof being the same as before except that g is replaced by u. 
''Fhen the desired function y may be formed by multiplying v 


by a (constant, unless 



Avhlx = 0. 


Suppose again that this is the case. Consider then the function 


W U - 
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which satisfies (3) and vanishes at a and 6. Then 


Aw^dx 


X h 

Auvdx = — 2 j vv'dx == 2 J 


The required function ?/ may therefore be formed in any 
unless ^ is identically zero. It follows that the series i 
sents the function. 


